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Solution 1 (
P

(4 S s is a Z —basis of Z* and
= as =— (6] , Sa —bDasis o and
4 3)"4 s Prfa '

=7 %+l

( )=(10,7) =4 (=22,19). N 3
m,m,) = R =(—44, . 0O, as
P 4 -3 5

Solution 2 The 6 elements of ZZ/K are:1g, =K +e +e,, 28, =K +2e,,3g,=K +e¢,,

4g,=K+e,, 58, =K +e +2e,, 6g,=K . So ZZ/K =(g,, is cyclic with generator g, and
invariant factor 6 .

Solution 3 Each of (1,0),(1,2),(0,2) has order 2 and generates a C, type subgroup. The elements
(0,1),(0,3),(1,1),(1,3) each have order 4. H =((1,0))®((0,2)) has isomorphism type C, ®C, .
((0,1)) =((0,3)) and {((1,1)) ={(1,3)) are C, type subgroups. ((0,0)) and G~ are subgroups of
type C, and C, ® C, respectively. H, is either ((1,2)) or {((1,0)), H, is either ((0,1)) or ((1,1)).

Solutions 1.1 (page 16)

Solution 1

I 2 I 0 I -2 1 0 .
o1 l23 1F lo 1) |23 1.(.a) r, =31, ¢, —3c, are paired. (b) r, +2r,, ¢, —2c, are

conjugate. The eros —r,, r, +lrl- where [€ Z (i>1), leave rows 2,3,... unchanged.

Solution 2

. 20 -1 1 11
(D) D—[O 4} and, for example, P—(?) _2} Q—(O J.

0 1 O 7 12
jand, for example, P:[3 J, Q:[ j

0 1 1 21 10
jand, for example, P=( Q:[ j

(i) D=

I/ﬁ\
~ o =
W

-

E/.

o

|
VR

)
—
N
)

Solution

o O

@) D

1]
o o = W
o = o
—
oo
N = NN =

@) D

e
o o O
v
Il

Il
N\

o O

@@i) D

o o -
oo - o

Il
7\

—
o



Note that the eros r, +r, and r, +r, are different!
Solution 4

12 7
(i) D=(6,0), Q:(5 3j,72/6=12, 42/6=7,detQ=1,a=3,b=-5.

34 55

(@) D=(1,0), Q:(B 21

j, detQ=-1, a=-21, b=13.

63 46
i) D=(119,0,0=( _ ' ,7497/119 = 63, 5474/119 = 46,det @ =1,a =19, b = —26.

Solution 5
(@) Apply ¢, +¢,, ¢, —¢.

(b) Applying the sequence to A=(a,b) gives (b,—a). Applyingitto (b,—a) gives (—a,—b) and
applying it to (—a,—b) gives (—b,a). One of these has non-negative entries.

(c) Use (b) to get (a,b) with a>0,b>0. Assuming b >0 as we can, the Euclidean algorithm
applies ¢, —qc, to (a,b) and ¢, —qc, to (b,a), where a=bg+r,a=b>0, ultimately ending
with (0,d) or (d,0)=D. Use part (a) if needed to finish. Then Q is the product of the
corresponding elementary matrices all of which have determinant 1, and so detQ =1.

b
d P= (a d} where ad —bc=1. So gcd{a,b}=1 and (a,b) reduces to (1,0) using only ecos of
c

10 1 0
type (iii). So P EE 1] = (O J on applying these ecos and finally ¢, —ec,, as determinants are
e

unchanged by such ecos.

(e) Apply ¢, —¢,,¢,—3c,, ¢, +¢,, ¢, — ¢, ¢ —C,

Solution 6

(@) P" =P for eros of types (i) and (ii). Otherwise P, P” correspond to 7, + Ir;, r;+1Ir;.

(b) As D is symmetric, transposing PA=DQ gives ATPT =Q”"D. Hence

(QTPA) =ATPTQ=0"DQ=0Q"PA showing QT PA symmetric. As QP is a product of

elementary matrices, every square matrix A over Z can be made symmetric by applying eros.

(¢) The sequence ¢, —3c,, ¢, —2c,, ¢, > ¢,, I, +191,, reduces A to D =diag(1,46) .

Postmultiplication by Q™" carries out the above ecos, and so premultiplication by Q TP carries out

50 152

n,+19r, < r, r+2r, r,+3r, and changes A into TpPA= .
2 1> h 20 N 2> 1 1 & 0 (1 52 463]

Solutions 1.2 (page 30)

Solution 1

(a) TA= AT gives A:(a b}
b a



(b) e, =¢;+le,, P, =e (i#j) Postmultiplyby A: e,FA=¢;A+le, A, ie.row j of FA is
row j of A+I(row k of A). Also e, FA=¢,A, thatisrow i of FA istowi of A for i# j. So BA is
the result of applying r; +1r, to A.

(©) Qle]T» =e,{, Qle,f =e]T», QleiT =e' (i# j,k). Premultiply by A:

AQlejT- =Ael, AQe] =AejT., AQel = Ae] ,i.e. columns jand k of AQ, are columns k and j
respectively of A, column i of AQ, iscolumni of A (i# j,k). So AQ, is the result of applying

c; ¢ to A,

(d)Let P and Q denote respectively the sXs and #X¢ identity matrices over Z . Then PAQ™' = A
showing (i) A= A for all sX¢ matrices A over Z . Suppose A= B. There are invertible P and Q
over Z with PAQ™' =B. Then P"'B(Q™')"' = A showing (ii) A=B = B=A since P and Q'
are invertible over Z . Suppose A= B and B=C. There are invertible B, P,,Q,,0, over Z with
PAQ' =B and PBQ,' =C . Then (P,P)A(Q,Q,)"' =C showing (iii)

A=Band B=C = A=C as PR, and Q,0, are invertible over Z . So = is an equivalence relation.

Solution 2 D =diag(a,b,c) where (a,b,c) is
(1,1,1),(d,1,2),1,1,3),(1,1,4),(1,1,6),(1,1,12),(1,2,2),(1,2,6) as det D = abc.

(a) Just one, D =diag(l,1,...,1,105) as 105=3%x5x%7 is a product of different primes.
(b) diag(l,...,1,1,100), diag(1,...,1,2,50), diag(1,...,1,5,20), diag(l,...,1,10,10)

i.e. fourif s >1. Just one for s=1.

Solution 3 ¢, —(al_/./a“)c1 for 2< j<t.

Solution 4

@) ¢, >0y, >y, 1,1, ¢, —2C,, ¢, —Cy, Cy—Cy, I, +51, giving D =diag(1,5,5,50) .

(b) A=diag(1,60,50,200) = diag(1,10,300,200) = diag(1,10,100,600) = D, each equivalence as in
(1.10) using 5 elementary operations.

(¢) Let the operation 0; create a new diagonal matrix from a given one with non —negative entries by
replacing the i th and (i +1) st diagonal entries by their gcd and Icm as in (1.10) . Each o; is the product
of at most 5 elementary operations and applying 0,,0,,...,05 to D, produces S(D,).

(d) The proof of (1.10) goes through unchanged in the case [ and m both negative. Suppose [/ and m
have opposite signs. Let gcd{l,m}=d =al+bm where a,be Z . The following sequence of
elementary operations changes diag(l/,m) into Smith normal form diag(d ,lm/ d):
c,+ac,,r+br,,c,<>c,,c,—(/d)c,, r,—(m/d)r,.

As ged{18,-24} =6=(-1)18+(=1)(—24) wesee a=b=-1. So

18 O = 18 -18) = 18 6 6 18
0 -24) ¢,—¢, (0 24) -0 =-24) ¢, ¢, (24 0

= 6 0 = 6 0
¢, =3¢, \ 24 72) n+45 0 72)



Let the operation o, ; for i < j replace the (i,i)—entry and the (j, j) —entry in a diagonal matrix by
their gcd and Iem respectively. Each o; j is expressible as the product of at most 5 elementary
operations. The sequence 0;,,0}3,..,0) 5,0, 3,.:,03 55,05y ¢ Of s(s—1)/2 operations o;; creates D

in Smith normal form and is the composition of at most 5X (s —1)/2 =(5/2)s(s—1) elementary
operations.

Solution S

(a) Using the method of (1.9), s—1 applications of (1.7) produce a matrix B, =(b,;) with ¢,B, =e¢,.
The s—1 eros 1, —b, 1, for 1<i<s produce B with ¢, =¢,B, Be] =e¢, . Now use induction on s . If
|P | =—1 then the ero —r, finally gives I .

(b) The sequence ¢, —3c,, ¢, ¢>¢,, 1, — 61, — 1, reduces P to I .

The sequence ¢, —2c¢,, c; —3¢,, , — 21, 1, =31, ¢, — 3¢5, ¢, € ¢3, 1, — 61, — 1 reduces Q to [ .

orefy O 00 O )

(d) The eros r, —2r,, 1, =31, 1, —6r,,—1,, 1, <> 1y, 1, =31, 1, =313, 1, — 2r, reduce Q to [ .

(e) The ecos ¢, —2¢, ¢y =3¢, ¢, =3¢y, ¢, > ¢y, —C5, ¢, —6C5, ¢, —3c;, ¢, —2c, reduce Q to [ .
Solution 6

390 0 30 42 6 0 2 455
(a) B] = s B2 = s B3 = 5 B4 = s

330 7 0 -91 182 —455 0 1365

5 - 1 0 B_1 0 D_1 0
S =1365 2730 ¢ Lo 2730 T (0 27307

(b) a, =10, a, =90, a, =3690. On dividing a,,,
2a,}=gcd{2a,,a,}=a,. As
a,, =a,(4a,,+1),a,=a,  (4a, ,+1),...,a, =2(4a, +1) on substituting for the factors

by 2a, the remainderis a,,i.e.

a,,=2a,(2a, )+a, So gcdia

n+l?

a,,a, ,,...,a, we obtain the factorisation a,,, =2(4a,_, +1)(4a,_, +1)---(4a, +1).
=(4a, ,+1)---(4a
so also is their product a, / a
of 4 for r>1.

(41><90 2><90J=(90 2x90]=(90 oj_B =(10 4><41J
0 -1 ) {20 -1 ) |20 —41) 7' (20 -41
[10 4><41j_B =[10 4 j=[ 2 4 j
0 -9x41) * (0 -9x41) (18x41 -9x41

2 0 2 0
=B, = =B,.
18x41 —-45x41 : 0 —-45x41

Hence a, / a, .. T D(4a,_ +1); as each factor is congruent to 1 modulo 4a,_,

11 - Therefore a, / a, ,.,=q,,a,,6 +1 where g __isapositive multiple



a,_, 0

Applying the ecos ¢, —2a,_,c,, ¢c,—2c, to A produces B, = [2 /
L B Y

an—2 zan—?a
0 —a, /an—2

J . Applying the eros

r,—2a, ,1,, 1, —21, to B, produces B, = j . Suppose n>r >2 and that B,_, is as

stated. Take r even and so

B — ( an—r+l 0 j
o 2an—r (an/an—r+2) _(an/an—rH)
The method of (1.9) tells us to apply the Euclidean algorithm to the integers in column 1 of B,_, :apply

the ero r, —2a,_, q,_,,, 1; (giving (2,1)—entry 2a,_,. and leaving the other entries unchanged) for

n—r

r>?2 followed by the eros 1, —2a 1,, 1, —2r, obtaining B, for r 24 . The case r odd, r =23 is

n—r—1

simply the matrix transpose of this and so the induction is completed. Therefore B,_; or B;_l equals

a, 2ay(a,/a,) (2 a,/5

(O -a,/a, ]_(O —an/ZJ
according as n is odd or even. Either ¢, —(a, /IO)Cl or , —(a, /10)1’1 gives B, =diag(2, —an/2) .
Using the method of (1.9), for n =3 two ecos change A, into B, two eros change B, into B, , three
ecos change B, into B;, three eros change B, into B, ,..., three elementary operations change B,_,
into B, | and finally just one elementary operation changes B, , into B,. A further 5 elementary
operations change B, into S(A,)=diag(l,a,),namely 1, —r,, ¢, —(q, / 2)c, where
a,/2=a,/a, =q,+1, ¢,=2¢c,, ¢, >¢,, ,+(a,/2)r,. Soatotal of 10+3(n—3)=3n+1
elementary operations are needed to carry out the algorithm of (1.11).

On the other hand the four elementary operations 7 + Zan_lr2 ,—Ty, 1 $>1,,¢ <>, change A, into

S(A,)=diag(l,a,). So A, is an ‘awkward’” matrix as far as the algorithm (1.11) is concerned!

Solution 7
(a) Suppose (P,Q),(P’,Q")e Z(D). Then PP'D = PDQ’=DQQ’ shows

(P,O)P',Q")=(PP,QQ") e Z(D). Also

PD=DQ=DQ"'=P'D=(P,Q)"' =(P"',0")e Z(D). As ID = DI we conclude that Z(D) is
a subgroup of G .

(b) Suppose (P,Q)e Z(D). Comparing entries in PD = DQ gives pijdj
i< j gives (dj/di)pl.j =q;;. As p;;d;=d;q;; for i< j weobtain p :(dj/di)qjl..

(¢) PA=DQ’ and P’A=DQ" give A=(P)"'DQ =(P")"'DQ” andso DQ(Q")"' =P (P")"'D,
that is, (P",Q)(P”,Q")"' € Z(D). (Looking ahead this means that (P",Q") and (P”,Q”) belong to the
same left coset of Z(D) in G .)

of (5 JC G DC D HACIE )

=d,q;; forall i, j. So



P

3 74

PP
(e) Suppose D =diag(d,,...d,,0,...0) where d, >0, t>r. Partition P = (I—DI—\:*—E} and

Q |
0 :(—1—1’—— where P, and Q, are rXr matrices. Then

(P,Q)e Z(D) < (B,0Q,) € Z(diag(d,,...,d,)), P,=0,0, =0, P, and Q, arbitrary, P, and Q, are

invertible (¢ —r)X (¢t —r) matrices over Z .
Solutions 1.3 (page 43)

Solution 1
(@) (i) d=gcd{21,gcd{75,175} }=gcd{21,25} =1=6%21+10x75-5x%175.

(ii) d=ged{ged{42,66},gcd{154,231}}=gcd{6,77} =1=—-39x42+26X66+1x154—1x231.

(b) Let d, =ged X, d, =ged X, and d = ged{d,,d,}. For le X, UX, either d, |/ or d,|I and so
certainly d|l. Let d'|l forall /e X, UX,. Then d'|l forall /e X, and so d'| d,. Also d'|l for all
le X, and so d'| d, . Hence d'|d. So d is the non-negative gcd of X, U X, by (1.16),i.e.
ged{ged X, ged X, } =gcd{d,,d,} =d =ged X, U X, .

(c) Write d =ged{l,.L,,....I,} and Z=nn,---n, . Then my=7x/d =nl,/d =n,(l,/d).ie. n|m, as
d|li for 1<i<k, showing (i). Let me Z satisfy ni|m for 1<i<k. So there are m; € Z with
n,m;=m for 1<i<k. By (1.16) there are a,,a,,...,a, € Z with d =a,, +a,l, +...+a,l, . So
m=mxl=a lm/d +a,l,m/d+...+a,,m/d=alnm +a,l,n,m, +...+al,nm, =

awmy/d +a,wm, [d +...+a,xm, [d =(am +a,my +...+am)x/d as ln =7

for 1<i<k. So m0|m as am, +a,m, +...+a,m, € Z showing (ii) . Therefore

m, =lem{n,,n,,...,n, }.

Solution 2

(a) K =(3) as gcd{63,231,429}=gcd{gcd{63,231},429} =gcd{21,429} =3.

{ke K:-10<k <10} ={-9,-6,-3,0,3,6,9}.

(b) (dyc{dy=>de({dy=>d'|d=d=qd’ (qe Z) = bd =bqd’(for all be Z) = (d) =(d").
The ideals of Z which contain (30) are generated by non-negative divisors of 30 and so are
(1),(2),(3),(5),(6),(10),(15),(30) . Z =(1) and (p) are the only ideals of Z containing {p), as 1 and
p are the only non-negative divisors of p . The ideals of Z containing (64) are

(64) < (32) < (16) < (8) = (4) —(2) c (1) in ascending order.

(¢c) Let ke K. Then 1k =ke K. Suppose nk e K for some positive integer n. Then

(n+1)k =nk+ke K as K is closed under addition. So nk € K for all positive integers 7 .

0k =0€e K. Also (—n)k =—nke K as K is closed under negation. So mk € K for allme Z and
hence K is an ideal of Z .




(d) We show that K, N K, satisfies the ideal conditions () —(iv) using the fact that K, and K,
individually satisfy these conditions. Consider k,k’€ K, " K,. Then k,k’€ K, and k,k’e K,. As K,
and K, are closed under addition we see k+k’€ K, and k+k’€ K,. Hence k+k’e K,NK,,
verifying (i) for K, M K,. As O K| and Oe K, we see O€ K, N K,, verifying (ii) for K, N K, .
As —ke K, and —ke K, we see —ke K, N K, , verifying (iii) for K, N K,. As bke K, and

bke K, we see bke K, N K, forall be Z, verifying (iv) for K, " K,. Therefore K, N K, is an

ideal of Z .
We show that K, + K, satisfies the ideal conditions (i) — (iv) using the fact that K, and K,

individually satisfy these conditions. Consider k,k’€ K, + K, . There are k,,k/ € K, and k,,k; € K,
with k =k, +k,, k"=k/+k;. Then k, +k € K, and k,+k, € K, and so

k+k"=(k +k,)+(k/ +k5)=(k +k))+(k, +k,)€ K, + K,, showing that K, + K, is closed under
addition, i.e. (i) holds. As O€ K, and O K, wesee 0=0+0 € K, + K, , verifying (ii) . As

—k, € K, and —k, € K, we obtain —k =(—k,) +(—k,)€ K, + K, , veritying (iii). For be Z we know
bk, € K, and bk, € K,. Hence bk =b(k, + k,)=bk, +bk, € K, + K, , verifying (iv). So K, +K, is
an ideal of Z .

By (1.15) there are non-negative integers d, and d, with K, =(d,) and K, =(d,). Also by (1.15)

there are non-negative integers d and / with K, + K, =(d) and K, " K, =(l). As Oe K, we see
k,=k +0e€ K, +K, forall ke K,,ie. K,CcK,+K,,ie. (d;)=(d). By part (b) above d| d,. In
the same way d | d, and so d is a common divisor of d, and d,. Let d’ be a common divisor of d,
and d,. Then (d,) =(d’) and (d,) c(d") by (b) above and hence (d) =K, + K, ={d,)+{d,) =(d’)
as the ideal (d") is closed under addition. By (b) above d '| d . Therefore d =gcd{d,,d,} by (1.16).
In a similar way (/) =K, N K, € K, =(d,) showing d1| [ by (b) above. Also d, |l andso [ is a
common multiple of d, and d,. Let I be a common multiple of d, and d,. Then (I) =(d,) and
(I’y (d,) by (b) above. Hence (I'y =(d,) " {(d,) =K, N K, =(l). By (b) above l| I”. Therefore
[=1lcmi{d,,d,} by Question 1 (c) above with k =2.

Solution 3

5 6
(a) The number of / —minors is (l }{J ,i.e. 30,150,200,75,6 for [ =1,2,3,4,5 respectively.

(b) (i) g, (A)=1 (A)=2 S(A)_1 00
Post=h &A= “lo 2 of

.. 300
(it) §,(A)=3, g,(A)=54, S(A)=[ j

0 18 0
1 0 0

(iii) g(A)=1, g,(A)=30, g,(A)=900, S(A)=|0 30 0 |.
0 0 30

(c)



11 1)27 -3 -3 9 0 0 27 =3 =3)(1 1 1
25216 3 0(=09 0j=-6 3 0]2 5 2
4 4 7(-12 0 3 0 09 -12 0 3 )4 4 7
1 00 I 1 1
The method of (1.11) gives P=|-2 1 O|and Q=0 1 O | satisfying
-4 0 1 0 0 1

PAQ ™' =diag(1,3,3)=S(A). Q(adjA)P' =diag(9,3,3)=adj S(A). Interchanging rows 1 and 3,
and also columns 1 and 3, gives S(adjA) =diag(3,3,9).

(d) (PAQ " )(Q(adjA)P™" = P(AadjA)P™' = P(det A)IP™' = (det A)I . Pre-multiplying by
(PAQ71)71 = (diag(a’l,...,dt))fl gives Q(adj A)Pil =diag(det A/dl ,...,det A/dt) . Taking
determinants of PAQ™' = S(A) gives det A= td,---d, andas det A>0 wesee detA=d,---d,. So
the (i,i)—entry in Q(adj AP s d, ...d,/dl. which is the (i,7)—entry in the diagonal matrix

adj S(A). Hence Q(adjA)P~" = adj S(A) which differs from S(adjA) only in that the diagonal
entries appear in the opposite order, i.e. adjA has ith invariant factor d, ...d, / d
Q(adjA)P™' =—adj S(A) for det A <0; otherwise no change.
S(A)=diag(d,,...,d, ,0),d, >0 inthe caserank A=7—1. As S(A) and Q(adj A)P™" have zero
product, i.e. S(A)Q(adjA)P~" =0I = Q(adjA)P'S(A). Comparing entries gives

Q(adjA)P' =diag(0,...,0,x). By (1.20)

x=%g (adjA)=%g, (A)=%g, (S(A)==xdd,---d,_,. Hence

S(adj A)=diag(d,d,---d,_,,0,0,...,0).

In the case rank A <7 —2 we have S(A)=diag(d,,...,d,,,0,0) andso g, (A)=g, ,(S(A)=0. So
adjA=0=S(adjA).

(e) Take =2 andlet S(A)=diag(d,,d,). Then by (d) above S(adj A)=diag(d,,d,) also. So
A=adj A forall 2X2 matrices A over Z .

Take =3 and write S(A)=diag(d,,d,,d;). Then S(adj A)=diag(d,d,.d,d,,d,d;). For d, =0 we
see A=adjA as A=0=adj A since d, =d,;=0. For d, >0,d, =0 we have

rank A=1,rank (adj A)=0 as d; =0 andso A#adjA. For d, >0,d, =0 we see

rank A=2,rank (adjA)=1 as d, >0 andso A#¥adjA. For d, >0 then A and adj A both have

rank 3. Suppose A=adjA. Then S(A)=S(adjA),ie. d,=dd,,d,=dd, giving d,=d,=d;=1.
So A isinvertible over Z . Conversely each matrix A which is invertible over Z satisfies A=adj A
as adj A is also invertible over Z,i.e. S(A)=1=S(adj A).

Suppose ¢ >3 . The argument used in the above paragraph generalises to show
A=adjA & either A=0 or A isinvertible over Z .

t4+1-i *

Solution 4

(a)



21 39
detBBT:‘39 83‘:222. ZyldetBYdetYBT:(deth})z+(detB{1,3})2+(detB{2,3})2:
2 2 2
2 17 |2 4" |1 4
+ + =7*+22 +(-13)* =222.
‘3 5 ‘3 7 ‘5 7 1)
(b)
12 (1 3] |2 3] . o
+ + =det BB’ =0. Each determinant is zero. So x=4, y=6.
2 x 2y Xy

(c)det BB = ZM 2 where M runs through the s —minors of B. Hence
M

detBB"=0 < each M =0 < g,(B)=0.
(d) BC =B’C’ and so det BC =det B'C’=(det B')(det C’)=0x0=0 by (1.18) as column [ of B’ is

zero and row [ of C’ is zero.

Solution S

(a) (PA), =PA, = A,. So g,(PA),)=g,(4,) by(1.20).

Suppose A can be changed into S(A) =D =diag(d,,d,,...,d,) using eros only. By (1.4) there is an

sXs invertible matrix P over Z with PA=D. Then g,(A,)=g,(D,)= de , the product of the
jeY

invariant factors d; for je€ Y where l:|Y | In particular g, (A j}) =d; for 1< j<t and

8(Ay,. ) =dd,---d for 2<1<t.

For the converse we use induction on ¢ and (1.13). Suppose there is P invertible over Z with

PA, =diag(d,,d,,....d,_,) where Y ={1,2,...,1~1}. If d, =0 then g,(A,)=d, =0 andso A, =0

giving PA=diag(d,,d,,...,d,_;,0)=S(A). So we may assume d, # 0. Write b;, for the

(i,t)—entry in PA and d, =gcd{b,,b

5D 1s- by, Y. By (1.7) transposed there are eros leaving row i of

PA unchanged for i <t and creating a matrix P’PA with only one non-zero entry, namely the
(t,t)—entry dt,, inrow i for t <i<s where P’ is an invertible sXs matrix over Z. As P’PA has
only one non-zero ¢ —minor, namely d,d,---d, ,d we see

dd,---d_d =g (PPA)=g,(A)=dd,---d _d . Sod =d . As 8,(Ay)) =d,, the eros

r,—(b;, / d,)r, for 1 <i<t reduce all other entries in column ¢ to zero without changing P’PA, . So
there is an invertible sXs matrix P” over Z with P"P’PA=diag(d,,d,,...,d,)=S(A) which
completes the induction. So A is reducible to S(A) using eros only on applying (1.14) to P”P’P.
(b) (i) No, as the column geds are 1,2,4 but g,(A) #£1Xx2x4 as g,(A) = |detA| =48.

(ii) Yes,as r, =21, 1, — 1, 1; —2r,, 1; = 2r; produce S(A)=diag(1,2,4).

(¢)By (1.20) d\d,---d,=g,(A)=1. Soeach d; =1 and S(A)=(I, | 0) where I is the sXs

identity matrix. There is an invertible sXs matrix P, over Z and an invertible #X¢ matrix Q, over Z

P10
with BAQ; ' =S(A)=(I, | 0). So AQ;'=P""(I; | O):(Pl_1 | 0)=(Is : O)(—l———:————j where I,_
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Pl o
is the (f—s)X(f —s) identity matrix. So Q= [—6— :—I—— ]Ql is invertible over Z and satisfies
| ft

A:(IS | O)Q. So A can be reduced to S(A)=(I; | 0) using ecos only by (1.14). Also A is the

submatrix of Q consisting of its first s rows.

-

6 10 15
(i) Reducing (6,10.15) to its Smith normal form (1,0,0) produces Q=[1 2 0
3 5 7

i Redveng [0 0 10) (10 0) ochs 15 e
12 cducin (0] roauces = .
lis 15 16) Lo 1 o)° R

Solution 6

13
(a) As det A and det B are non-zero we see det AB is also non-zero. As det A = i‘H d, (A) all the
k=1
invariant factors of A (and for the same reason those of B and AB) are positive since none are zero.
By (1.21) with r=s=t wesee d,(A) and d, (B) are coprime divisors of d,(AB), since d,(A) and

d,(B) are divisors of det A and det B respectively. Hence d,(A)d, (B) is a divisor of d, (AB) for
1<k<t. Write d, (AB) =y, d, (A)d,(B). From det(AB)=det A det B we deduce, on taking

moduli, Hdk(AB) = Hdk (A)d,(B). So H,uk =1 and hence each 4, =1 as 4, is a positive
k=1 k=1 k=1

integer. So d,(AB)=d,(A)d, (B) for 1<k <t which gives S(AB)=S(A)S(B).
(b) det A==8, det B=13. By (a) above, S(AB) =S(A)S(B) =diag(2,12).
Secondly write S(AB) =diag(d,,d,). Then 2|d,, 6|d,, 4|d, by (1.21) and d,d, =2x6x1x4.
So either S(AB) =diag(2,24) or S(AB) =diag(4,12).
(c) Let d (A)=p,*' - p/*! where the exponents are non-negative. Let

A =P 'diag(p,"'.....p,"), A, =diag(p}",...,p") for 1< j<lI, A =diag(p,",....p;")O.
Then A=A\A,--A,. d,(A)=p;" and S(A,)=diag(p}",...,p}"") for I< j<I. By part (a)
above A; must have this last property as S(A) = S(A,)S(A,)---S(A,;) and so all choices for A; are

equivalent (i.e. Aj is unique up to equivalence).

4 -1 4 1
(d) A= P 'diag(2,28)Q where P :(5 J and Q:(l OJ' So take

g8 -

A, = P 'diag(2,4) =
1 iag(2,4) (10 4
S(AA,)=S(A)S(A,)=S(A,)S(A,)=S(A,A,)) weseethat A|/A, and A,A, are necessarily

equivalent.

4 1
J and A, =diag(1,7)Q :(7 OJ' Then A=A/A,. As
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Solutions 2.1 (page 58)

Solution 1
(a) The addition table of the additive group Zjs is:

+]/0 1T 2 3 4
0|0 1T 2 3 4
1|1 23 40
2|12 3 401
313401 2
414 01 2 3

As 0(4)=0,1(4)=4,2(4)=3,3(4)=2,4(4) =1 every element of Z, is an integer multiple of
4,and so 4 generates Z,. In the same way each of 1,2,3,4 generates Z,. The two subgroups of
Z are {0} and Z, itself.

(b) The addition table of the Z —module Z is:

+/0 1 2 3 45
0/0 1 23 45
1|1 23 450
2|12 3 4501
334501 2
4|4 501 23
5501 2 3 4

27(2)=0, —17(4)=17(=4)=17(2) =4, 15(3)+13(4)=1. By (2.2) the submodules H of Z,
are {0}, {0,3}, {0,2,4}, Z, . The corresponding submodules K of Z are (6), (3), (2), (1).

Generators of the submodules H are 0, 3,2, 1 respectively. 1 generates Z, and 5 generates Z .
multiples of 15 in Z,, . The orders of 14,15 are 3, 7 respectively. Each of the 12 remaining

elements generates Z,, as the only submodules of Z,, are (0) = (2_1), (1_4> =(7), (15) =(3) and
Ly, =<T> by (2.2).

Solution 2
(a) gcd{91,289}=1. As 1 has order 289 in the Z —module Z,g,, by (2.7) the order of

9_1=91(T) is 289/gcd{91,289} =289. So 91 generates Z,g,. As gcd{51,289} =17, the order
of 51 s 289/17 =17 and so 51 does not generate the Z —module Ly .

(b) As 1 has order n in the Z —module Z,,by (2.7) the order of m = m(1) in Z, is
n/ged{m,n}. Hence m generates Z, < i has order n in Z, < ged{m,n}=1.

(c) 5, R), B, X),% are the non-generators of Z,s. Yes, they are precisely the elements of the
submodule (5. Z,,s contains 25 elements ¥ with gcd{r,125}#1, i.e. 5| r. By (b) above each of

the remaining 125—25=100 elements are generators of Z,,s.
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@ () p-1, @) p*-p, Gi) p'-p*, (@v) p'-p".

Solution 3
(@) (2)* =2 =16=3 as 16=3(mod13). (2)°=(2)*x(2)* =4x3=12=—1 as
12=—-1(mod13). So (2)* =(2)°x(2)* = (—_1)2 =1 showing that the order n of 2 satisfies
n| 12. But 7 is not a divisor of either 4 = 12/3 or 6= 12/2 since (E)4 #1, (E)6 # 1. Hence
n=12 as 2 and 3 are the only prime divisors of 12. The integer powers of 2 are
(2)'=2,(2°=4,(2°=8,(2'=3,2)=6,(2)° =12,
(2) =11,(2)*=9,(2)" =5,(2)" =10,(2)" =7,(2)* = 1.
These account for all the elements of ZT3 and so 2 generates Z% . Using (2.7) in multiplicative
notation, (i)l has order 12/gcd{l,12}. So (i)l generates ZE & (i)l has order 12 &
12/gcd{l,12} =12 < ged{l,12} =1. There are four integers  with this property namely
1,5,7,11. Hence the elements 7 which generate ZE are E, (E)5 = 6, (5)7 =11 and (i)11 =7.
(b) 2 does not generate ZT7 as (5)4 =1. However 3 satisfies (3)4 =—4 as 81= —4(mod17)
and so (3)* =(3)*x(3)* =(-4)* =16=—1. Hence 3 has order 16 as
(§)16 = (§)8 ><(§)8 = (—T)2 =1 but (§)8 #1. S0 3= g generates Z;. The 5 subgroups of ZT7
are {T},{—T,T},{—Z,—T,T,Z},{—g, —4_1, —E,—T,T,E,Z,g} and Z; itself, being generated by
(3)*=1,(3)=-1,(3)* =—4,(3)* =-8 and 3 respectively. ZT7 has 8 generators namely
-7,-6,—-5,-3,3,5,6,7 , the 8 elements of ZT7 not in the subgroup of order 8.
(¢) 2° =-3(mod37) as 2° +3=259=37x7. So 2" =2°x2* =(-3)x16=-11(mod37) and
0 (2)2=(2) £ 1 in Z,,. Also 2'® =2°x2°x2? =(-3)’ x4 =—1(mod37) and so
(E)18 = (5)36/2 —1#1. But (5)36 = (5)18 ><(§)18 = (—T)2 =1. Hence 2 in Z; has multiplicative

order 36 and so 2 generates Z;.

Let H, denote the subgroup of Z; generated by (5)36/ ¢ for each of the 9 positive divisors d of
36. Then | H, | =d and the lattice of subgroups of Z} has diagram as shown. The generators of
Z, are the 36— (18+12—6) =12 elements in Z3, but not in either H,, or H,, .
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(d) 2° =—9(mod 41) and so 2'° =(-9)> =81=—1(mod 41). Hence 2%’ =1(mod41) and so 2
has order 20 . The congruences 3* =—1(mod41) and 3* =3*x3* =1(mod41) show that 3 has
order 8. By (2.7) the element 4 =(2)” has order 20/gcd{2,20}=10. Also 5° =—2*(mod41)
and so 5% =2% #£1(mod 41), 5" =2 =—1(mod 41). Hence 5 has order 20. As 6 =2X3 we
obtain (6)* =(2)*x(3)* =1x1=1. Also (6)**=(2)"x(3)* =1x(3)*=—1#1 and
(6)"° =(2)*x(3)® =10x1=10#1. So 6 has order 40 and so 6 generates ZZI as ‘Zzl =40.

Solution 4
(a) Let g,,8,€ G . Then (g, +8,)0=c(g,+8,)=cg, +cg, =(8,)0+(g,)0. For
ge G, meZ, (mg)d=c(mg)=(cm)g =(mc)g =m(cg)=m((g)f). So @ is Z—linear.
As (g,)0e G =(g,) thereis an integer ¢ with (g,)8 =cg,. For ge G thereis me Z with
g =mg,. Hence (g)8 = (mg,)0 =m((g,)0) =m(cg,) =c(mg,)=cg . So there is an integer ¢ as
stated. Let ¢’ € Z satisfy (g)@ =c’g forall g€ G. Then

(C_C,)go =C€8y _C’go =(g))0—-(g,)0=0
showing that ¢ —c"e (n). Hence n|(c —c’),ie. c=c’(modn),i.e. ¢ isunique modulo . In
particular ¢ is unique for n =0 and c is arbitrary for n =1. Suppose that € is an automorphism of
G . As 0 is surjective there is a€ Z with (ag,)8 =g, .i.e. cag,=g,.i.e. (ca—1)g,=0,1ie.
ca—1e (n),ie. ca—1=bn forsome be Z . Hence ca—bn =1 showing gcd{c,n}=1.
Conversely suppose gcd{c,n} =1. There are integers a,b with ca —bn =1. Reversing the above
steps gives (ag,)d = g, and hence (mag,)8 = mg, for all me Z, showing & to be surjective.
Suppose (mg,)8 = (m’g,)6 for some m,m’ € Z . Then cmg, =cm’g, and so cm—cm’e (n) , i.e.
n| c(m—m’). Hence n| m—m’ as gcd{c,n}=1. So m—m’e (n). As {n) is the order ideal of
g, we conclude (m—m’)g,=0,i.e. mg,=m'g, showing that 6 is injective. So 6 is an
automorphism being bijective.
The additive group Z is generated by the integer 1 with order ideal {0); so n=0 and
gcd{c,0} =1 c==1. So Z has exactly two automorphisms namely m — m and m — —m for
all me Z.
For n>0 the Z—module Z, is cyclic being generated by 1 with order ideal (n). By the first part
every Z —linear mapping 8 :Z, — Z, is of the form (m)&@ = cm for some integer ¢ and all
me Z, . As c is unique modulo n we may write cm = ¢ m unambiguously. It follows directly
from the first part with G=7Z,, g, = 1, that € is an automorphism of Z, < ged{c,n}=1. So
the additive group Z, has 6 automorphisms corresponding to the 6 invertible elements ¢ of Z,

namely 1,2,4,5,7,8,i.e. the elements ¢ with gcd{c,9}=1. Yes, all these automorphisms are
powers of 6, since (2)'=2,(2)*=4,(2)°=8,(2)= 16= 7,(2)° = 32= 5,(2)° = 64=1 e 2
generates the multiplicative group of invertible elements of Z,. So (17_1)023 =8m, (r71)024 =7im etc.
(b) As ng, =0, applying @ gives n((g,)®) =(ng,)® =(0)p=0" showing ne (n), i.e. n'| n.
Suppose first that 8:G — G’ is Z—linear and (g,)8 = g, . Then (mg,)0 =m((g,)0) = mg, for
all me Z and so there is at most one such €. Consider 8:G — G~ given by (mg,)6 = mg, for all
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me Z. Let mg,=m,g,. Then n| (m,—m,) as m,—m, € (n) since (m, —m,)g,=0. As d|n
we deduce d| (m,—m,). So (m,—m,)g, =0 as (d) is the order ideal of g;. So m,g, =m,g,
showing that @ is unambiguously defined. Also @ is additive as
(mg,+m'g,)0=((m+m')g,)0=(m+m’)g, =mg,+m'g, =(mg,)0+(m'g,)0 for mm'e Z.
As (m(m'g,))0 = ((mm)g,)0 = (mm’) g, = m(m'g;) = m((m’g,)0) we see 8 is Z—linear.
(c) With g, =g, =0 in (2.3) we obtain (0+0)8=(0)0+(0)8,i.e. (0)0=(0)8+(0)8 as
0+0=0. Add —(0)@, the negative in G” of (0)@, to both sides obtaining
0'=—(0)8+(0)8 =—(0)0+ (0)8+(0)8=0"+(0)0 =(0)8 . Apply 8 to —g + g =0 and use (2.3)
to obtain (—g)@+(g)0=(—g + g)8=(0)8=0" which means —(g)8 =(—g)8 forall g€ G. The
integer m is in the order ideal of ¥ < mr = 0 in Z, < mr=qn for some
g€ Z < m(r/ged{r,n}) = q(n/ged{r,n}) & (n/ged{r,n})|m. Therefore (n/gcd{r,n}) is the
order ideal of 7 in Z,. For 7 € Z, there is a unique Z —linear mapping 8 :7Z, — Z, with
(He=7 (:)(n/gcd{r,n})|m. Hence (n/gcd{m,n})|gcd{r,n} and so (n/gcd{m,n})| roas
ged{r,n}| r. Conversely (n/gcd{m,n})|r = (n/gcd{r,n})

m in the same way. So there are
ged{m,n} choices for ¥ € Z,, namely r =1(n/gcd{m,n}) for 1<1< gcd{m,n}.

(d) (g,+£,)06 =((g)0+(g,)0)8 =(g,)00"+(g,)06" forall g,,g,€ G and

(mg)06 =((mg)0)8' =(m((g) )8 =m(((2)0)8)=m((g)08") forallme Z, g G. So 66" is
Z —linear. Suppose @ bijective. Then

(g/+8)0'0=g/+g,=(g)07'0+(g,)07'0=((g)O" +(g5)0 "0 as 8 is Z—linear. As 6 is
injective (g/+g5)07' =(g)0"' +(g;)0" forall g/, g;€ G'. Also

(mgHO ™8 =(mgHo'6=mg" =m((g)07'8)=(m((g")87"))@ and as @ is injective

(mgH0 ' =m((gH0™") forallme Z, g’e G'. So 07! is Z—linear. Let 6,0,y be
automorphisms of G . Then @p € AutG by the above theory with G'=G" =G and 8’=¢@ . Also
(Bp)y = 6(py) as composition of mappings is associative. The identity 7: G — G is in AutG
and 16 =0 =61 forall @ in AutG . Foreach e AutG wesee '€ AutG and 8'0=1=606"".
Hence AutG is a group.

From (a) above Aut Z, is cyclic of order 6 with generator 8,. However Aut Z, ={6,,6,,6,,6,}

is not cyclic as @, = 6; =, = @, the identity element of Aut Z.

Solution 5
(a) H is closed under addition since 2g +2g"=2(g+g") as G is closed under addition

(g,g’€ G). H contains the zero 0 of G as 2x0=04+0=0. H is closed under negation since
—2g=2(-g) as G is closed under negation. Let k,k’e K. Then 2(k+k")=2k+2k’=0+0=0.
Sok+k’e K. 2x0=0 andso 0e K. 2(—k)=-2k=-0=0. So —ke K. Therefore H and K

are subgroups of G and hence are submodules of G ,i.e. mhe H and mke K for all
meZ,he H, ke K .

(i) Take G=7Z,. Then H ={0}, K =7, andso H c K. (ii) Take G=Z,. Then
H={0,2)=K . (iii) Take G=Z,. Then H ={0,2,4,6}, K ={0,4} andso K C H .
(iv) Take G=Z. Then H 2{6,5,71}, K={6,§} andso H g K and K £ H .
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(b) K is a Z—module and scalar multiplication by elements /m of Z, is unambiguously defined by
mk =mk as 2k =0 for all ke K. Hence K is a vector space over Z,. For n odd, K = {0} and
dimK =0. For n even, K={6,%} and sodimK =1.

Solution 6

(@) (mq, +m,yq,)+(m/q, +mq,) = (m +m)q, +(m, +m,)q,. So {q,,q,) is closed under
addition. 0=0g, +0q,€(q,.q,). —(mg, +myq,)=(=m,)q, +(=m,)q,. So (q;.q,) is closed
under negation. m(m,q, +m,q,)=(mm,)q, +(mm,)q,. So {q,,q,) is closed under integer
multiplication. Therefore {(g,,q,) is a submodule of the Z —module Q.

(b) 1/6=3/2-2(2/3)e (3/2,2/3). Hence {1/6) =(3/2,2/3). As 3/2=9(1/6),2/3=4(1/6) we
see (3/2,2/3) =(1/6) since m,(3/2)+m,(2/3) = (9m, +4m,)(1/6). So (1/6)=(3/2,2/3)
showing that (3/2, 2/3) is cyclic with generator 1/6.

(¢) As ged{a,a,}=1and ged{a;,b} =1 we deduce that gcd{a;,a,b}=1. Similarly
ged{b,,a;b} =1 and so ged(apb;,asb)=1. Therefore sa/b; +ta,b; =1 for s,te Z. Hence

q, = ged{a,,a, }(sab;, +tasb)) ged{b,,b,}/bb, = (sab, +ta,b)/bb, =sq, +1q, € {(q,,q,) and so
(q0) S{q1-9>) - As q,/q, =(a,/gcd{a,,a,})(Icm{b,,b,}/b,) € Z we deduce that g,,q, € {q,) and
so (g, q,) =(q,) - Hence {q,,q,)={(q,) is cyclic with generator g, and {q,,q,,q;) ={q,-q5) is

also cyclic.

(d) As 3=gcd{6,75} and 7 = gcd{35,56} we obtain lem{35,56} =35x56/7 =280. So 3/280
generates (6/35,75/56) by (c) above. As 1=gcd{3,8} and 5= gcd{280,15} we see that

lcm {280,15} =840 and so 1/840 generates (3/280,8/15) =(6/35,75/56, 8/15) .

Z.N(3/280) =(3) and so Z & (6/35,75/56). ZN(1/840)=(I)=7Z and so

Z c(6/35,75/56,8/15).

Solution 7
(a)(i) Let h,h’'e H N H,. Then h,h’e H;(i=1,2) and so h+h'€ H; as H, is closed under

addition. So h+h’e H N H, showing that H N H, is closed under addition. O€ H,(i=1,2) and
so 0e HNH,. —he H;(i=1,2) as H, is closed under negation and so —he H, " H,.
Therefore H, N H, is a subgroup of G .

@) (h+h)+h+h)=+h)+(h,+h)e H +H, forall h,h'e H, (i=1,2).

0=0+0e H,+H,. —(l+h))=(-h)+(-h)e H +H,. So H, + H, is a subgroup of G .

(iit) = Suppose not. Pick e H,,h¢ H,,h,e H,,h,& H,. Then hj+h,e H, UH, as

H, U H, is closed under addition. But i +h, € H, implies h, =—h + (h +h,)e H, (a
contradiction) and h, + h, € H, implies h =(h +h,)—h, € H, (a contradiction).

& H, UH, iseither H, or H,, both of which are subgroups of G .

(b) Subgroups of the additive group Z are cyclic, being principal ideals of the ring Z by (1.15). So
H,"nH,=(300), H +H,=(10). More generally (m,) " (m,) and {(m,)+(m,) are cyclic being
generated by lem{m,,m, } =mm, /ged{m,,m,} and gcd{m,,m,} respectively.

Solution 8
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(a) For n=3 we have s, =(g,+g,)+8; =g, +(g, +&;) by the associative law. Take n >3 and
suppose inductively the result to be true for all ordered sets of less than n elements of G . Each

summation of g,,g,,..., g, in order decomposes h; +h . for some i with 1<i<n where h, isa

. . ’
summation of g, g,,...,g; inorder and h,_,

is a summation of g;,,,8;,,,...,&, inorder. By
. . ’ ’ ’ ’
induction i, =, and h,_; =s, . where 5, , = (- ((8;4; + 81+2) T 8i13) ")+ &, =S,_;_, T &, say.

4 ’ ’
Hence h,+h, ;,=s;+(s,_,_, +8,)=(s;+s,_,,)+8&,. As s;+s
4
n—i-1 =

’

—i— 1S @ summation of

81>85>+-» 8, We deduce s;+s s,_, by induction. Therefore i +h,_, =5,  +g, =S5,

which completes the induction. Each summation of g,, g,,..., &, inorder is equal to s, . So the
generalised associative law of addition holds.
(b) By the commutative law g, + g, =g, + &,. Take n>2 and suppose the result is true for all sets

of less than n elements of G . Each summation of g, g,,...,g, decomposes h; +h, _, for some i

with 1<i<n where /; is a summation of g, j€ X, X|:i and K _, is a summation of g

jevy, |Y | =n—i, XNY = . Interchanging h, and h _, if necessary, we may assume ne Y .

+g, where I

n—i—1

By induction h,:_i =K

i is a summation of g; for j€ Y /{n} and so

h.+h _, =s,  byinduction. The induction is completed by
hi+h g =h+ M +8,) = +h )+ 8, =58,,+8, =5,
(c) For m 20 by (b) above m(g, + g,) =mg, +mg, on adding up the 2m elements g;,g;,...,&;
(i=1,2) in two ways. For m < write m =—n. Then

m(g, +8,)=-n(g,+g,)=—-ng +(-ng,)=mg, +mg,. If mm, =0 then

(m, +m,)g =m,g+m,g . By symmetry we may assume m, =m,. For m, >0, m, >0 using (a)
above with g, =g, (m +m,)g = Smytmy = Sm, +Sm, =M, & +m,g . For

m, =-n, <0, m, =-n, <0 we have (m, +m,)g =—(n, +n,)g =—ng+(-n,g)=mg+m,g .
For m; >0, m, =—n, <0, m;+m, >0,

(n/Ll + mz)g = Sm1+m2 = Sml _Sn2 =mg—mg=mg+mg.

For m; >0, m, =—n, <0, m +m,=-n<0,

(my+my)g =—ng ==, ==8, p =(8,) =8 )= Sy =8, =mg—n,g=mg+mg. Now
(mm,)g =0=m,(m,g) for mm, =0. For m; >0, m, >0, by (a) above,

(mymy)g =s,,,,, =m(mg). Hence for m =—n <0, m,=-n, <0,

(mlmz)g = ((_nl)(_nz ))g = (nlnz)g = nl(nzg) = (_nl)(_nzg) = ml(ng) .

For m, >0, m, =—n, <0,

(mymy) g = (=mny)g =—((mn,)g) =—(m,(n,8)) = my(-n,g) = my(m,g)

For m; =-n, <0, m, >0,

(mlmz)g = (_nlmz)g = _((nlmz)g) = —(I’ll (ng)) = (_nl)(ng) = ml(ng) .



17

Solutions 2.2 (page 72)

Solution1 o o o B

(a) K=K+0={0,4}, K+1={1,5}, K+2={2,6}, K+3={3,7}. K+1 generates G/K as
HK+1)=K+7 for0<r<4. G/K has isomorphism type C,.

(b) K=K+6={6,§,6,§}, K+T={T,Z,7,F)}, K+§={§,§,§,ﬁ}. K +1 generates G/K as
rK+1)=K+7, 0<r<3. G/K has isomorphism type C, .

(¢) K ={18,12,6,0}. So |K|=4. |G/K|=|G|/|K|=24/4=6. K +1 generates G/K which
has isomorphism type C, .

(d) |K|=n/d where d = ged{m,n}. |G/K|=|G|/|K|=n/(n/d)=d. G/K is cyclic being
generated by K + 1 and of isomorphism type C g

Solution 2

(a) The cyclic subgroup (d) has order n/d by (2.7), and so (d) has index n/(n/d)=d in Z,.
Conversely let K be a subgroup of index d in Z,. So |K | =n/d . By (2.2) K = (d) and so the
additive abelian group Z, has a unique subgroup of index d .

(b) (d) has index d in Z as the cosets of (d) in Z are (d)+r for 0<r<d . Every non-zero
subgroup K of the additive group Z is an ideal of the ring Z , and so is of the type (d), where d is
a positive integer, by (1.15). So (d) is the only subgroup of Z having index d . No, but (0) is the

only subgroup of infinite index in Z .
(c) Let G=(g,). Everycosetof K in G is of the form K +mg,=m(K + g,) for some me Z.

So G/K =(K +g,) is cyclic.

Solution 3
(a) Z+1/3 has order 3 as Z+1/3¢Z, 2(Z+1/3)=Z+2/3¢Z, but 3(Z+1/3)=Z+1=Z the

zero element of Q/Z . Similarly Z+5/8 has order 8. Also Z+m/n, where gcd{m,n}=1, n>1,
has order n. So every element of Q/ Z has finite order.

(b) a(Z+m/n)e K . But a(Z+m/n)=Z+am/n=Z—-b+1/n=Z+1/n. So Z+1/ne K.
Similarly Z+1/n’e K . There are integers a’,b” with a’n+b'n’=d . Hence

V(Z+1n)+ad (Z+1/n)=Z+b'/n+d'/n'=Z+d/nn". So Z+d/nn"e K. So nn’/d <n by the
maximality of 7. Hence n//d <1. So n’=d and n'|n. Therefore n’g=n and
Z+m'n'=Z+qm'[n=gm (Z+1/n). So K=(Z+1/n).

(©) <Z+1/ n> is a subgroup of Q/Z having order n. Conversely let K be a subgroup of Q/Z with
|K| =n. By (b)above K =(Z+1/n).

(d) As (Z+ 1/2“ Y+ (Z+mf2") =T+ (12 +m2* )/2‘Y+t € K we see that K is closed under addition.
K contains Z+0 (put [ =0) the zero element of Q/Z, and K is closed under negation (replace [
by —1). So K is a subgroup of Q/Z. Each non-zero element of K is uniquely expressible

7+ l/ 2°,1 odd, 1<1<2°,5>0. So K has an infinite number of elements, representatives being 1,
1/2,1/4, 3/4,1/8, 3/8, 5/8, 7/8, etc. K isnot cyclic as Q/Z contains no elements of infinite
order. The finite subgroups of K are H,c H, c...c H, C... where H_ = (Z+1/25> . Let H
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be a subgroup of K andlet S={s:Z+1/2€ H}. If S is bounded above, then H = H, where
t=max{s:se S}. If S is unbounded then § is the set of all non-negative integers and H =K is
the only infinite subgroup of K .

Solution 4
(a) Omitting subscripts, the elements ng € Z, ®Z, for 1<n<12 are

(1,1),(2,2),(0,3), (1,0), (2,1),(0,2),(1,3), (2,0), (0, 1), (1,2), (2, 3), (0,0), i.e. all elements
of Z,®Z,. So g generates the additive abelian group Z, @ Z, which is therefore cyclic of
isomorphism type C,,.

(b) Write g; = (T3,ZT3) for i=0,1,2 and let g, = (63,T3). The 8 non-zero elements of G are
tg,,£8,18,,18; As g, #0,2g,=—g,#0,3g,=0 for 0<i<3 we see that g, and —g,
have order 3. The 4 subgroups of order 3 are (g;) for 0<i<3. G isa Z—module, and as
every non-zero element has order 3, we see that G is a Z, —module, i.e. G is a vector space over

Z,. G=(g,,8,) has dimension 2 and is the internal direct sum of any two different

1 —dimensional subspaces, i.e.

G =(80) D(g1) =(8) D(8,) =(8y) D(g3) =(8) D(8,) =(g)) D(g3) =(8&,) D(g3)-
The additive abelian group G has isomorphism type C; @ C;.
(¢) Write d = ged{n,,n,}. Then I(g,,g,)=(lg,,lg,) = ((n,/d)n,g,,(n,/d)n,g,)=(0,,0,)=0.
So (g,,8,) has finite order n say where n| [. Also n(g,,g,)=1(0,,0,) and so ng, =0, and
ng, =0,. Hence nl|n and n2|n. So n=n,q and (nz/d)|(nl/d)q on dividing n2| n, q through
by d. As ged{n/d,n,/d}=1 we deduce (n,/d)|q. So n,(n,/d)|nq.ie. I|n. Hence [=n.
So the order of (g, g,) is [ =lcm{n ,n,}.
(d) Write 5" = ged{s,m}, 1’ =gcd{t,n}. By (2.7) the orders of 5, =s(1,,) and 7, =¢(1,) are
m/s” and n/t" respectively. By (c) above (5, ,7,) has order mn/s’t" as ged{m/s’,n/t’} =1. But
mn/st =mn < st'=1< s'=t'=1. Inthe case m=7, n=238 there are 6=¢(7) choices for ¥,
and 4 = @(8) choices for #,. Hence Z, ® Z, has 6x4 =24 generators, i.e. there are 24 elements

of order 56 in this group.
(e) As mn(g +h)=nmg + mnh=n0+m0=0 we see that g + A has finite order [ where l| mn.

Now [(g+h)=0 and so Ig =—lh. Hence nlg =n(—lh)=—Inh=-10=0 showing that the order m
of g isadivisor of nl,i.e. m|nl . As gcd{m,n}=1 we deduce m| [. In the same way we obtain
n|l and so mn|l using gcd{m,n}=1 again. Therefore mn=1[. Note that
|G| = | K | ><| G/K | =mn. Replacing @ in Exercises 2.1, Question 4 (b) by the natural
homomorphism 77:G — G/K , we see that the order s of /, is a divisor of the order n of
(hy)n=K +h,. So h=(s/n)h, has order n. By the above g+h has order mn , as g has order
m where K =(g). Therefore g+h generates G ,ie. G=(g+h) is cyclic.
(P Let g,,8,,8 €G, and g,,8,,8,€ G,. Addition in G, ® G, is associative as

(81,82)+ (8l &N+ (gl 8 = (g, + 88, +&5) + (gl gD =

(g +gD+g (g, +8)+8)=(g +(g +8) 8 +(g,+8)=

(8,8, + (g +8,8,+8)=(8.8,)+((g.8)+(g/.8)).
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The zero element of G, ©® G, is (0,,0,) since (0,,0,)+(g,.8,)=(0,+¢g,,0,+g,)=(g,.8,)-
The negative of (g,,8,) is (=g,,=8,) as (=8,,=8,)+(&,8,) = (=& +&,,—8, +8,) =(0,,0,).
Addition in G, ® G, is commutative as

(81:8,)+(81,8)=(8,+81.8,+8:)=(8/+ 81,8, +8,) =(81.8,)+ (8, 82)-
So G, @G, is an additive abelian group. Consider &: G, ©® G, = G, @ G, defined by
(8,8,)0=(8,,8,) forall g, €G,,8,€G,. Then @:G,®G, =G, DG,.

Solution 5
(a) As r =7(mod11) the possibilities for » with 0 <r <143 are

7,18,29,40,51,62,73,84,95,106,117,128,139 , whereas for r = 6(mod 13) the list is
6,19,32,45,58,71,84,97,110,123,136. So 7 = 84 . Alternatively 1=6X11-5X13 and so

F=6x6x11-7x5x13=-59=284.
(b) In a field, the solutions of x* =x are 0 and 1. As Z,, and Z,, are fields, the solutions of

x* = x in the ring 7, ®Z,, are (0,0),(1,0), (0,1),(1,1). Using (2.11) the solutions of x* =x
in Z,,, are 0,78,66, 1, as 78=1(mod 11), 78 =0(mod 13) etc.
(¢) The solutions of x* =1 in the ring 7, ®Z,, are (I,D,(1,-1),(=1,1),(-=1,-1). Using the

ring isomorphism & :Z,,, = Z,, © Z,, of (2.11) we obtain the solutions +1,%12 of x> =1 in
Z,,, . The solutions of X*=xare —1,0,1 in Z,, and in Z . The pairs (6,—T), (—T,6) in

Z,, ®Z,, correspond to 65, 77 in Z,,;. Using (b) above, the solutions of x* = x in Z,,; are
0,+1,+12,+65,%66.

(d) Using Exercises 2.1, Question 4(b) the number of Z —linear 8:Z, @ Z, — Z,; is 15, as for
each 7 € Z,; there is a unique Z —linear € with (L,L)@ =7 since the (additive) order of 7 is a
divisor of the order 15 of (L,Tj). Of these 8 = @#(15) are group isomorphisms (those with

gcd{r,15}=1) and just one (v = 1) isa ring isomorphism.

Solution 6

(a) Suppose Z = (m,)+{m,)+...+{m,). There are integers a,,a,,...,a, with

I=am +am,+...+am,. Let d =gcd{m ,m,,...,m,}. Then d|ml- forall i with 1<i<t. So
d |1 and so d =1. Conversely suppose d =1. There are ¢ integers a; as above and hence
m=ma,m, +ma,m, +...+ma,m, showing Z = {m,)+{m,)+...+{(m,) as ma,m, € (m;) for
1<i<t. As gcd{15,36,243} =3 and gcd{15,36,80} =1 the answers are ‘No’ and ‘Yes’.

(b) Suppose to the contrary that the additive group Z has non-trivial subgroups H, and H, such that
Z=H ®H,. As H, and H, are ideals of the ring Z , by (1.15) there are positive integers n, and
n, with H, =(n,) and H, =(n,). But 0=0xn+0xn, =n, Xn, +(—n,)Xn,, i.e. the integer
zero is expressible in two different ways as a sum of integers from H, and H,. So Z is

indecomposable.
(c) Suppose h, +h, =0 where hye H,h,€ H,. Then h, =—h, showing h € H, as H, is closed

under negation. So h € H N H, ={0} and hence i, =0. Therefore 0+ h, =0 giving A, =0. So
H,,H, are independent submodules of G . Suppose given ¢ submodules H; of G as stated for
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1<i<t and suppose h +h, +...+h,_, +h, =0 where h, € H,. Replacing H,, H, in the first part
by H +H,+...+H, |, H, wededuce hy+h,+...+h_, =0 and h, =0. So

h,=h,=...=h,_, =0 by the independence of H,,H,,...,H,_;. Hence the ¢ submodules

H, ,H,,...,H,_,H, areindependent as i, =0 for 1<i<t. Eachelementof H ®H,®...® H,
can be expressed uniquely in the form A +h, +...+h, with h; € H,. There are |H l.| choices for
each h; and so |H1 @H,®..©H, | =|H1 ||H2 ||H; |

(d) A typical element of G = Z, @ Z, is (7;,5,) where 1<r<3, 1<s5<9. There are
18=3x6=3x¢(9) elements (7;,5,) of order 9 as there are 3 choices for  and ¢(9) choices for

t-1°

s by 4(d) above. The remaining 8 non-trivial elements have order 3 as all elements of G have
orders which are factors of 9. Each cyclic subgroup of order 9 contains @¢(9) elements of order 9
and so G contains 18/¢(9) =18/6 =3 such subgroups, namely (@,Tg )>’<(§3’T9 )>’<(§3’T9 ).
Similarly G has 8/@(3) =8/2=4 (cyclic) subgroups of order 3 namely
((T3,§9)>, ((L,gg)), <(T3’§9)>’ ((53,59». Each of the 3 cyclic subgroups H, of order 9
contains just one subgroup of order 3 namely ((53,59 )) . So foreach H, there are 3 subgroups H,
of order 3 with H M H, ={0}. There are 3X3 =9 such independent pairs H,, H, and for each
G=H ®H, as |H ®H,|=|H ||H,|=3x9=27=|G|.
(e) Suppose k, +k, +...+k, =0 where k;€ K, for ISi<t. As k;e H; for 1<i<t and
H,,H,,...,H, are independent, we see k, =k, =...=k, =0. By (2.14) the submodules
K,.K,,...,K, are also independent. So K=K, @K, D...®K,.
Suppose K +h=K +h" where h,h’'e H . There are unique elements /;,h’€ H, for 1 <i <t with
h=h+h+...4+h and ' =h/+h +...+h/. As h—h'e K there are unique elements k; € K, for
1<i<t with h—H =k +ky,+...+k,. But h—h"=(h, —h])+(h, —h})+...+(h, —h}) whichis
the only way of expressing 4—h" as a sum of elements, one from each H;, 1<i<t. As K, C H,
we deduce b, —h =k;,ie. K;+h =K;+h for ISi<t. So « is unambiguously defined.
Consider now any h,h’'e H andlet h=h+h, +...+h, "=k +h +...+h where h,,hl€ H; for
1<i<t. Then

(K+h)+(K+h)oa=(K+h+h)oa=(K, +(h+h),...K,+(h,+h))=

(K, +hy,...K,+h)+ (K, +h,...K, +h)=(K+ha+(K+h)a

showing & to be additive.
Each f—tuple (K, +h,,K, +h,,...,K, +h,) canbe written (K +h)a where h=h,+h,+...+h,.

So « is surjective. Suppose (K +h)a=(K +h’)a. Then h. —h!=k; € K; for 1<i<t. Adding
these ¢ equations gives h—h = (h,—h))+(h, —h))+...+(h, —h}) =k, +k,+...+k;, € K showing
K+h=K+h. So « is injective. Therefore a: H/K =(H,/K))®(H,/K,)®...®(H,/K,).
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Solutions 2.3 (page 90)

Solution 1

(a) (i) Write K =ker® andlet k,k’e K. Then (k+k")8=(k)8+ (k)8 =0"+0"=0" showing that
k+k’e K ,ie. K is closed under addition. Also (—=k)8@ =—(k)8=-0"=0" and (0)8 =0 showing
that —k € K and Oe K . As (mk)8 =m((k)8) =m0 =0 for me Z, we conclude that mk € K and
so K is a submodule of the Z —module G .

Suppose K ={0} andlet g,, g, € G satisfy (g,)0 =(g,)8 . Then

(8- 8,)0=(8)0-(g,)0=(g)0~(g)8=0" showing g, —g,€ K. So g,—g,=0,ie g =g,
and @ is injective. Conversely suppose that @ is injective and let k€ K. Then (k)8 =0"=(0)8. So
k =0 by the injectivity of @ giving K ={0}.

(ii) Let g;,g,€im@. Then g, =(g,)0 and g, =(g,)0 for some g,,g,€ G. Then

g +g,=(g)0+(g,)0=(g,+g,)0cimb as g, +g,€G. Also —g, =—(g,)0 =(—g,)0 € im8@ as
-2,€G. As 0'=(0)0€im@ and mg, =m((g,)0) = (mg,)0 € im@ for all me Z, we conclude that
im @ is a submodule of the Z —module G’.

Yes, im@ =G’ is the same as € being surjective.

(b) As (1,2)8 =4x1—-2%x2=0 we see that (1,2)e ker@. Yes, (-1,-2)=—(1,2)€ ker & and
2,4)=2(1,2)e ker@. As m(1,2)e ker@ for all me Z we see {(1,2)) c ker@ . Suppose

(I,m)e ker@. Then 4/ -2m =0 and so m=2[. Hence (I,m)=(1,2])=1(1,2)e {(1,2)) and so
ker@ < ((1,2)) . We conclude kerd ={(1,2)) .

All even integers belong to im @ as (0,—m)8 =2m . As (I,m)6 = 2(2] —m) is even we see im@ = (2)
which is infinite cyclic. Yes as (ker 8 +(12,20))8 = (12,20)0 = 4x12—2x20=8 and

(ker @+ (17,30))8 = (17,30)8 = 4x17-2x30=8. By (2.16) 0:Z®Z/kerf = im@ and so

Z ® Z/ker @ is infinite cyclic with generator ker 8+ (0,1) .

(¢) (i) The additive group Z, = Z/(8) has subgroups (1),(2),(4),(8) and the homomorphic images of
Zg are Zg/d) , ZS/@) ,Zg/(z> , Zg/<§> which are cyclic of isomorphism types C,,C,,C,,C,
respectively.

(if) The additive group Z,, = Z/{12) has subgroups (T>,(§>,(§),(Z),(6>,(ﬁ> and the homomorphic
images of Z,, are Z12/<T>’le/<§>’zlz/<§> ’Z12/<4>’le/<6>’zu/<ﬁ> which are cyclic of
isomorphism types C,,C,,C;,C,,C,,C,, respectively.

(iii) The additive group Z, = Z/(n) where n >0 has subgroups (d) where d >0 and d| n by (2.2).
So a typical homomorphic image of Z, is Z, / (d) which is cyclic of isomorphism type C -

(iv) The additive group Z has subgroups (d) where d >0 by (1.15). So Z/{d) is a typical
homomorphic image of Z . Z/(d) is cyclic of isomorphism type C,.

(v) The Klein 4 —group Z, ®Z, =(u,v) has subgroups {0},{u),(v),{u+v),Z, ®Z,. The
homomorphic images of Z, ®Z, are

ZDZ){0},ZOL/(u), ZOL)(v), ZO L) (u+Vv), ZOL/LD L.



22

and these are of isomorphism types C, @ C,, C,, C,, C,, C, respectively.

(d) The identity homomorphism ¢: G, — G,, given by (g,)t= g, forall g, in G,, has kerz={0} and
imi=G,. So17: Gl/{O} = G, by (2.16) . The trivial homomorphism 0: G, — G, given by (g,)0=0
forall g, in G,, has kero =G, and imo ={0}. So GI/G1 = {0} by (2.16). The projection

7,:G, ®G, =G, givenby (g,,8,)7, =g, forall (g,,g,) in G, ®G, is an homomorphism. As
im7r, = G, we see directly that G, is an homomorphic image of G, ® G,. Similarly 7, : G, ® G, = G,
given by (g,,8,)7, = g, forall (g,,8,) in G, ®G, is an homomorphism with im7, =G, and so G,
is an homomorphic image of G, ® G,. The mapping 8: G, ® G, —> G,, given by (g,,8)0=g,— &/
forall g, g/ € G, is a homomorphism. As ker@ =K and im# =G, we deduce (G, ®G,)/K =G, by
(2.16) and so the answer is: Yes!

(e) As (g—(2)8)8=(2)8°—(2)80=(g)8—(g)8=0 wesee g —(g)0ckerf.As (g)0eimb the
equation g =(g—(g)0))+(g)0 shows G =ker@+im@. To show that ker @ and imé are
independent submodules of G suppose k+[ =0 where k€ ker@, [€ im@ . Then [ =(g)@ for some

g€ G. Applying 6 to k+(g)8 =0 gives (k+(g)8)8 =(0)8 =0 and so (k)8 +(g)8> =0 which
gives 0+(g)0=0,ie. [ =0. Hence k+0=0 and so k =0. Therefore ker@ and im@ are
independent submodules of G and so G =ker@ ® imé by (2.15). For G =7Z, ® Z, we have
(I,m)6* = (im, 2l —m)8 = (2l —m,2m— (2l —m)) = (i, 3m —21) = (m, 2l —m) € Z, DL, as
201=0¢ Z, and 20=-2le Z,. So @ isidempotent. By inspection ker & = ((1,2)) is cyclic of
order 2 and im@ ={(1,1)) is cyclic of order 4.

Solution 2
(a) (i) Consider h,h, € H’. There are h,h,€ H with i =(h)8, h, =(h,)0. Then

W +h, =(h)0+(h,)0=(h+h,)0ec H since hj+h,€ H. Also —h =—(h,)0 =(—h)0€ H  and
0'=(0)0e H" as —h,,0€ H . So H’ is a subgroup of G’. As ker@ N H is the kernel of 9|H and

., » applying (2.16) to 9|H gives H/(ker@6 "H)=H’.

(ii) Let h,h,e H. Then h+h,€ H as (b +h)0=(h)0+(h,)0c H  since (h)0,(h,)0c H’.
Also —h,,0€ H as (=)@ =—(h)0€ H and (0)0=0"e H’. So H is asubgroup of G . In this case
the kernel of 9|H is ker @ and the image of 9|H is H'nim@. Replacing 6 by 9|H in (2.16) now
gives H/ker@ = H Nim@ .

(b) As (1,)@=1-1=0 and (2,0)0 =2=0 we see v, = (L1),v, = (2,0) € ker&. Suppose

my, +m,v, =0=1(0,0) for m,,m, e Z. Then m, +2m, =0 and m, =0: so m, =m, =0 showing

H’ is the image of 8

V;,V, tobe Z —independent. Let (/,m)e ker@. Then [—m =0 in Z, and so there is k € Z with
l—m=2k. Hence (I,m)=mv, +kv, showing that v, v, generate ker@ . So v,,v, is a Z —basis of
ker@. As 0=(0,0)8 and 1=(1,0)0 we see that Z, =imé. By (2.15) we have

0:7 ®Z/ker8 = Z, and so Z ® Z/ker 6 has isomorphism type C,. As (1,0)¢& ker& we see
ker@#Z®Z. As 2 is prime, by Lagrange’s theorem there are no subgroups H’ with
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{(0)cH c Z,. By (2.17) there are no subgroups H with ker@ c H C Z®Z,i.e. kerf isa
maximal subgroup of Z® Z .

(© As (1,—1)@=1+(-1)=0 and (0,4)8 =4 =0 we obtain v, = (1,—1),v, = (0,4) € ker6. Asin (b)
above, v,,v, are Z —independent. . Let ([,m)e ker@. Then [+m =0in Z , and so thereis ke Z
with [ +m =4k . Hence (I,m)=lv, + kv, showing ker& =(v,,v,). So ker@ has Z —basis v,,v,. As
(1,00=1 € Z, for [ =0,1,2,3 we see im@=7,. By (2.15) we obtain (Z@Z)/kerﬁ =7, and so
(Z®Z)/ker 6 has isomorphism type C,. As Z, has exactly 3 subgroups H’, namely (4),(2),(1),
by (2.17) there are 3 corresponding subgroups of Z @ Z containing ker 8 , namely ker@, H, Z® Z,
where H ={(I,m)e Z®Z I+me (E)} has Z —basis (1,—1),(0,2).

@ As (Lbm)eker@ s 1=2I'm=4m" (I',m e Z) & (I,m)=1'(2¢)) +m'(4e,) &

(I,m)e (2e,,4e,) we see ker @ =(2¢,,4e,),i.c. ker@ has Z—basis 2¢,,4e,. For H ={((1,0)) we
have (I,m)e H < (I,m)8€ {((1,0)) & (I,m)e {(0,0),(1,0)} & [ arbitrary (any integer),

1 0
m=4m’. So p, =(1,0),p, =(0,4) isa Z —basis of H and A= (pI] = (O 4} has invariant factors
P>

d=1d,=4. G'/H' =(H’+(0,1)) is cyclic of order 4 and so of isomorphism type C,®C,=C,.
_ 2 0
Similarly for H"={(0,2)) we have A= (O 2] ;s0d,=d, =2 and

G'/H' =(H +(1,0),H +(0,1)) which has isomorphism type C, ®C,. For H = ((1,1)) we see

1 1 1 0
A= = ;
0 2 0 2
sod =1,d,=2 and G'/H' =(H’+(0,1)) which has isomorphism type C®C =¢C,.
(e) As 67 is surjective, being the composition of two surjective mappings, we see im687=G’/H" .

Also ker@n={he G:(h)dn=H’} as H’ is the zero element of G’/H’. So

ker@n={he G:(h)fe H'})=H . Applying (2.16) to 87 gives 7:G/H =G'/H’ .

Solution 3

(a) There are k,,k, € K suchthat r, =1 +k, r, =r +k,. Therefore r,r, = (5 +k)(r; +k,) =11, +k,
where k; = rl'k2 +k, rz' +kk,. As K is anideal of R we see that rl'kz, k, rz' sk k,e K ,andso k,€ K
as K is closed under addition. Hence 1,7, =1 'r,(mod K) andso K +rr, =K+ 11, by (2.9), showing

that coset multiplication is unambiguously defined. Write r=K+r and then R/ K has binary

operations Z+Z =r+r, and (;1)(’”_2) = E where 1,17, € R. Now (R/ K ,+) is an abelian group by

(2.10). Let 1,1y, ;€ R. Then ((r)(n))(r;) = (15,)(1) = (1, 1,)r = r(K1R) = (1) (K E) = (H)((1K)(1H))
showing that coset multiplication is associative. Coset multiplication is distributive because

(D) +))() = (1 + 1)) = (1 +n)r = nn+ 5 =6+ 51 = (7)) +(r,)(r;) and similarly
(1)) + (1) = (1)(1,) + (r,)(1ry) . Also (e)(r)=er=r=re=(r)(e) forall re R,andso R/K isa

ring with 1—element ¢ = K +e.
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By (2.10) 7 is additive. As (1,1,)1 = E = (;1)(”_2) =(1)n (r,)n forall r,,r,€ R and (e)p=¢e we
see 7] is a ring homomorphism. Alsoim#7=R/K and kern=K .
(b) By Question1(a)(ii) above, im@ is a subgroup of (R’,+). As (,)0 (r,)0 =(r,r,)@ forall 1,1, € R
we see im @ is closed under multiplication. The 1—element ¢” of R’ belongs to im# as e’ =(e)@. So
im @ is a subring of R” and hence im @ is itself a ring. By Question1(a)(i) above, ker @ is a subgroup
of (R,+). Consider re R,ke K ; then (rk)8 =(r)8(k)8 =(r)@x0=0 andso rke K =keré.
Similarly kr€ K and so K is anideal of R. Kernels of ring homomorphisms are ideals. By (2.16)
o: R/K =im# is an isomorphism of additive abelian groups. Also
(1)) = (1r,1,)8 = (1,1,)0 = (1,)0 (1,)0 = (1,)8 (,)8 forall ;,r,€ R. So & is a ring isomorphism
as (;)é =¢ . Therefore 8 : R/K =imé .
(c) By (b) above ker@ is an ideal of the ring Z . By (1.15) there is a non-negative integer d with
ker@=(d). By (b) above 8:7Z/(d) =im8, showing that the rings Z,=Z/{d) are, up to isomorphism,
the (ring) homomorphic images of Z .
(d) For r,,r,€ R we see (1, +1,)00" =((r,)0+(1,)0)0" = ()06’ + (r,)06" and
(r1,)06" =((1,)0(r,)0)8" = (1,)06’ (r,)80" showing that 0" is additive and multiplicative. As
(e)@=¢€" and ()0 =¢” we see ()00’ =e” where e,e’,e” are the 1—elements of R,R’,R”. So
06’:R — R” is aring homomorphism. Suppose that & is a ring isomorphism. Consider 7,7, € R" and
write 7, = (1)@, r,=(r;)@"". Then
((roe F(EONO=( +1,)0 = (O + ()0 =+ 7 = (r{+ )00

and so (@' +(1)07 = +1)07" as 0 is injective and @' is additive. Similarly

(KO (1O O =(1,1,)0=(1r)0(r,)0 =rr, =(11;))07'8 and so (O™ (r))0~' =(r'r,)6™"
as @ is additive, and @' is multiplicative. As ()@ =e we conclude &' : R — R’ is a ring
isomorphism. Take R=R’=R” and suppose 8,0’ are bijective, i.e. suppose 8,68’ AutR. By the
above theory 80",0~'€ AutR . As the identity mapping I of R belongs to AutR we see that AutR

is a group (it is a subgroup of the group of all bijections of R — R).
(e) By Exercises 2.2, Question 4(f) the direct sum R, ® R, of the additive groups of R, and R, is

itself an additive group. In order to verify the ring axioms involving multiplication, consider 7,,7,1’€ R,
and ,,r,,1, € R,. Then
(R )+ (D) = () R+ 1) = (R + 1), 15 (i + 1) =
(R 1R+ 5D = (R ) + (0 1) = (5 ) + (1) (R0 )
which shows that one distributive law holds in R, @ R, . The other distributive law holdsin R, ® R,
and can be verified in the same way. The associative law of multiplication holds in R, ® R, as
()X r) = (5 ) (R ) = () () =
(1) ry () = (5, B) (K1) = (5, ), ) 1)
using this law in the rings R, and R,. Let ¢, and e, denote the 1—elements of R, and R,
respectively. Then (e, e, )(1;,1,) = (e 1, e,1,) =(1;,1,) =(ne,1e,)=(1,1,)(e,e,) which shows that
R, ® R, has 1—element (e,e,). Therefore R, ® R, is aring.
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(f) By Exercises 2.1, Question 7 (a)(i) and (ii) both K "L and K + L are additive abelian groups.
Consider re R and me K NL. Then me K and me L. As K is anideal of R we see rm,mre K .
As L isanideal of R we see rm,mre L. So rm,mre K "L and K NL is anideal of R. Consider
re R,me K+L. Then m=k+[ where ke K and [e L. So rm=r(k+1)=rk+rle K+ L since
rke K and rle L asbefore. Also mr=(k+1)r=kr+Ilre K+ L since kre K and Ire L. So
K + L is anideal of R. For 1,1, € R using addition and multiplication in the rings R/K , R/L and
R/K®R/L
(r+rn)a=n+n+K,n+r+L)=((r+K)+(r, +K),(n+L)+(r,+L))=
(n+K,n+L)+(r,+K,r,+L)=(r,)ox+(r,) and
(rn)o=nr+K,nn,+L)=((r+K)(r,+K),(r, +L)(r, + L)) =
(n+K,n+L)r,+K,r,+L)=(r)x ().
Let e be the 1—element of R. As (e)a@=(e+ K,e+ L) is the 1 —element of R/K @ R/L we see that
« is a ring homomorphism. The 0—element of R/K @ R/L is (K,L). As
(na=(K,Lye (r+K,r+LyosreK,re L&ore KNL wesee kerae=K N L. Now we use
K+ L=R tofind im¢: there are elements k,€ K and /€ L with k,+[, =e. Consider an arbitrary
element (s+K,t+ L) of R/K ®R/L and so s,te R. Write r=sl,+tk,. Then
r—s=r—se=s(l,—e)+tk,=s(—k,)+tk,=(t—s)k,€ K andso r+ K =5+ K . Also
r—t=r—te=sl,+t(k,—e)=sl,+t(=l,)=(s—1)l,e L andso r+L=t+ L. Therefore
(Na=(r+K,r+L)=(s+K,t+L) and ima=R/K @ R/L. By (b) above
&:R/(KNL)=R/K ®R/L is aring isomorphism where (r+ K N"L)&=(r+K,r+L) forall re R.

Solution 4
(a) Suppose that K isnormalin G . Let g€ G and consider kg € Kg where k€ K. Then

kg =g(g 'kg)e gK as g 'kge K. So Kg < gK . Replacing g by g~ in the normality condition
gives gkg™' € K forall ke K. Consider gke gK . Then gk =(gkg ')ge Kg. So gK < Kg and
hence Kg = gK . Conversely suppose Kg = gK forall ge G. For ke K,ge G wehave kge Kg
and so kg€ gK . Thereis k'e K with kg = gk’. Hence g 'kg=k’e K ,i.e. g"'kge K forall
ke K,geG.
For g € S, the permutation gilo"' g 1s even using the rules of parity, as g and <gf1 have the same parity
and o' is even. So g"'0'g € (0) showing that () is normal in S,. As 3)7=3, (3)7> =3 and
(3o 'to=(2)r0=(1)0 =2 we see 0 't0¢ (7). So (7) is not a normal subgroup of S, .
Suppose Kg, = Kg, and Kg, = Kg,. Using the above theory we obtain

Kgg, =Kg/g, =/8,K =8/8;K = Kg|g,
showing that coset multiplication is unambiguously defined. So G/ K is closed under coset
multiplication. Let e denote the identity element of G and let g, g,,8,,8;€ G. Then
(Kg,Kg,)Kg,=K(g,8,)8,=Kg,(8,8,) = Kg,(Kg,Kg,) showing that coset multiplication is
associative. As KeKg = Keg = Kg = Kge = KgKe we see that K = Ke is the identity element of
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G/K . As Kg'Kg=Kg'g=Ke=Kgg™' = KgKg™' we see that Kg~' is the inverse of Kg. So
G/K is a group.

K2={2,8}, K7={7,13}, K11 ={11, 14} which partition G . The multiplication table of G/K is
X K K2 K7 KI1
K | K K2 K7 KI1
K2 | K2 K K11 K7
K7 | K7 KIl K K2
K11 | K11 K7 K2 K

For example K 2xK7=K14=K11. The pattern in the table is the same as that in the addition table
of the Klein 4 —group Z, ®Z,. So G/K has isomorphism type C, ® C, .

For K ={1,14} we have K2={2,13}, K4 ={4,11}, K8 ={7,8)} which partition G . The
multiplication table of G/K is

K K2 K4 K8
K K2 K4 K8
K2 | K2 K4 K8 K
K4

K8 K K2
K8 | K8 K K2 K4

and so G/ K is cyclic being generated by K 2. So G/ K has isomorphism type C, .

(i) Taking K, = {T,Z} and K, :{T,ﬁ} we see that K, = K, as both K, and K, are cyclic of

order 2. However G/Kl and G/K2 are not isomorphic. So K, = K, does not imply G/Kl = G/K2 .
Let K = {T, Z,ﬁ,ﬁ} which is a Klein 4 —group. The two cosets K and K2= {5,7,§,1_3} partition
G . The multiplication table of G/K is

and G/K is of isomorphism type C, .

Let K ={1,2,4,8} which is cyclic of order 4. The two cosets K and K7 ={7, 11,13, 14} partition
G . The multiplication table of G/K is

and G/K has isomorphism type C, .
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(i1) Taking K, = (1,4,11,14} and K, = {1,2,4,8} we see that G/Kl and G/K2 are isomorphic
although K, and K, are not isomorphic. So G/K, = G/K, does notimply K, = K.

(c) Write x =(e)@. Then x° =(e)@(e)8 =(e*)0=(e)@=x. As xe G thereis x~' € G with

xx =€ . Hence ¢ =xx"' =x’x"=x,ie. (e)d=¢". Applying @ to g"'g=e=gg ™" gives
(g8 (g)8=¢"=(g)8 (g7")8 showing that (g~")@ is the inverse of (g)8,i.e. (g7)8=((g)8)"
forall ge G. As ()@ =¢" wesee e K. Let k,k,€ K. Then (kk,)0=(k)0(k,)0=¢"e =¢
showing kk,€ K. As (k7")@=((k)8) "' =¢ ' =¢ wesee k'€ K. Therefore K =keré isa
subgroup of G . As (e)d =¢” we see e’ imf . As (g,)0(g,)0=(g,8,)0€imé for g,,g,€ G and
so im#@ is closed under multiplication. As ((gl)é’)_1 = (gl_l)é’e im@ forall g,€ G we see imé isa
subgroup of G”. Let ke K,ge€ G. Then

(87'kg)0=(g7 O (k)8 ()0 =((£)0)" ¢ (g)0=((8)0) " (g)8=¢
showing that gilkg € K. So K =ker@ isnormal in G . Kernels of group homomorphisms are normal
subgroups. As (kg)@ = (k)8 (g)0 =¢"(g)0 =(g)@ all elements of the coset Kg are mapped by & to
the same element (g)8. So 0: G/K — im@ defined by (Kg)l9~ =(g)0 is unambiguous and surjective.
Suppose (Kgl)é = (ng)é. Then (g,)80 =(g,)@ and so
(2,8,)0=(2)0((g,)0)" =(g)0((g)0) " =¢
showing glg;1 =ke K. So g, =kg, and hence Kg, = Kg,, that is, 0 is injective. As

((Kg))(Kg,)0 = (Kg,8,)0 = (8,8,)8 = (8,)6 (8,)6 = (Kg,)6 (Kg,)0
we see that @ isa group isomorphism and so 0: G/ K =im@, the first isomorphism theorem for groups.
Let A;,A, € GL,(R) where R is a non-trivial commutative ring. Then detA,,det A, € U(R) and
(AA,)8=det A|/A, =det A, det A, =(A,)0(A,)E by the multiplicative property (1.18) of
determinants. So 8:GL,(R) = U (R) is a group homomorphism. For ue€ U (R) the diagonal #X¢
matrix U =diag(u,e,e,...,e), where e isthe 1 —element of R, is invertible over R and
(U)@=detU =u. So @ is surjective, i.e. im@=U(R). Also SL,(R) is a normal subgroup of
GL,(R) with GL,(R) / SL,(R)=U(R) by the first isomorphism theorem above for groups. Taking

R=Zp we have ‘U(Zp)‘:‘Z; =p—1andso

|SL/(Z,)|=|GL.(Z )| /(p=1)=(p' =)(p' = p)-++(p' = P/ (p=D.
(d) Let gl,gl',gl”e G1 and gz,g;,g;e Gz. Then
((81-82)(81>8))(81-85) = (8,81, 8,8:)(81-83) = ((8,81)8/+(8,85)85) =

(81(8187)-82(8:82)) = (81-8,)(8181- 8282 ) = (81 8,)((81- 83)(8/- &)
showing that componentwise multiplication on G, X G, is associative. The pair (e, e,) consisting of the

identity elements ¢, of G, and e, of G, is the identity element of G, XG, because
(81-8:)(e,6,) =(8,€,8,6,) =(8,,8,) =(e,8,,6,8,) =(¢,€,)(8,,8,) forall (g,,8,)€ G, xG,.
The inverse of (g,,g,) is (g;',g;') as

(8-8.)(81 58, ) =(8181+8,8, ) =(€.¢,) =(8,'8,-85'8,) = (8,85 )&1-8,) -
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So G, X G, is a group, the external direct product of G, and G, .

Let K, =kerx, ={(g,,¢,): 8, € G,} =G,. Then K|, being the kernel of a homomorphism from

G, XG, to G,, is a normal subgroup of G, XG,. Similarly K, =kerz, ={(e;,&,):8,€ G,} =G, is
also a normal subgroup of G, XG,. Then K, N K, ={(e,e,)} is trivial. Let k, =(g,,e,)€ K, and
k,=(e,g,)€ K,. Then kk, =(g,,e,)(e,8,)=(g€.6,8,)=(g,,8,) andso K K, =G, XG,.

Solution 5

(a) Let m,m, € Z . Then (m, +m,)y = (m, +m,)e =me+m,e=(m,)y+(m,)y applying the result
of Exercises 2.1, Question 8(c) to the additive group of F'. Also

(mm,)y = (mm,)e = (mm, Ve’ = (me)(m,e)=(m,) ¥ (m,) ¥ . So y isaring homomorphism as
(Dx =e. By (1.15) there is a unique non-negative integer d with ker ¥ =(d). By the first
isomorphism theorem for rings 7:Z/ker y = imy,ie. 7:Z, = imy defined by (i )7 =ie for all
ie Z, =Z/{d) is aring isomorphism. Suppose d >0. As e# 0 we see d #1. Suppose that d is
not prime. Then d =d,d, for positive integers d,,d,. Hence (d,)y (d,) ¥y =(d,d,)y=(d)y=0. As
F has no divisors of zero, either (d,)x =0 or (d,) ¥ =0, i.e. either d, € (d) or d, € (d) both of
which are impossible as d is not a divisor of either d, or d,. Soeither d =0 or d = p a prime. For
d =0 wehave Y :Z,=1imy and so im ¥ has an infinite number of elements. So for each finite field
F thereis a prime p (the characteristic of F ) suchthat ¥:Z, =imy. As Z, is a field we see that
im y = F, is a subfield of F . Regard the elements v,v” of F as vectors and the elements a of F, as

scalars; then v+v'e F and ave F satisfy the vector space laws as these laws follow directly from the
laws of a field. In short F is a vector space over F,. As there are only a finite number of vectors, this

vector space is finitely generated and so has a basis v,,Vv,,...,v,. Each element of F' can be uniquely

expressed in the form a,v, +a,v, +...+a,v; where a,,q,,....a,€ F,. As Z, = F, there are p

independent choices for each of the s scalars a,,a,,...,a,. Hence |F | =p'.

For O <r < p the binomial coefficient (p
,

j is divisible by the prime p. As pe =0 by the first
paragraph, we see (pJa‘”b’ = ((p)/pj(pe)a‘”b’ =0. By the binomial theorem
r r

p
(a+b)r = z (pJa” “'b" =a’ +b” as only the first and last terms contribute to the sum. Therefore
r=0\T

(a+b)8=(a+b)’ =a’ +b” =(a)@+ (b)@ showing that @ is additive. As

ker@={ae F:a” =0}={0} we see that @ is injective by Question 1(a)(i) above. As §:F — F and
F has only a finite number of elements we deduce that @ is also surjective. Finally

(ab)@ = (ab)” =a’b” =(a)@(b)@ showing that € is multiplicative. As (e)@ =e” =e we conclude that
@ is an automorphism of the finite field F .

(b) Let A= (aij) and B = (bij) be ¢Xt matrices over Z,. Then

(A+B)5, = ((a,'j +b,'j)61) = ((a,‘j)al + (b,,)é‘l) = ((a,‘j)al) + ((b,,)al) = (A)5, + (B)at and
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(AB)S, =((X a,,b,)8) = (3. (a,)8,(b,)8) = (a,)8)((b;)8) = (A5, (B)S,. As (1,)8, =1, and
j=1

j=1
(6,1)5l = 6d we see that 0, maps the 1—element of the ring %,(Z,,) to the 1—element of 9,(Z )
and so 0, is a ring homomorphism. As 0, is surjective so also is &, , i.e.imd, =9,(Z,). Let
A= (aij)e ker J,. Then (aij)é'l =6d and so a;; = m, where d| m . There are therefore n/d
independent choices for each of the ¢ entries in A. Hence | ker 5,| =(n/d )t2 . Using the multiplicative
property of determinants A€ GL,(Z,) < detA=m, € U(Z,) < ged{m,p’}=1
& ged{m, py =1 det(A)S, =m,e U(Z,)=Z, < (A)6,€ GL(Z,). Hence

5,| :GL, (Zps) — GL,(Z ) makes sense and is surjective. As &, respects products so also does the

restriction &,

Aekerd,| < (A5, =(I)8, < Aekerd,+1 andso ker &,|=kerd, +1 is a normal subgroup of

, 1.e. it is a homomorphism of multiplicative groups. Now

GL,(ZPS) having | ker 5,| = p(H)’2 elements. By the first isomorphism theorem for groups
GL,(ZPS )/ ker 5t| =GL,(Z,). So GL, (pr) partitions into ‘GL,(ZP)‘ cosets of kero,. Hence

‘GL,(ZPS) = p(s_l)’2 (p'=D(p'=p)--(p' = p’_l) using the formula following (2.18).

So [GL,(Z,)|=2" (2° =1)(2* —2)(2* ~2*) =86016 and
|GL,(Z,,)|=17"*(A7* = D(A7* -=17) =78336. As

\GL2 (Zm)\ = \ GL,(Z,)|=5"(5* ~1)(5* —5) =187500000 and

\GL2 (Zm)\ = ‘GLZ(Zf )| =2% (2> —1)(2% —=2) = 100663296 . So the answer is: No!

The 16 matrices in the kernel of 52| :GL,(Z,) — GL,(Z,) are:

o 1l e e Tl 76 o o
o 3l 3 5 3G 36 5 S

. . odd even
each displaying the pattern _ .
even odd

W] N~
N— S
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(4—1 4_2J (@ 6_4J (@ _gl
() A =| _ __|as41=1(mod8),41=5(mod9) etc.and A, =| _ = s 5/
43 -

44 64 9 9
50 34 2 2)(5 7
(A +A)a [g S_Ja (£3 5}(8 8}) (A)a+(A)a
33 50) (1 2)(6 5
A == == Zll- Zh=@ .
(AA)a (35 52} ((3 4) (8 7}) (A)a (Ao
Write p;’ =q; for 1<i<k. Then
GL,(Z.,) =‘GL,(qu)HGL,(Zqz)‘---‘GLt(qu) =

x 2
H(qi/pi)t (pi =D(p{=p)-(p: _pit_l)’
i=1

Solution 6
(a) Suppose the invariant factors of the sX7 matrix A are not all positive. Then d; =0. There are

invertible matrices P and Q over Z with PA= DQ where D =diag(d,,d,,...,d,). The last row of
D is zero and so the last row of DQ is zero. Let (m,,m,,...,m) denote the last row of P . The last
row of PA is (m;,m,,....m)A=mp, +m,p,+...+m,p . =0. As det P # 0 at least one of
m,,m,,...,m, is non-zero, showing that p,, 0,,..., p, are Z—dependent. Hence p,, p,,..., p, being
Z —independent implies d,,d,,...,d, all positive. Conversely suppose that d,,d,,...,d, are all
positive. Let m,,m,,...,m, be integers with m, o, +m,p, +...+m,p, =0. Write
m=(m,,m,,...,m;) and so mA=0. Hence mP'DQ =0 where P,Q,D are as above. Hence
mP™'D =0 which give the s equations l,d, =0 for 1<i<s where mP™ = (.L,,...,1;). Soeach
[:=0,ie. mP" =0 and so m =0 showing that p,, 0,,..., p, are Z—independent.

Suppose there is a Z —basis of Z' beginning with PisPyse--s Py By (2.23) there is an invertible 7X¢

A
matrix Q over Z of the type Q :(E], i.e. the first s rows of Q are p,, p,,..., p,. Comparing the

first s rowsin QQ ' =1 gives AQ™' = (I ! 0) where [ isthe sXs identity matrix. So
AQ™' =S(A), the Smith normal form of A, and d,=d,=...=d =1. Conversely suppose
d =d,=...=d,=1. Inthe case s =¢ the rXt matrix A is invertible over Z and p,, p,,...,p, isa
Z —basis of Z'. For s <t, by Exercises 1.3, Question 5(d) the sX¢ matrix A can be changed into
S(A)=(1] 0) using ecos only. By (1.4) there is an invertible #X¢ matrix Q over Z with

A

AQ7' = (I : 0). Hence (I : O)Q =A andso Q= (Ej The rows of Q are therefore a Z —basis of

Z' beginning with p,, p,,..., p, .
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(b) Suppose P, P,,..., P, generate Z'. For each row e, of the X7 identity matrix / over Z there
are integers b;; with b0, +b,, 0, +...+b; Py =¢; for ISi<t. Sothe tXs matrix B=(b,;;)
satisfies BA=1. By (1.19) the non-negative gcd g,(A) of the # —minors of A is a divisor of
g,(I)=1.So g,(A)=1andas g,(A)=dd,---d, weseethat d, =d,=...=d, =1.

1

Suppose d, =d, =...=d, =1. There are invertible matrices P and Q over Z with PA= LOJQ

Consider (1,,1,,...,1,)€e Z' and write (ll,lz,...,l,)Q_l = (ll', l;,...,lt'). There are unique integers
1
m,m,,...,m, with (m,,m,,...,m )P :(ll',lg,...,l,',0,0,...,O)ziaj(lf,l;,...,l;). So

(m,m,,....m)H)A=(,L,,....1) ie. (I,L,,....L,)=mp,+m,p, +...+m_p,, showing that

Dis Pys--v» P, generate Z' .

Suppose a Z —basis Pijs Piyse-s P, of Z' can be selected from p,, p,,..., P, . The determinant A of
the Xt submatix of A made up of rows i ,i,,...,I, has value £1. The sXs matrix P with rows

Dl Pyse--» P, together with the s —¢ rows e; of the sXs identity matrix [ for j#1i,,i,,...,i, is
invertible over Z because expanding det P along rows i,i,,...,I, gives detP=*A==%1. By (2.23)
the rows of P form a Z —basis of Z*. So p/, p;,..., P, canbe extended to a Z —basis of Z* using

s—t rows of the sXs identity matrix. The converse is proved by reversing the above steps.

1 3 2
(©) (i) As |4 6 5|=0 the given elements are Z —dependent and so not contained in any Z —basis of
7 9 8

s 1 00 1 3 7 ]
Z>. (ii) As S(A)= 0 4 0 where A = 35 9 , the rows of A are Z —independent but are not

2 3

1 00 1
contained in any Z —basis of Z’. (iii) As S(A) = where A= , the rows of A
010 4 35

are Z —independent and are contained in a Z —basis of Z>. (iv) For

1 2 3
1312
14
4 1 1
we have d, =d, =1,d, =6 and so the rows of A do not generate Z*. (v) As
1 1 1
1 2 3|=-1,
1 3 4

we see that the given elements generate Z’ and the first three of them form a Z —basis of Z’. (vi) The

3 — minors of
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are —2,3,-6,—17 and so g,(A)=1 giving d, =d, =d, =1. So the rows of A generate Z> buta

7 —basis of Z> cannot be selected from them.

Solution 7
(a) Suppose Vv;,v,...,v, generate M. Let vV'e M’. By (2.19)(i) there are r;,r,,...,1; € R with

H + 6V, 4.+ v, =V . Write v=ry, + 1, +...+1,v,€ M . Then

WO =(rv+Hvy ...+ 1y )0 =10 +1,(v,)0+...+1,(v)O =KV, + Vv, +...+ Ky =V
showing @ to be surjective. Conversely suppose that @ is surjective. Let v'e M. Thereis ve M with
(»)@=V". As v,v,,...,v, generate M there are 1,,r,,...,1; € R with v=rv,+ v, +...+1v,. As 6
is R —linear we have
V=W0=(r, +5v,+...+1v,)0=1()0+1(1,)0+...+1(v,)0 =1V + 1V, +...+ 1V, showing
that v/,v},...,v, generate M . Suppose V;,V;,...,v, are R —independent elements of M . Consider
ueker@. As v,v,,...,v, generate M there are 7,,7,,...,;;€ R with u=nv, +rnv, +...+1v,. As 8
is R—linear 0=u)0=(rv, + v, +...+1v,)0 =10+, (1,)0+...+1r,(v,)0 =1V, + v, +...+ 1V,
andso r,=r,=...=1,=0. Hence u=0v, +0v, +...+0v, =0 showing ker@ ={0} and so @ is
injective by Question 1(a)(i) above. Conversely suppose 8 is injective. Then ker& ={0} by
Question 1(a)(i) above. Consider /v, +rv; +...+ v, =0 where #,7,,...,1;;€ R. Then
(rv+nrv, +...+1v,)0=0,ie nv, +ry,+...+rv,eker@. So nv, +rnv, +...+1rv,=0. As
Vi,V,,...,V, are R—independent we conclude 1, =1, =...=r, =0 and so v/,v,,...,v, are
R —independent elements of M”. Now suppose @:M — M’ is an isomorphism and M is free of rank
t. Then M has R—basis v,,v,,...,v,. Let vl-':(vl-)e for 1<i<t. As @ is surjective and injective

Vi,V5,...,v; generate M’ and are R —independent using the above theory. So M’ has R —basis
Vi,V),...,v, and so is free of rank #=1". Conversely suppose M and M’ to be free R —modules of the
same rank 7. Let M have R—basis v,,v,,...,v, and let M have R—basis v],v},...,v;. Consider
0:M — M’ defined by (v, + v, +...+1rv)0 =nv/+ v, +...+nv, forall r,rn,...,;;€ R. Let
U=FKy,+5Rv,t...+hy, v=sy+s,v,+...+5,v, where 5;€ R for ISi<t. Then

W+v)8=((1r,+s)v, + (1, +5,)v, +...+(7, +5,)v,)0 =

(B+sV+(ry+ s,V + .+ (1 +5,)v, =Ry + V5 + . 1)+ (s + 5,05 + ..+ 5,0) =

(hv, + v, +.o.+15y)0+ (s, + 5,0, +...+5,v,)0 = (u)8 + (v)8
and so @ is additive. Also for re R we see

(ru)@ =(r(nv, + v, +...+1v,)0 = (rmv, + re,v, +...+ 1y, )0 =
rEv vy + . ey, =r(nv] + v, 4.+ ) =r((w)6).

So € is R—linear and as (v;)@ =V, we can apply the above theory: since v;,V5,...,V, generate M and

are R —independent, @ is surjective and injective, i.e. 8:M =M’ .
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(b) By hypothesis M has R —basis v,,V,,...,v,. There are X matrices P=(pij) and Q =(q;,) over

t t
R such that v, :Z;pijuj (I<i<t) and u, :;qjkvk (1< j<t) asin the proof of (2.20). Then
j: =

! ! ! 1
PQ =1 on comparing coefficients in the equation v, = Zpij(quk V)= Z(Z Pijqx W, So Q is
= =1 = =

invertible over R by (2.18). Hence u,,u,,...,u, is an R—basis of M by (2.21).

(c) Regarding M and M’ as Z —modules, by Question 1(a)(i) and (ii) above, ker@ and im @ are

additive subgroups of M and M’ respectively. For ue ker@, re R, we have
(ru)8 =r((u)8)=rx0=0 showing that rue ker@. So ker@ is a submodule of the R —module M

by (2.26). For u’€im@, re R, thereis ue M with (u)@=u’". So (ru)8 =r((u)@)=ru’ showing
ru’€im@ as rue M . So im@ is a submodule of the R—module M~ by (2.26). Let € be bijective.
Then @' : M’ — M is additive by Exercises 2.1, Question 4(d). Let re R and v'e M’ and write
v=(")@". Then (rv)8=r((v)@)=rv. Applying 87" gives ()8 =rv=r((v')6") showing that
07" is R—linear. Yes, the inverse of an isomorphism of R —modules is bijective and R —linear and so
is itself an isomorphism of R —modules by (2.24) .

(d) Consider 7,1, € R and ve M . Using coset addition, before (2.10), and law 5 (part 2 ), before
(2.19),wesee (,+1)(N+v)=N+(r,+r)v=N+rv+rnv=(N+r)+(N +r,) which shows that
law 5 (part 2) holds in M /N . Aslaw 6 holdsin M we see

()N +v)=N+(rr)v=N +r(r,y)=1(N +rv)=r(r,(N +v)) showing that law 6 holds in
M/N . The 1—element 1 of R satisfies (N +v)=N+1v=N +v and solaw 7 holdsin M/N .
Therefore M /N isan R—module.

(e) There is an element u,€ N. Then z,=0u,e N. As 0+1=1 in R we see

Zo tuy =0uy +1uy = (0+1)u, =1u, =u, using the distributive law in M . Hence

—Uy +(2y+ny)=—uy+u,=0 and so z,=0 (the O—element of M ) on using the associative and
commutative laws of additionin M . So N contains the 0 —element of M . For ue N we have
(=Due N. Then (—Du+u=(-1u+1u=(=1+1)u=0u=0 on replacing u, by u in the above
paragraph. So —u =(—1)u and so N is closed under negation. N is a subgroup of the additive group
of M . So N is asubmodule of M .

Consider v,v'e N, + N,. There are u,,u; € N, and u,,u; € N, with v=u, +u,,v' =u/+u;. So
v+v =u o, +ul +uy = +u)+ (u, +uy)e N+ N, since u, +u; € N, and u, +us€ N,. So

N, + N, is closed under addition. Also rv=r(u, +u,)=ru, +ru,€ N,+N, as ru;€ N, and ru, € N,
for all re R. By the above theory N, + N, is a submodule of M . Consider u,u’e N, N,. Then
u,u'€ N, andso u+u’e N,. Also u,u’e N, andso u+u’€ N,. Therefore u+u’e N, N, and so
N, NN, is closed under addition. For r€ R we have rue N, as ue N,. Also rue N, as ue N,.
So rue NyNN,. So N,NN, is a submodule of M .

(f) By Exercises 2.2 , Question 4 (f) we know M, ® M, is an additive abelian group. We next check
that the R —module laws 5,6 and 7 (before (2.19)) holdin M, @ M, given that these laws hold in M,
and M,. Consider v=v,,v,)e M, ®M,, vV =(v,v))e M, ®M, and r,r'€ R. Then
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rv+v)=r((v,v,) + (V) =r(v, +v),v, + V) = (r(v, +v)), r(v, +5)) =
(rv, + v, vy + 1)) = (v, v, + (v, rvy) = r(v, v, + r(vi,vy) = v+ rv’
and
(r+r W=+ v,)=((r+r )W, (r+r)w,)=v +r'v,m, +r'v,) =
r(v,vy)+r' (v, v,) =rv+ry
which shows that law 5 holds. Also
(rr' W =(rr" )Y, vy) = ((rr vy, (i )vy) = (r(r'v), r(r'vy)) = r(r'v,,r'vy) = r(r’(v;,v,)) = r(r’v) showing
that law 6 holds. As lv=1(v,,v,)=(v,,lv,)=(v,v,) =V we see that law 7 holds and so M, ® M, is

an R —module.
Consider u,u’€e N, and let r€ R. Then u=(v,,0),u’=(v;,0) where v,,v;€ M, and O is the

O—element of M,. Then v, +v,€ M, and rv,€ M, as M, is an R—module. So

u+u' =w,0)+/,0)=,+v,0)0e N, and ru=(rv,,r0)=(rv,,0)€ N,. Therefore by (e) above N,
is a submodule of M, ® M, . In the same way N, is a submodule of M, ® M, .

We know N, + N, to be a submodule of M, ® M, by (e) above, andso N, +N, c M, ®M,. Onthe
other hand consider ve M, ® M,. Then v=(v,v,)=(,,0)+(0,v,)e N, + N, showing

M, ®M,cN,+N,. So NN+N,=M,®M,.

As (0,0)e N, and (0,0)e N, we see {(0,0)} = N, N,. Consider (v;,v,)e Ny N\N,. As

(v, v,)e N, wesee v, =0. As (v,,v,)e N, we see v, =0. Therefore (v,,v,)=(0,0) showing
N,NN, c{(0,0)}. So NynN,={(0,0)}.

Consider ¢, : N, = M, given by (v,,0)c, =v, forall v,e M,. Then ¢, is (clearly!) bijective and
additive as ((v,0)+(v{,0), = (v, +v;,0), =v, +v, =(v,,0), + (v,0)ex, for v,,v/e M,. Also &, is
R —linear as (r(v;,0))e, =(rv,,0)0q =rv, =r((v,,0);) forall re R and vye M,. So &;,: N, =M, is
an R —module isomorphism. In the same way ¢, : N, = M, given by (0,v,), =v, forall v,e M, is
an R —module isomorphism &, : N, =M, .

They are equal, i.e. N, O N, =M, ®M,.
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Solutions 3.1 (page 113)

Solution 1
(a) The sequence ¢, —2c,,c, <> c,,r, —1; of elementary operations reduces A to its Smith normal form

D =diag(2,6) ; note that there are different sequences which have the same effect on A. Applying

oty

and applying the sequence 7, + 27,7, <> 1, of erosto I gives

Q=[2 1]. Then PA:(4 2]:DQ.

r,—r to I gives

1 0 6 0
The rows of the diagonal matrix D are non-zero and so are Z —independent; hence the rows z,,z, of
A=P7'DQ are Z—independent. By hypothesis 7,2, generate K =ker@ andso z;,z, forma
Z —basis of K. By (3.4) the rows 2p, =(4,2), 6p, =(6,0) of DQ form a Z —basis of K .
Rank K=2. (p,)0=(2¢ +e,)0=2(¢,)0+(e,)0=2g,+g, and (p,)0=(¢)0=g,. Yes,
G={(p)0)®({(p,)0)=(2g,+ g,)D(g,). The orders of (p,)8 and (p,)6 are 2 and 6
respectively. The sequence of invariant factors of G is (2,6) and G has isomorphism type C, ® C .
(b) The sequence ¢, —c¢;,¢, —¢,,c, —2¢,,1, —51;,—1, of elementary operations reduces A to its Smith

1 0
normal form D =diag(1,8). Applying the sequence of eros r —5r1,—r2 to I gives P :(5 J'

3
Applying the conjugates of the above ecos, i.e. 1, +71,,1, + 1,1 +2r,,t0 I gives Q= [1 zj . Then

35
8 16
P£,80, of DQ. SorankK =2. (p,)0=(3,50=3g,+5g,, (p,)0=(1,2)0=g,+2g,. Yes,
G=((p,)0)®((p,)0)=3g,+5g,)D(g,+2g,). The orders of (p,)0 and (p,)0 are 1 and 8
respectively. So G=(g, +2g,) is cyclic with invariant factor sequence (8) and isomorphism type C;.

PA :[ j =DQ. Asin (a) above the rows z,,z, of A forma Z —basis of K as do the rows

8 9
(¢) The sequence ¢, —¢,,¢, —8¢,,¢, <> C,,—C,,¢; —C, of ecos reduces A= [7 8} to its Smith normal

form D=1 =diag(1,1). Inthiscase P=1 and Q= A is invertible over Z . Also PA=A=0Q=DQ.
Yes, the rows z;,z, of A form a Z —basis of K as do the rows p;,p, of DQ. Rank K =2 and
K=Z%. (p)0=(8,96=8g,+9g,=0, (p,)0=(7,8)0=T7g,+8g,=0. Yes,
G={(p))8)D{(p,)8)=1{0} and so G is trivial. The orders of (p,)@ and (p,)@ are both 1 and G

has invariant factor sequence ¢ and isomorphism type C,.

2 4
(d) The sequence ¢, —2¢,,7, —2r, reduces A= (4 8] to its Smith normal form D =diag(2,0) .

1 0 1 2 2 4
P :[ j and Q :( J are invertible over Z and satisfy PA :[

=DQ. As 2z,—z,=0
2 1 0 oonSZlZz
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the rows z;,z, of A are Z —dependent and so do not form a Z —basis of K. The first row (2,4) of
DQ isa Z—basis of K and rank K =1. (p,)0=(1,2)0=g,+2g,, (p,)0=(0,1)0=g,. Yes
G={(p)8)D{(p,)0)=(8,+28,)D(g,) . The order of (p,)8 is 2 and (p,)@ has infinite order.
The invariant factor sequence of G is (2,0) and G has isomorphism type C, @ C,. The torsion-free

rank of G is 1 and the order of its torsion submodule is 2.

3 4
(e) The sequence ¢, —c;,¢, —3c,,c, <> C,,F, — 21, reduces A= [6 8} to its Smith normal form

D=diag(1,0). P =[ 12 (l)j and Q= G LU are invertible over Z and satisfy PA = (3 gj =DQ.

The rows of A are Z —dependent and so do not form a Z —basis of K. The first row (3,4) of DQ isa
Z —basis of K and rank K =1. (p,)0=(3,4)0=3g,+4g,=0, (p,)0=(1,1)0=g,+g,. Yes
G={(0)0) D((p,)0)=(0)D(g, +g,)=(g,+&,) - The order of (p,)@ is 1 and (p,)@ has infinite
order. So G is infinite cyclic with invariant factor sequence (0) and isomorphism type C,,.

() The sequence ¢, —2¢,,¢;, —¢,,C, —¢;,¢, —3C,,C, > Cy, 1, + 21,1, + 581, 1, — 21r, reduces A to its

2 0 1 0 O
Smith normal form D={0 20|. Also P={ 2 1 O|and Q=[; 158] are invertible over Z
0 0 16 -21 1
14 36
such that PA=|40 100 |=DQ. By (3.1) the 3 rows of A cannot form a Z —basis of K as

0 O
rank K <2. The non-zero rows of PA forma Z —basis of K ,ie. K=(2p,,20p,) where
p,=(7,18), p,=(2,5). SorankK=2. (p,)80=Tg,+18g,, (p,)0=2g,+5g,. Yes
G={(p)8)D((p,)0)=(Tg,+18g,)D (2g,+5g,) . The orders of (p,)8 and (p,)0 are 2 and 20
respectively. The invariant factor sequence of G is (2,20) and G has isomorphism type C, @ C,,,.
(2) By (1.10) the 2x2 matrix A=diag(n,,n,) has Smith normal form

D =diag(gcd{n,,n,},lcm{n,,n,}).

For gcd{n,,n,}>1 the invariant factor sequence of G is (gcd{n,,n,},lcm{n,,n,}) and G is not
cyclic. For ged{n,,n,}=1 the invariant factor sequence of G is (mn,) or & according as nn, >1 or

n =n,=1 and G is cyclic.

Solution 2
(a) The sequence ¢, —2c¢,,¢; —2¢,1, — 21,1, — 1,1, + 1;,C, — C;, for example, reduces A to its Smith

normal form D =diag(2,2,2) . Applying the eros in the above sequence to I gives

1 00 1 2 2
P={-3 1 1. Further Q=|0 1 O | results on applying the conjugates of the ecos in the above
-1 01 011

sequence to /. Then P and Q are invertible over Z and
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2 4 4
PA=|0 2 0|=DQ.

02 2
Let p,=(12,2), p, =(0,1,0), p; =(0,1,1) . Then the rows p,, p,,p; of Q constitute a Z —basis of
Z. The rows 2p,,20,,2p, of DQ form a Z —basis of K =kerd. By (3.4)

G =((p))0) ®((p,)0) ®((p;)0)=(8, +28,+28,) D(g,)D(g, + &3

has invariant factor sequence (2,2,2) and isomorphism type C, ® C, @ C, as (p,)6 has order 2
(i=12,3).
(b) The sequence ¢, —c,,c, —2¢,,¢; —5¢,,1, + 21,1, + 1,1, — 13,0, — 3¢5, ¢, +¢3,—¢; reduces A to its

Smith normal form D =diag(1,2,6) and gives rise to

1 0 0 325 32 5
P={1 1 —1|and Q=|1 1 3|,bothinvertible over Z, satisfying PA=|2 2 6 |=DQ.
1 0 1 11 2 6 6 12

Let p,=(3,2,5), p,=(1,1,3), p; =(1,1,2). Therows p,, p,,0; of Q form a Z —basis of Z?. The
rows p,,20,,6p0; of DQ forma Z —basis of K =keré. So (p,)0 =0 and the orders of (p,)8,
(p3)0 are 2,6 respectively. As G=((0,)0) D((p,)0) D((p;)0)=(g, + 8, +38;) D(g, + &, +2853)
we see that G has invariant factor sequence (2,6) and isomorphism type C, ® C; .

Yes, these Z —modules are isomorphic as both have invariant factor sequence (2,6) .

(c) The sequence ¢, —2¢,,c; —¢,,1, — 21,1, — 1,15 + 1,,—T,,C; — ¢, reduces

2 4 2 I 0 O 1 21
A=|4 6 2|to D=diag(2,2,0) and givesriseto P=| 2 —1 O|and Q=|0 1 1] satisfying
2 6 4 -3 1 1 0 01
2 4 2
PA=|0 2 2|=DQ.
0 0O

Write p, =(1,2,1), p, =(0,L1), p; =(0,0,1). Then the rows p,, p,, p; of Q form a Z —basis of VAR
Also 2p,,2p,,i.e. the non-zero rows of DQ, form a Z —basis of K =ker@ and so rank K =2. Then
()8, (p,)6 both have order 2 and (p;)@ has infinite order. So
G=((p))0) D((p,)0) ®((p;)0)=(8, +28,+8;) D(g, + &) D (&3
has invariant factor sequence (2,2,0) and isomorphism type C, @ C, @ C,. The torsion submodule
T ={(p,)8.(p,)8) has invariant factor sequence (2,2) and so T is a Klein 4 —group. The torsion-free
rank of G is 1, i.e. G/T =(T +(p;)0) is free of rank 1 and so is infinite cyclic.
(d) The sequence of elementary operations ¢, —c,,c¢, —2¢,,c; —4c,,c, —2c5,¢, <> ¢, reduces
A=(8,12,18) to its Smith normal form D =(2, 0, 0) and produces the invertible matrix
4 6 9
0=|2 3 4
1 10
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over Z satisfying A=DQ (in this case P isthe 1x1 identity matrix and is omitted). Let p; denote
row i of Q (i=1,2,3). Then Z* =(p, Py, P5) and K=(2p,). So rank K =1. Also (p,)@ has
order 2 and both (p,)@, (p,)@ have infinite order. Therefore

G =((p)0) ©((p,)0) D((p;)0) ={48, + 68, +9g;) (28, +38, +48;) D (g, + &,)
has invariant factor sequence (2,0,0) and isomorphism type C, @ C, ® C,. Also T has invariant factor

sequence (2). Also G has torsion-free rank 2 and G/T has invariant factor sequence (0,0).

Solution 3
(a) Consider (m,,m,) and (m/,m) in K. Then m, =m,(mod2) and m, =m’(mod2) So
(my,my) + (mj,m5) = (m, +m,m, +m>)e K as m,+m =m, +m;(mod2), ie.
parity (m, +m;) =parity (m, +m,), showing that K is closed under addition. Similarly
—(my,m,)=(—m;,—m,)e K . As (0,0)e K we see that K is a subgroup of the additive group 7>,
i.e. K is a submodule of Z*. Clearly z;=(1,1), z, =(0,2) belong to K and are Z —independent. As
m, =m, +2q for ge Z, we have (m;,m,)=m,(1,1)+¢(0,2) showing that z,, z, generate K. So
2, 2, forma Z —basis of K. The single eco ¢, — ¢, reduces A to its Smith normal form
D=diag(1,2). As (1,1),(0,1) is a Z —basis of Z* and (1,1),(0,2) is a Z —basis of K, we see that
Z*/K has isomorphism type C,® C, =C,.
(b) Consider z; =(1,1,1), z, =(0,2,0), z; =(0,0,2)e K. Then z,,z,,z; are Z —independent as
detA#0. Let (m;,m,,m;)€ K. There are q,,q, € Z with m; =m, +2q; for j=2,3. Hence
(m;,m,,my)=m,(1,1,1)+q,(0,2,0) + g,(0,0,2) showing that z,,z,,z, generate K. So z,,z,,z; forma
Z —basis of K. The ecos ¢, —c,,c; —¢, reduce A to D=diag(1,2,2). As (1,1,1),(0,1,0),(0,0,1) is a
Z —basis of Z* and (1,1,1),(0,2,0),(0,0,2) is a Z—Dbasis of K , we see that Z3/K has isomorphism
type C,@C,@C,=C, DC,.
(c) Consider z, =(1,1,...,1), z, =ne,, z; =ne,,...,z, =ne, € K. Then z,,z,,...,z, are Z —independent
as detA#0. Let (m,m,,...,m)€ K. There are q; € Z with m; =m, +nq; for j=2,3,...,t. Hence
(m,m,,...,m,)=m(L1,...,1)+ng,e, +...+nq,e, showing that z,,z,,...,z, generate K. So
21,2y5--.,%, forma Z —basis of K. The ecos c;—¢ (2<j<t) reduce A to D=diag(l,n,...,n). As
1,1,...,1),e,,...,e, is a Z —basis of Z' and 1,1,...,1),ne,,...,ne, is a Z —basis of K, we see that
Z'/K has isomorphism type

9C,®..9C,=C,0C,®...©C, (t—1 summands C,).

Solution 4
(a) 24g =24(1,1)=(3%8,2x12)=(3x0,2x0) = (0,0)=0. So m|24 where m is the order of g .

Also mg =0, ie. (im,m)=(0,0)e Zi®Z,, and so 8| m and 12| m. Hence lcm{8,12}|m,i.e. 24\ m .
Hence m=24. Since 2 in Zg has order 4, we see, as above, that (2,1) in Z; ® Z,, has order

lem{4,12}=12. Similarly (1,2) in Z; ®Z,, has order lcm{8,6} =24
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(b) Write m=lcm{n,,n,}=nn,/d where d =gcd{n,,n,}. Then
mg =m(1,1) = (in,m) = (n, /d)n,,(n, /d)it,) = ((n,/d)0,(n,/d)0) = (0,0) =0 showing that g has
finite order m’ where m'| m. From m’'g =0, ie. (m’,im’)=(0,0) in an @an we deduce 7, | m’ and
n2|m'. So m’ is a common multiple of n,,n, and so m| m’ by Exercises 1.3, Question 1(c). Hence
m=m.
For each i with 1<i<t we have mh, =0 as ni|m. So
mg =mh +mh, +...+mh,=0+0+...+0=0

showing that g has finite order m’ where m’|m. From m’'g =0, ie. m'h +m'h, +...+m’h, =0 and
the independence (2.14) of the submodules H; we deduce m’h; =0 for 1<i<t. So ni| m’ for
1<i<t showing that m" is a common multiple of n,,n,,...,n,. From Exercises 1.3, Question 1(c) we
see m| m’ and so m=m’ as m,m’ are positive.
(c) Suppose each n; >0. By (2.7) the element m;h; of H; has order nl-/gcd{ml-,ni} for 1<i<t.
By (b) above g =m h, + m,h, +...+m;h, has order

lem{ n, /ged{my,n,},n,/gcd{m,,n,},....n, /gcd{m,,n,}}.
Suppose now that m; #0 and n;, =0 for some i with 1<i<¢. Then nm;h; #0 for all positive integers

n. From ng =nmh +nmyh, +...+nmh,e H ®H,®...® H, we deduce ng #0. So g has
infinite order.
(d)
o =[_5 18) and so g, =-5h +18h,
2 8= 2l =Th,
where h =(p,)0 has order 2, h, =(p,)@ has order 20 and G =(h;) ®(h,). Using (c) above, g, has
order lem{2/gcd{-5,2},20/gcd{18,20}} =1cm{2,10} =10. In the same way, g, has order
lem{2/gcd{2,2},20/gcd{-7,20}} =lem{1,20} =20.
(e) Applying the ecos ¢, —c,,c, —2¢,,¢; —5¢;,¢; —3¢,,¢, +¢5,—C5 to the 3X3 identity matrix [ gives
I -1 -1 &= h—h—h
Q'=|-1 -1 4| So g,=—h—h,+4h,
0 1 -l 8= hy =
where i =(p,)0 has order 1, h, =(p,)@ has order 2, h,=(p )@ has order 6, and
G=(h)®(h,) ®(h;). Using (b) above,
g, has order lemf{1/gcd{1,1},2/gcd{—1,2},6/gcd{-1,6}} =lecm({1,2,6} =6,
g, has order lem{1/ged{-1,1},2/ged{-1,2},6/gcd{4,6}} =1lcm{1,2,3} =6,
g, has order lem{l/gcd{0,1},2/gcd{1,2},6/gcd{-1,6}} =lcm{1,2,6} =6.

Solution 5
(a) Let p; denoterow i of Q (1<i<t) and write D =diag(d,.d,,....d }). Let

> 'min{s,t

r=max{0,i:d, =1} and r+s =max{0,i:d, >0}. Then r+s <min{s,7} and
d\p,.d,p,,....d, s p,,, arethe non-zero rows of DQ. Write K’ =(d,p,,d,p,,....,d,, Py ). As
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the rows p,, 0,,..., 0, of Q are Z—independent we see that d,p,,d,p,,...,d,, P,y are also

Z —independent. Equating row i of PA=DQ gives p; z;+ p;, 2, +...+ p;; 2, =d;p; for 1<i<s
where P=(p;;), showing that d,p,,d,p;.....d,, ¢ P,y belong to K =kerf =(z,,z,,....z5). So
K’c K. Equatingrow i of A=P~'DQ gives z; = p/d,p, + Pird, Py + ...t D} piyly i Prry for
1<i<s where P™'=(p;;),showing K C K’. Hence K'=K andso d,p,,d,p,,....,d, o Py
generate K. Finally we see that rank K =r+ 5" and the non-zero rows of DQ form a Z —basis of K .

(b) As G is generated by ¢ say of its elements there is a surjective Z —linear mapping 8:Z' — G .
Consider k,k,€ K" and so (k;)6 =h € H and (k,)@=h,€ H . Then

(k, +k,)0 = (k)6 + (k)0 =h, +h,€ H showing k, +k,€ K’. Also (=k)8 =—(k,)6 =—h,€ H
showing —k, € K”. As (0)0=0€ H we see 0 K’ and so K’ is an additive subgroup of Z',i.e. K’
is a submodule of Z’. So K’ is free with Z —basis ZysZpse-s2g, S <t by (3.1). Let he H . Thereis
ke K’ with (k)@ =h . There are integers m,,m,,...,ny with k =m,z, +m,z, +...+mgz,. As 0 is
Z —linear we obtain h= (k)8 =(mz, + myz, +...+myz,)0 =m,(z,)0 +m,(z,)0 +...+ my(z,)0
which shows that the s elements (z,)8,(2,)0,...,(z,)0 generate H. So H is finitely generated.

(c) Consider g =(g,,85,----85)€ G, @G, D...®G,. Then nge n(G, @G, ®...®G,) and also

ng =(ng,,ng,,...,ngs)€ nG,®nG, ®...®nG,. Sothe Z—modules n(G, ®G, ®...®G,) and
nG, ®nG, ®@...®nG, are equal.

Consider g =(81,85:---:85)€ G, @G, ®...DG;. Then g€ (G, DG, ®...0Cy),,, < ng=0

& ng; =0 for 1Si<s & g;€ (Gi)(m for 1<i<s. Sothe Z—modules (G, @Gz@---@Gs)(n)
and (Gl)(n) @ (Gz)(n) ®...® (GS)(n) are equal.

(d) Consider m1 in (Z, )(n). Then mnl =0, the 0—element of Z g As 1 has order d in the additive

group (Z,,+) we deduce d | mn from the discussion preceding (2.5). Therefore
d/gcd{n,d}|m(n/gcd{n,d}) and so d/gcd{n,d}|m as d/gcd{n,d} and n/gcd{n,d} are coprime
integers. So m1=gq(d/gcd{n,d})1 where g€ Z showing that (d/gcd{n,d})1 generates the
Z,—module (Zd)(n>.

(e) As di(Zdj)EZdj/gcd{d[,dj} we see di(Zdj)EZ1 (trivial) for j<i and di(Zdj)zZ for

dj/di
my+my+.. Am

Jj>1i. Therefore d.G = (Z,) ‘ez, 1/‘1_)’”"Jrl D..0(Z, /d')mr and so
i+ i r/i

diGs(de/di) i+ @...(‘B(Zdr/di)m’. As (Zdj)(dl-)Echd{di,dj} we see (Zdj)(di)EZdj for j<i

and (Zdj )(di) = Zdi for j>i. Therefore G(di) = (Zdl)ml Ei-)_,.@(Zdi_1 ) @ (Zdi)mi+mi+1+...+mr .

As (Zdj/di)(di+1/di) EZng{diH/di’dj/di} :de/di for j>i we obtain
m

(diG)(diH/di) = (Zdi+1/di )

+oAm,.

T Mgt My

. So, yes (dl-G)(d_ o is a free R—module with R = Zdﬂ/w
+1/ ™ i i

of rank m; , +m;,,

Solution 6
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(a) Let g,,8,€ G. Then
M+ 28 +8)=x(8 +8)+ (& +8)=21(8)+1(8)+ 1. (8)+ X,(8,) =

18D+ 2:(8)+ 21(82)+ X2(82) = (i + 2)(8) + (i + 12)(82)
showing that ¥, + ¥, is an additive mapping from G to Q/Z,ie. ¥, + ¥, is a character of G .

Therefore J,,%,€ G" implies ¥, + ¥, € G", showing that G* is closed under addition. We now verify
that (G*,+) obeys the laws of an abelian group. Consider ¥, %,, ;€ G~ . Using the associative law of
addition in Q/Z we see

(0 + 22+ 2:)(8) = (20 + 2,)(8) + (X:)(8) = (1)(8) + (1)) + (X3)(8) =

(&) + (1)) +(:)(8) = (X&) + (X + X:)(8) = (X + (X + 1:))(8)
showing (¥, + X,)+ X=X+ (¥, + X3),i-e. (G*,+) obeys the associative law of addition. The

mapping ¥, :G — Q/Z defined by ¥,(g)=Z+0=7Z forall g€ G is a character of G . We refer to
X, as the zero character of G . For y€ G* we have ¥, + ¥ =} since
(Ko +20(8)=2,(8)+ 2(8)=Z+ x(g)= x(g)€ Q/Z forall g€ G,
showing that %, is the zero element of G*. Foreach y€ G let —y:G — Q/Z be given by
(=x)(g)=—x(g) forall ge G. Then
2008+ 82)=—x(8 + 8,) =—(X(8) + X(8,)) =~ ¥(8) — X(8,) = (=2)(g) +(=¥)(&,)
which shows —ye G*. Now (—y+ ¥)(g)=—x(g)+ x(g)=Z , the zero element of Q/Z , for all
ge G andso —y+ ¥ =4,. Therefore each ye G " has a negative element in G* namely —y .
Finally the commutative law is obeyed in (G*,+) as, using the commutative law in Q/Z , we obtain
X+ 2:)8)=2(8)+ 2,(8) = 2,(8) + 21(8) = (% + X,)(g) forall g€ G which shows
X+ X=X+ forall x,7,€G". Weconclude: G is an abelian group.
Consider ¥,,%,€ H’. Then (},+ x,)(h)=x, (W) + x,(h)=Z+Z=7Z€ Q/Z forall he H showing
X+, €H’, ie. H? isclosed under addition. As ¥,(h)=7Z forall he H we see that the zero
element ¥, of G* isin H’. For ye H’ wehave (—y)(h)=—y(h)=—Z=Z forall he H which
shows that —ye H?,i.e. H is closed under negation. So H  is a subgroup of G".
The composition 7% of the natural homomorphism 77:G — G/H and the homomorphism
x:G/H — Q/Z is the homomorphism (y)a:G — Q/Z as (ny)(g)=x((g)n)=y(H + g) for all
ge G ie ny=(y)aeG*. Alsofor he H we have (y))(h)=y(H +h)= y(H)=7Z as y maps
the zero element H of G/H to the zero element Z of Q/Z,i.e. (y)ae H®. So a:(G/H)* — H”.
Let ¥,,%,€(G/H)". Then
M+ 2)(8) = (0 + 1)) = 2, ((e)m + 2, (&) = () x,) + (8) () forall ge G
giving (X + 1) =1 + 11X, - So (G +X)a=nx + ) =nx + 1y, = ()a+(x,)a showing o
to be additive, i.e. @ is a homomorphism. Consider '€ H’. As H Cker ’, the mapping
7 :G/H - QJZ givenby 7' (H+g)=x'(g) forall g€ G is an unambiguously defined
homomorphism, i.e. 7'€ (G/H)" and (})a=n} =} showing H® =im¢ . Suppose
X:G/H - QJZ isin kerar. Then (y)ax=ny =}, the zero character of G ,i.e. ¥((g)n)=7Z for all
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ge€G. So y(H+g)=Z forall H+ ge G/H which shows that } is the zero character of G/H , i.e.
% is the zero element of (G/H)". Therefore ker is trivial and so &:(G/H)" = H’.
(b) For each element g of G there are integers m; (1<i<t) with g =mh +m,h, +...+m,h, since

G={h,hy,....h;). As G=(h)D(h,)D...®(h,) and h; has order d; (1<i<t),each m; is unique
modulo d;, i.e.if also g =m/h +mih, +...+m,h, where m’ € Z, then m; = m;(mod d,) for
1<i<t. Suppose there is a character y; of G with the stated property. As ¥, is Z —linear we see
Xi(8)=x;(mh +mh, +...+mh)=Z+m;[d; =Z+m]/d; showing that there is at most one
character y; as stated. On the other hand let ¥, :G — Q/Z be defined by the preceding equation.
Consider g’e G with g’ =m/h +mjh, +...+m[h,. Then
g+ & =(m+m)Hh +(m +m))h, +...+(m, +m7)h, and so
(8+8WXi=Z+(m;+m)/d; =Z+m;[d)+Z+m][d)=(g)x; +(g)X,

showing that jy; is a homomorphism. Replacing g by h; gives m; =1(mod d,). So
(h)x;=Z+m;/d;=Z+1/d;. Replacing g by h; for j#i gives m; =0(mod d;) and so
(hj)Zl- :Z+ml-/di =Z,i.e. y; is acharacter of G which acts on A,h,,...,h, as stated.
As (di)(l-)(hi):di()(i(hl-)):dl-(Z+l/di):Z+di/dl- =Z+1=7 and
(dix)(hj)=d(x;(h))=d,L=17 for j#i. As G=(h,h,,....h;) we deduce d, ;= %, andso g,
has order n, where ni‘ d;. Now ny; =y, andso (nx)(h;)=x,(h;),ie. n;,(Z+1/d;)=7 showing
d; ‘ n;. As d; and n; are positive integers we see n; = d; showing that ¥, has order d; for 1<i<t.
Let y€ G™. Suppose y(h;) :Z+al-/bl- where a;,b;€ Z. Then d;(y(h;))= x(d;h;)=x(0)=7Z,i.e.
Z+d;a;/b,=Z andso d;a; /b, =q;€ Z . Hence y(h;)=Z+q;/d;=qx;(h;) for 1<i<t.
Therefore the character g, %, +¢,%, +...+q, %, agrees with ¥ on each of the generators A, h,,...,h, of
G.So y=qx,+%X, +---+q,%, showing G* =(x,)+{¥,) +...+{¥,) . To show that this sum of
cyclic subgroups is independent (2.14) suppose 1, ¥, + ¥, +...+1, X, = ¥, where r;€ Z for 1<i<t.
Then (ny, + X, +...+ 1. x,)(h;) = ¥,(h;) which gives r,¥;(h,)= ¥,(h;) in Q/Z as Zj(hi) =7 for
Jj#i. So Z+ri/di =7 which means dl-‘ r; and hence 1y, = ¥, for I<i<t as jy, has order d; in
G*. So the above cyclic subgroups are independent and G* =(¥,) ®(x,) ®...®{y,) by (2.15).
As above each g€ G is expressible as g =mh +m,h, +...+mh, where each integer m; is unique
modulo d; (1<i<t). Inthe same way each y€ G" is expressible as y=my, +m, 1, +...+m, %,
where each integer m’ is unique modulo d; (1<i<t). So G* and G are abstractly identical, i.e.
writing () =g if and only if m, =m,(mod d;) for 1<i<t defines an isomorphism 5:G* =G
with (¥;)f=h; for 1<i<t. Converselylet £ :G" =G with (¥,)f =h; for 1<i<t. As f is
Z —linear we obtain

B =my+mj, +...+miy ) B =m(() ) +m () B)+...+m (X)) =

m(G)B)+my ()P +...+mi (X ) B)=(mp +mig, +...+mx ) f=(0)f
for all ye G* showing ' =f3.



43

(i) Consider he H and ye€ H°. There are integers m;,m; (1<i<t) with
h=mh +mh, +...+mh, and y=my, +m, ¥, +...+m,x,. Then y(h)=7Z gives
mm, [d, +mym, [d, +...+mim, [d, € Z. Then (W)~ =my, +my, +...+m,y, and
(V) B=mh +mh, +...+m;h,. Now

(MBI B) =L+ (mmifdy +myni [dy + ...+ mynt, [d,) = Z
showing (h)B'e (H°))° as (y)/3 is a typical element of (H?)/3. As (h)" is a typical element
of (H)B™" we obtain (H)B™"' < ((H°))°. However these subgroups of G* have the same order:
‘ (H)[™! ‘:| H | and from (a) above we know ‘ H° :‘ (G/H)* ‘ . Therefore
|H”|=|G/H |=|G|/|H | and so |(H*)B|=|G|/| H|. Hence |(H*)B)" |=|G|/|H*|=|H|. So
in fact (H)B'=((H°)3)° and applying /3 to this set equality gives H =(((H°)5)°)f.i.e.
H=(H)x* forall He L(G).
(ii) Suppose H, € H, where H, and H, are subgroups of G . Then H’ D H, and so applying /3
gives (H’)B 2 (H,)p . ie. (H)m2(H,)xw. Conversely suppose (H,)7x D (H,)7, ie.
(H,)x < (H,)7 . Applying 7 gives, on using the preceding theory, (H,)7z> 2 (H,)7*,ie. H C H,

by (i) above.

Solution 7
(a) (i) Let e denote the 1—element of R. Then a=a forall ae R as a=ae and e U(R). Suppose

a=b;then a=bu forsome ue U(R);hence b=a as u”' € U(R) and b=au"". Suppose a=b and
b=c where a,b,ce R ; there are u,ve U(R) with a=bu ,b=cv;hence a=c as a=(cv)u=c(vu)
and vue U(R) . So = satisfies the reflexive, symmetric and transitive laws and so = is an equivalence
relation on R. Yes {0} and U(R) are associate classes for all commutative rings R . There are exactly
two associate classes if and only if R is non-trivial and each non-zero element is invertible, i.e. R isa
field. As U(Z,,)={1,5,7,11} we obtain the partition

Z,, = {6} U {1,5,7,1_1} ] {E,F)} U {3,6} U {Z,g} ] {6} into associate classes.

(it) Suppose a=b. Then a=bc for ce U(R). So b|a as U(R)C R. Also b=ac™" and so a|b as
c¢'e R. Conversely suppose a| b and b| a. If a=0 then b=0 also as a| b,and so a=b (equal

elements are associate). So assume a # (0. There are ¢,d € R with a=bc, b=ad . Hence a =adc
and so e =dc on cancelling a (cancellation of non-zero factors is legitimate in the integral domain R).
As R is commutative we see c€ U(R) andso a=b.

Suppose {a)=(b). As ae{a) we see ac (b) and so a=bc for ce R. Therefore b| a and by the
symmetry of the hypothesis a| b also. So a=b using the above paragraph. Conversely suppose a=b.
Then a| b giving (b) c(a). Also b| a giving (a) = (b) . Therefore (a)=(b).

(b) As (a) c{a)+(b) =(d) we see d| a by (a)(ii) above. In the same way (b) C{(a)+(b) ={(d)
gives d|b. Suppose d’e R satisfies d'| a and d'| b. Then {a) c{d’y and (b) =(d")y. As {(d’) is
closed under addition we see {(d) ={a)+(b) (d’)y andso d’|d. So d isagcdof a and b.
Conversely let d have these divisor properties. Then (a) < (d) and (b) =(d) and so (a)+(b) =(d) .
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Suppose {a)+{b)={(d"y. Then d’|a and d'| b. So d’|d which means (d) < {a)+(b) . Therefore
(a)+(b)=(d) showing that the gcd’s of a and b are all associate, being precisely the generators d of
the ideal {a) +(b) .

As (m)={a) N {b) = (a) we see a| m by (a) (if) above. In the same way (m)={a) N{(b) = (b) gives

b| m. Suppose m’€ R satisfies a|m' and b|m'. Then (m’y c(a) and (m’y =(b). So
(m’y < {a) " {b) ={m) which gives m| m’ by (a) (ii) above. So m is anlcm of a and b . Conversely
let m have these divisor properties. Then a| m and b| m give (m) < {a) and (m) < (b). So
(m) c{a)"(b). Let {a)"(by={m'). Then a| m’ and b| m’ which gives m| m’ by hypothesis. So
{a) " (b)Y ={(m")y = (m) which gives (m)={(a) N(b). Sothe lcms of a and b are all associate, being
precisely the generators m of the ideal (a) N (b) .
As d e {a)+(b) there are a’,be R with d =d’a+b’b. Suppose d =0. Then a=b=m=0 and so
ab=0=dm. Suppose d #0. Let m,=ab/d . Then a‘mo and b‘ m, as my,=a(b/d) and
my=b(a/d). Let m’e R satisfy a|m’ and b|m’. We wish to show my|m’. This is certainly true in
the case m’=0. Suppose m’#0. Then aa”=m" and bb”=m’. Substituting in m,da’b” = aa"bb”
gives

my(a’a+b'b)a’b”=m,(a’aa’b”+b'bb"a”) =my(a'm'b”+b'm'a”)y=m,(a’b”+b'a”"ym’ = (m’)*
and so m,(a’b”+b’a”)=m’" on cancelling m’ from the last equation above. Therefore m0| m’ showing
that m,, isanlemof a and b. So my,=ab/d =m and hence ab=dm.
Consider k,k,€ K =K, . There are i,,i, with k, € K; and k,e K;, . Write j=max{i,i,}. Then

i1

K; UK, =K; as K;C K; for i< j by induction on j—i. So ki,k, € K ; and hence k, +k,€ K ; as
KJ- is an ideal of R and so closed under addition. As Kj c K weconclude k, +k,e K ,ie. K is
closed under addition. As Oe K, we see O K. As —k,rk € Kl.1 forall re R we see —k,,rk;€ K .

So K isanideal of R. As R isaPID thereis de€ R with K=(d). As de K thereis [ with de K,
and so K; € K c K, for all positive integers i. By hypothesis K, € K; for i 2/ and so K; =K, for
i2l.

Write K; =(b;) for i=1,2,.... As bi+1|bl~ we see K; C K;,, for i=1,2,.... By the preceding

i+1

paragraph there is a positive integer [ such that (b,) = K; = K, =(b,) for i=2l. So b;=b, for i =1 .
(¢) Yes, every 1x2 diagonal matrix D =(d,,0) is in Snf as the condition d,|d ; for

1<i< j<min{s,t} is merely d, | d, in this case.

(i) Consider A=(a,b) and let D=(d,0) where (a)+(b)={(d). Then D isin Snf. Suppose first
d=0. Then a=b=0 andso A isin Snfand Q =1, the 2x?2 identity matrix over R satisfies
A=DQ,detQ=e. Suppose d #0. There are elements a’,a”,b,b” of R with
d=da+b'b,a=a"d,b=b"d . Therefore d=a’a’d +b'b"d =(a’a”+b’b")d andso a’a”+b’b" =e

7 ’

on cancelling d . Let Q :[ 4 ] . Then detQ=a’a”+b’b"=e and DQ =(a"d,b"d)=(a,b)=A.
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0
(i) Let A= (g bj . As above write {a) +({b) =(d) . We may suppose a is not a divisor of b as

otherwise A is in Snf and no elementary operations are needed. Then d #0 as
d=0=a=b=0=> a| b. There are a’,b’e R with a’a+b’b=d . The following sequence of eros

and ecos of type (iii) reduces A to D:
A[@ 0 = a da = a d = d d
0 b)e,+de, \0O b ) r+b1, \0 b)c,—(a)d=Dc, \—ab/d+b b

= d 0 = d 0 _

¢, —¢ E—ab/d +b ab/d] r, +(a/d =1)(b/d)r; [o ab/dj B
As ab/d =d(a/d)(b/d) we see d|ab/d andso D is in Snf.
(d) Let the sX s matrix P be specified by its rows:

e;P=p,e+p,e;.e;P=p,e +pye;eP=e for k#i,j.

Suppose i< j. Applyto P the i—1 row interchanges r, <> r,_, for k=i,i—1,...,3,2, followed by the
J —2 row interchanges r, ¢>r,_, for k=j,j—1,...,4,3, and also the i —1 column interchanges
¢, ¢, for k=i,i—1,...,3,2, followed by the j—2 column interchanges ¢, ¢, for
k=j,j—1,...,4,3. The resulting matrix is P’® I where I denotes the (s —2)Xx(s—2) identity
matrix. Comparing determinants gives det P = (_1)2(i—1+j DdetP'det] =det P’ =e.
Suppose j<i. Carrying out the above row and column operations on P with i and j interchanged

gives, on comparing determinants, det P = (— 1)2(j 2 det P”det I =det P’ =e where

P’= Epzz Pm] and so det P”=det P’. Therefore det P =e in all cases. Postmultiplying the above
P Pn

row equations by A gives ¢,PA=p, ¢;A+ p,e;A,e;PA=p, A+ ppe;A, e, PA=¢ A for k#i, ]
which shows that PA is the result of applying this nero to A.

Let P'= (p“ P12] be a non-elementary matrix over R with det P’=¢. Note that the elementary
P Pn

e r

j,[e OJ forre R and in the case }(R)=2
0 e)lr e

2X?2 matrices over R with determinant e are [

0 e
[ ] Let A be an §Xt matrix over R with £ >2 and let (i, j) be an ordered pair of distinct
e

integers with 1<i, j<t. Let the Xt matrix O be specified by its columns as follows:
Qe =p, el + pzlez,erT- =pne + pzzejT-,Qe,f = e,f for k #i, j. Mimicking the above theory (with
rows instead of columns) gives detQ =det(P’)" =e for i< j and detQ =det(P”)" =e for i> j.
Premultiplying the above column equations by A gives

AQeiT = p“Ael.T + pZIAeJT-,AQeJT. = pleel.T + pzerjT.,AQe,f = Ae,{ for k#1i,j
and these equations tell us that AQ is the matrix which results on applying this neco to A.
Using (c) (i) above, for i # j the (/,i)—entry a and the ([, j)—entry b in a matrix over a PID R can
be replaced by gcd{a,b} and O respectively on postmultiplying by a suitable matrix of determinant e .
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Denote this column operation by c (i, j) .
In general c(l;i, j) is not elementary, but in the case R =Z it can be carried out by a sequence of ecos as
in (1.7). In an analogous way for i # j the (i,m)—entry a and the (j,m)—entry b in a matrix over a
PID R can be replaced by gcd{a,b} and O respectively on premultiplying by a suitable matrix of

determinant e .
Denote this row operation by r(m;i, j).

Notice that column & is unchanged by c(l;i, j) for k #i, j and row k is unchanged by r(m;i, j) for
k #1i,j. In the case a| b,a#0 these operations are elementary as c(l;i, j) = c;— (b/a)c; and
r(msi, j)=r, - (blayr;.

Yes (1.4) goes through without change and so elementary operations of type (iii) can be carried out

using pre- and post-multiplication by elementary matrices of determinant e .
(e) Let A=(a;;) bean sX¢ matrix over R. We generalise (1.9) by showing that there are square

matrices P and Q over R with det P=detQ =e such that PAQ' =B = (b; ;) where blj =b;, =0
for 1<i<s,1< j<t. Should ¢ A#a,e clear all off-diagonal entries in row 1 by applying the
composite column operation ¢(1;1,2)c(1;1,3)---c(I;1,¢) to A. So thereis a #X¢ matrix ¢, over R with
e, AQ' =he, and detQ, =e (take Q, =1 if ¢ A=a, e). Should AQ;'e] =hbe] then the process
terminates with AQ;' = B. Otherwise clear all off-diagonal entries in column 1 of AQ; ' by applying
the composite row operation r(1;1,2)r(1;1,3)---r(1;1,s) to AQ{I. There is an sXs matrix P, with
P,AQ'e! =b,el and detP,=¢. So

bee =eAQ'e] =e P, BLAQ e/ =e, Py (bl )=b,(e,P;e])
which are equations relating 1x1 matrices over R. Comparing entries gives b, | b, . Should b, =b,
then the process terminates with P,AQ, "=B as r(1;1, j) is an elementary row operation of type (iii)
leaving row 1 unchanged for 1< j <. Should b, = b, then the process is repeated starting with
PZAQI_1 in place of A. Write By=A, B, = AQI_l and B, = PzAQl_l. Is it possible for the process to be

repeated an infinite number of times without terminating? If so there would be an infinite sequence
B,,B,,...,B;,...of sXt matrices over R such that for each positive integer i

e,B;=b.e,B;=B,_ 0" ,detQ,=e (i odd) and Be] =be] ,B;=PB; ,,det P.=e (i even).

. T _ T _ -1 T _ -1
For i odd bee =eBe, =¢ P, B, e =¢P., (b

B el )=b,, (e,P,le/ ) and on comparing the entries in

+1

these 1x1 matrices over R we see b,,,

T __ TN _ T __ T _
bee =e(be )=¢Be =e¢B,,,0,¢ =b,,

|bi . In the same way for i even

,0..,e] and so we again obtain b, | b; . If the process
does not terminate then b, ,,
b,,, =b,. Then the process terminates with B,,, =B. For [ =2k we have PAQ™' =B where

P=P, ---P,P,and Q=0Q,, - Q;0,. For [=2k—1 we have PAQ™' =B where P=P, ---P,P, and
0=0,,_,--050,. Inboth cases det P=detQ =e as P and Q are products of matrices all of which

have determinant e .
Finally we show by induction on min{s,¢} that there are square matrices P and Q over R with

det P=detQ =e such that PAQ™" is in Snf.. Suppose min{s,t}=1. Then B as above is in Snf and so
P and Q exist in this case. Suppose min{s,7}>1. By the preceding theory there are square matrices

= b, for i 21 contrary to (b) above. Let / be the smallest integer with
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P, and Q, over R with detP, =detQ, =e suchthat PAQ,' =B = (b; ;) where blj =b,;, =0 for
1<i<s,1<j<t. Let B’ bethe (s—1)x(t—1) submatrix of B which remains on deleting row 1 and
column 1. In fact B=(b,,)® B’ the direct sum (5.17) of the 1x1 matrix (b;,) and B". As
min{s—1,—1} =min{s,?} —1 by the inductive hypothesis there is an (s —1)x (s —1) matrix P” over R
and a (t—1)x(t —1) matrix Q" over R with det P’=detQ’=e and P'B(Q")"' =diag(d;.d;,...) in
Snf. Let P,=(e)® P’ and O, =(e)®Q’. Then det B, =detQ, =¢ and

PBO =((0)® P')((5,) ® B)(e)®(Q) ") = (b)) ® PB(QY" = diag(by,,d}.d5,..) = D.
Applying (c) (ii) above to the leading 2X2 matrix of D,, thereis an sXs matrix P, and a X¢ matrix
Q, over R with P,D,Q;"' =diag(d,,m,,d;,d;,...)= D, where det P, =detQ, =e and
d, =gcd{b,,,d;}, m,=lem{b,,,d;}. Infact P, and Q, are products of elementary matrices of
type (iii) over R. Write D) =diag(m,,d;,d},...). Applying the inductive hypothesis to the
(s—=1)x(¢#—1) matrix Dj there is an (s—1)X(s—1) matrix P, over R and a (r—1)X(t —1) matrix Q;
over R with det P =detQ} =e such that P, D}(Q;)"' =D’ in Snf. Let P,=(e)® P, and
Q,=(e)® Q5. Then BD,Q;' =(d,)®D’=D. As d, is a divisor of every entry in D, we see that d,
is a divisor of every entry in D’ and so D is in Snf. Write P =P,P,BF, and Q =0,0,0,0,. Then
detP=detQ=e as P and Q are products of matrices having determinant e. Also
PAQ ™' = P3PZPHDOAQ(;IPflP{lP;1 =D . The induction is now complete.
(f) Let g,(A) denote a ged of the / —minors of A, i.e. (g,(A))= Z(ml> where m; runs through the

m

N t
[ —minors of A. So g,(A) is adivisor of each m, and g,(A) is a linear combination of the [ljx(lj

elements m, of R. Let B be an sXr matrix over R and let C be a rXt matrix over R. The proofs
of (1.18) and (1.19) remain valid on replacing Z by R and so g,(B) and g,(C) are divisors of
8,(BC) for 1<I<min{r,s,t}. Suppose PDQ™'=D’. For 1<]<min{s,t} we deduce

g (D)\ g,(PD) and g, (PD)\ g,(PDQ™")=g,(D’). Therefore g,(D)\ g,(D). As P7'D'Q=D the
roles of D and D’ can be interchanged to give g, (D')‘ g, (D). So g,(D)= gl(D') by part (a)(ii)
above for 1</ <min{r,s,t}. As in the proof of (1.20) the leading / —minor of D is d,d,---d, and
this minor is a divisor of all / —minors of D. So g,(D)=d,d,---d, and in the same way
g,(D")=d/d}---d]. Taking =1 gives d, =d;. Take [ >1 and suppose inductively d; =d; for
1<i<l. Weuse did,---d, =d/d;---d]. Inthe case d, #0 we have d; #0 for I<i</ as di‘dz ,and
cancelling these d; gives d, =d,. Also d; =0 implies d; =0 as d; #0 gives d|d}---d] #0 and so

d, =d| in this case also. The induction is now complete showing d;, =d; for 1 <I<min{s,?}.

Solution 8
(a) Consider u, and u, in T(M ). There are non-zero elements 7 and r, of R with r,u; =0 and

ru, =0. Then nr,(u, +u,) =rru +rnu, =r,(ru)+nr(nu,) =r,X0+rx0=0. As Ris an

integral domain we know 77, #0 and so the above equation shows u, +u, € T(M),ie. T(M) is
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closed under addition. The 1—element e of R is non-zero and satisfies ex0=0 showing 0e T (M),
i.e. the O—element O of M belongsto T(M). Also r,(—u,)=—ru, =—0=0 shows —u,e T(M). So
T(M) is a subgroup of the additive group of M . As r,(ru;) =r(rju,)=rx0=0 forall re R we see
ruye T(M),ie. T(M) is closed under multiplication by r. Therefore 7 (M) is a submodule (2.26)

of M .
Let «:M — M’ be R—linear and let ue T(M). Thereis re R with ru=0,r#0. So

r((w)a) = (ru)a = (0)ax=0 which shows (u1)ae T(M"),ie. (T(M))axcT(M’). Suppose

oM =M’ ie. suppose  is bijective (2.24). Then &' : M =M by Exercises 2.3, Question 7 (c).
Replacing & by a' in the preceding theory gives (T (M ))a™' < T(M). Applying ¢ to this set
containment gives T(M ") =(T(M Yo't < (T (M ))ex. Therefore (T(M))ox=T(M’) and so the
restriction a] of o to T(M) satisfies a] :T(M)=T(M"). The coset T(M )+ is a typical element of
M /T(M) where ve M . The R —linear mapping &: M /T(M)— M’/T(M’) is unambiguously
defined by (T(M)+v)&=T(M’)+ (v)ax for all ve M . Further & is bijective as
B:M'|T(M")—M/T(M) isits inverse where S=a". So @:M/T(M)=M’/T(M’),ie. the
isomorphism ¢ induces an isomorphism of the corresponding factor modules.

The torsion submodule of T(M) is T(T(M))=T (M) directly from the above definition. Suppose

T(M)+v belongs to the torsion submodule T(M/T(M)) of M/T(M). Thereis re R with r#0
and r(T(M)+v)=T(M),ie. T(M)+rv=T(M) giving rve T(M). Sothereis '€ R with r’'#0
and r’(rv)=0. As rr#0 and (#F'r)v=0 we see ve T(M) . Therefore T(M)+v=T(M) showing
M/T(M) torsion-free, i.e. T(M/T(M))={T (M)}, the torsion subgroup of M /T (M) is trivial.

(b) We use induction on ¢. In the case t =0 we see M is trivial and so N is also trivial. By
convention N is free of rank 0. Suppose #=1. Then M is cyclic with R —basis v, say. We may

suppose N is non-trivial by the above convention. Consider K ={r,e€ R:r,v;e N}. Then K is anon-
zero ideal of R. Thereis d € R with d #0 such that K =(d). We claim that dv, is an R —basis

of N. As de K (d=dee K where e is the 1—element of R) we see dv,€ N . For re R suppose
rdv,=0. Then rd =0 as v, is R—independent. So r =0 as R has no divisors of zero showing dv, to
be R—independent. Let u€ N . Then ue M and so u=ry, forsome € R. As vy =ue N we see
r,€ K and so r, =r'd where '€ R. Therefore u =rv, =r'dv, showing that dv, generates N . So dv,
is an R —basis of N which is therefore free of rank 1.

Now suppose >1. Then M has an R—basis v,,v,,...,v,. Consider the free submodule M’ generated
by v,v,,...,v,_;. Then NMM ” is a submodule of the free R —module M  of rank 7 —1. By inductive
hypothesis we deduce that N WM~ has R —basis u,,u,,...,u,_, where 0<s—1<r—1. Suppose
NcM’. Then N=NNM’ is free of rank s—1. So we suppose N & M. For each ue N there
are unique elements 1,7,,...,1; of R with u=nv, +r,v, +...+rv,. Let K denote the set of ring
elements r, which arise in this way, i.e. K={r, :rnv,+rv,+...+rv,€ N}. As N isasubmodule of
M it follows that K isanideal R. As N & M’ we see that K is non-zero and so there is d € R with
K={(d) and d #0. As above de€ K and so d arises from an element of N which we call ug, i.e.
uge N and ug—dv,e M’. We show that u,u,,...,u;_;,ug is an R—basisof N. Let ue N . As

’

above u=rnyv, +nv, +...+rv, where 1,r,,....,;€ R. As r,€ K thereis r,€ R with r, =r,d
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Consider u—rjug€ N . As u—rjug=(nv, +...+1_v, ) —r/(us—dv,)e M’ we see

u—ruge€ NOM’. So u—rjug=nu +...+r,_ug for r,...,r,_ € R. Therefore

U=ru +...+r,_ U, +rug; showing that u,,u,,...,u, ,,u, generate N . Suppose

Ky +...+ 1 Uy +rig =0 where 1, 1,,...,7,€ R. Then rug =—(ru, +...+r,_u;, )€ M’ and so
redv, =rg(dv, —ug) +rauge M also. So rydv, is alinear combination of v;,v,,...,v,_, which is
impossible except in the case r;d =0 as v,,v,,...,v,_;,V, are R—linearly independent. As d #0 we see
1, =0. Therefore ru, +...+r,_u, =0 andso r,=r,=...=r,_, =0 as u,,u,,...,u, ; are R—linearly
independent. We have shown that u,,u,,...,u,_;,u; are R —linearly independent. So Uy Uy ,sen s U5 Ug
is an R —basis of N showing that N is free of rank s where s <¢. The induction is now complete.

(c) Let k;,k,€ K. Then k,v=0 and k,v=0. So (k, +k,)v=kv+k,y=0+0=0 showing

k,+k,e K. As Oxv=0 and (—k)v=—k;y=—-0=0 we see 0,—k, € K and so (K,+) is a subgroup
of (R,+). For re R,ke K we have (rk)v=r(kv)=rx0=0 showing rke K . Therefore K is an
ideal of the commutative ring R. As R is a PID thereis d€ R with K =(d) .

Take t'=0 in the case M =0. Suppose M #0 and let w,,w,,...,w, generate M . So t>1. Consider
the R—linear mapping 6:R" — M defined by (1;,1,,...,1,)0 =r,w, + r,w, +...+r,w, for all
(r,1ys...,1;;)€ R". Then im@=M and ker@ is a free submodule of rank s say where s <f. Suppose
first s=0. Then @:R' =M . Take "=t and V; =(ej)l9:wj for 1< j<t. Then

rw; =0:>rej =0= r=0 showing that w; has order dj =0in M . As ee,,...,e, form an

R—basis of R wesee M =N, ® N, ®...® N, is free of rank ¢ and N is cyclic with generator v;
of order 0. The divisibility condition d, | d j is satisfied and T(M)=0,N,=M in this case.

Suppose now s =1. Construct the sX7 matrix A over R with z; =¢;A for 1<i<s where
Zy5255-++,Zs 1S an R —basis of ker@. So the rows of A form an R —basis of ker@. By Question 7 (e)

above there are invertible matrices P and Q over R with PAQ™' =D where D is in Smith normal

form. The diagonal entries in D which are invertible elements of R are the leading s —s” entries where
0<s"<s. We may suppose that the first s —s” diagonal entries in D are e and so the remaining s
diagonal entries d,,d,,...,dy in D are not invertible elements of R. The rows p,,0,,...,p; of O
constitute an R —basis of R’ by (2.23). As the rows of A form an R —basis of ker@ the same is true
of the rows of PA. As PA=DQ therows p,,...,0c_¢:d\Ps_giys--sd g Pg of DQ also form an
R —basis of ker@. So d,,d,,...,d are non-zero elements of R .
As Py, Pys---, P, generate R' and @:R" — M is surjective and R —linear we see that
(p)0,(p,)0,...,(p,)6 generate M . The first s—s” of these are zero as p;€kerf for 1< j< s—s
and so the remaining ¢’ =t —s+5", i.e. (0;_y)0,(P5_y12)0,....(p,)8 , also generate M . Let
N; ={r(p,_y,;,)0:re R} and so N, is the cyclic submodule of M generated by v, =(p,_o ;)8 for
1<i<t. As Vi»V,,...,V, generate M we see

M=N,+N,+...+N,.
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We show that this sum is direct using (2.14) and (2.15). So suppose u, +u, +...+u, =0 where
u,e N, for 1<i<t’. As y, Fo_gyi(Ps_gy ;)0 where r,_o, € R for 1<i<t’, the above equation, on
substituting for each u;, gives

Vo1 Ps—sgt T Ho—gpn Py—gryn oot P E ker@.
As Py, Py s Py giys- - d g Py is an R —basis of ker@, there are r’e R for 1<i<s such that
oyt Poesit THoeganr Psegrqn Tooot P =Hp ot Pyt ey Py Tt 15d g py.
As p,p,,...,p, are R—independent the coefficients of each of p,p,,..., 0, appearing on opposite

d. and so

. /_ . /7 . _
sides of ¢ are equal. Therefore ;=0 for 1<i<s—s". More to the point r,_ ;= r _ytid;

U =1 g i (P VO=Ti i di(Py_ oy VO =To_ oy (d; e )O=T,_ o, ;X0=0 as

d;ps_y.; €ker@ for 1<i<s". Also ;=0 for s<i<t,ie. r,_g,, =0 for s'<i<t" giving

U =y ori(Py_ gy )0 =0x(p;_o,)8=0 for s"<i<t". So u; =0 for 1<i <t which shows that
N|,N,,...,N, are independent submodules of M according to (2.14). Therefore
M=N®N,®...®N, (internal direct sum) by (2.15).

Let K; be the order ideal of v; for 1<i<t". For 1<i<s” we have
dyv,=d;(ps_y,)0=(d;ps_y.;)0=0 as d;p,_o, ;€ kerf andso d; € K;. On the other hand let
ki€ K;. Then 0=k, =k;(p,_y, )0 =(k;ps_y, ;)0 showing k;p,_...€kerf. As

Pis- ,,0Y o Ps_giisdy Py is an R —basis of ker@, comparing coefficients as above gives
k;=r,_,. .d;. So K;=(d;) showing that v; has order d; for 1<i<s". Now take s"<i<¢" and

k;e K;. Asabove k;p,_.,. € ker@ which is only possible in the case k; =0 as p,, p,,...,p, are
R —independent. So K; ={0} showing that v; has order O for s'<i<t". So d; =0 for s'<i<t".

Therefore the divisibility condition d,|d j forl<i<j <t issatisfied: d;|d j forl<i<j <s" since D

is in Snf whereas d; dj for ISi<j<t', s'<j since dj =0 (all elements r of R satisfy r|0).
We show T(M)=N,®N,®...® N, . Consider ve T(M). Thereis re R with rv=0,r#0. As

VisVy,...,V, generate M and T(M ) M there are 1,1,,...,1,€ R with v=nv, +rv, +...+1v,. So
O=rv=rnv,+rrv,+...+rrnv,. As N,N,,...,N, are independent (2.14) subgroups of (M ,+) and
rrv.€ N; for 1<i<t” we see rr,v; =0 for 1<i<t’. Since v, has order d; in M we obtain dl-| rr; for
1<i<t. So O| rr; for s"<i<t" and hence O|ri as r#0, giving r, =0 for s"<i<t". Therefore
V=hv,+ 1y, +.. .+ 1y showing T(M) S N, ® N, ®...® N, . On the other hand d v =0 for all
ve N®ON,®...® N showing NON,®D..O®N,cT(M) as d,#0. So we’ve shown
T(M)=N,®N,®...®N,. Write NOZN ®N,,,®...®N,. Then N, is free (2.22) of rank
t'—s =t —s having R—basis vy, ,Vy,,,. . Finally

M=(N,®..®N, )@(NHI@...@N,):T(M)@NO.
(d) The order ideals of v and V" are {(d) and (d") respectively Let :M =M. Then (v)a =u’ is
also a generator of M”. So there is 7,€ R with v'=ru’. Let K be the order ideal of u”. Then
ke K'=>ku'=0=k"V —krou =rku'=0=k’e(d’),ie. K'c(d")y. As Vv is a generator of M’

there is ,€ R with u’=rV". Hence (d") C K’ on interchanging the roles of #” and v’ in the preceding

s'+1 §’+2
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theory. So K’ =(d"). Suppose kv=0,i.e. ke {(d). Then ku’=k(v)ax=(kv)ax=(0)ax=0 showing
ke K'=(d"),ie. {d)c{(d’y. Using &' :M’=M inplace of & gives (d"y = {d) andso (d)=(d’).
From Question 7 (a)(ii) above we deduce d =d’.

Conversely suppose d =d’. Then (d)={(d’) by Question 7 (a)(ii) above. The surjective R —linear

mapping B: R — M givenby (r)B=rv forall re R has kernel (d). So B:R/{(d)=M by (2.28).
In the same way f3':R/(d’y=M’ where :R— M’ is givenby (r)'=r/ forall re R. As
(dy=(d"y wesee BB’ :M =M’ showing that M and M’ are isomorphic R —modules.

(e) Suppose :M =M’. By (a) above o:T(M)=T (M) where a’| denotes the restriction of & to the
torsion subgroup (M) of M . By (c) above &f: N, ® N, ®...®N =N/ ®N; ®...® N, where s’
and s” are such that d; 20 for 1<i<s’, d, =0 for s'<i<t" and d]#0 for 1<i<s”, d/=0 for
§”<i<t”. The R—modules M /T(M) and M’/T(M’) are free of ranks ' —s" and t"—s”
respectively by part (c) above. As &: M /T(M)=M’/T(M’) is an isomorphism, where
TM)+vV)&=TM"N+ () for ve M ,wesee t'—s =t"—5" by (2.25). Itis therefore enough to
prove s'=s" and d; =d; for 1<i<s" asthen t'=¢" and d, =0=d; for s'<i <t (and so d; =d; for
1<i<t’). Let r denote the number of associate classes represented by d,,d,,...,d ¢+ The proof is by
induction on r. It’s convenient to adopt notation analogous to that used in (3.7) . For each R —module
M and element d € R write g, : M — M for the R —linear mapping defined by (v), =dv for all

ve M . Write dM =im y, and M , =keru,. As p,0=o, we obtain 0|:dM =dM’ and

al M, = M('d) . As N; is acyclic R—module with generator of order d; we see N; = R/(d;) for

1<i<s". Also dN; =R/(d;/gcd{d,d;}) and (N = R/(gcd{d,d;}) for I<i<s’. For the same

reason N;=R/(d]), dN]=R/{(d}/gcd{d.d}) and (Nl-')(d) = R/(gcd{d,d}) for 1<i<s”. The

isomorphism o] :T(M)(dl) =T(M ')(dl) gives

0(| : (R/<d1>)s/ = R/{(gcd{d,,d]}) ® R/(gcd{d,,d;})®...® R/{(gcd{d,,d; }) which shows that the free

R/{d,)—module (R/ (d,))* of rank s’ is generated by s” of its elements, namely Up,Uy,...,Uy where

(u)a=e; for 1<i<s”. So s”2s" by (2.20). Using the isomorphism 0(1‘ : T(M')(di) = T(M)(d,l)

we obtain s">s” and so s"=s". By Exercises 2.3, Question 7(c) the s” elements u,,u,,...,u, form an

R/{d,) —basis of (R/(dl))s’ and so u, has order d, in the R —module T(M)(dl). But ¢, has order

gcd{d,,d]} in the R—module T(M')(dl) . As u; and (u,)0r=e, have the same order we see

d, =ged{d,.d}}. that s, d,|d; . Interchanging the roles of (M) and T(M’) gives d{|d, and so

d, =d] by Question 7 (c)(ii) above.

Let m, denote the number of i with d; =d, and let m| denote the number of ; with d/=d, .

As the rings R/(d;/d,)=R/R are trivial for I<i<m, wesee dM = > @R/(d;/d,) showing
m<I<s

that the R—module d,M is the direct sum of s—m, non-trivial cyclic1 submodules. In the same

way dM’ = Z G—)R/ (d; / d,) is the direct sum of s—m] non-trivial cyclic submodules.

m/<i<s
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In the case r=1 the modules d,M and d,M’ are trivial and so m, =m|=s and d; =d/ for
1<i<s as d,=d, =d/=d;. Suppose r>1. The elements d,/d, for i>m, belongto r—1
associate classes. Also dl-/dl‘dj/d1 for m,<i< j<s and dl-'/dl‘d;-/d1 for mi<i< j<s.As
dM =d,M’ the inductive hypothesis applies to d,M and d,M’ giving s—m,=s—m;. So
m,=m/ and d,/d, =d;/d, for m <i<s. Multiplication of this equivalence by d, gives d, =d;
for m, <i<s. As d; =d; for 1<i<m, we conclude d; =d; for 1<i<s. The induction is now
complete.

Conversely suppose t'=1" and d; =d; for 1<i<t’. Then (d;)=(d]) for 1<i<t’. Hence

M =M" asboth M and M’ are isomorphic to R/{(d,) ® R/{d,)®...® R/{d,).
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Solutions 3.2 (page 130)

Solution 1

2,€G,,85€G;:0=0+0,1=5+6,2=0+2,3=5+8,4=0+4,5=5+0,6=0+6,7=5+2,
8=0+8,9=5+4. So G=G, +G;. By inspection G, "G, ={0}. Hence G,,G; are
independent submodules of G as g, +g;=0 = g,=-g;€ G,NG,={0} = g,=g;=0. So
G=G, ®G;s by (2.15).

(G,)i; =3G, ={3%0,3x5}={0,5}=G, and

By Exercises 2.1, Question 4(a) we have AutG = {4, s, [y, lhy} . AS 15 = flo, 15 = Iy, 13 = 1L,
we see AutG is cyclic with generator f4; .

(b) G,={ge G:4g=0}={0,3,6,9},G, ={0,4,8}. As 1=9+4¢€ G, +G,, on multiplying this
equation by i for 1<i<12 we obtain i € G, +G, forall i € Z, =G showing G=G, +G;. As
above G, NG, = {0}and G = G, @G, by (2.15).

As G, and G; are of isomorphism type C, and C; respectively, G has elementary divisors 4,3.
(G,)ts =5G, ={5x0,5%3,5%6,5%x9}={0,3,6,9} =G, and

(Gy)Hs =5G, ={5%0,5x4,5x8}={0,8,4} =G, .

By Exercises 2.1, Question 4(a) we see AutG ={4,, ls, l;, 14;,} which is not cyclic as

,ul2 = ,u52 = ,LL72 = /1121 = M, in fact AutG is a Klein 4 —group in multiplicative notation.

(¢) By (2.2) and (3.10) the p, —component G, of the cyclic group G is cyclic of order p! for

1<i<k. So G has k elementary divisors p; ", ps>...., po~ .

(d)Let g,g’€ G,. Then p"g=0 and p"g’=0. Adding gives
p"(g+g)=p"g+p"g’=0+0=0 which shows g+g’€ G,. As p"0=0 we see that 0 G,.
Also p"(-g)=p"(-g)+0=p"(-g)+p"g=p"(-g+g)=p"0=0 showing —ge G,. So G,
is a subgroup of G .

There are integers a,b with ap” +bm=1 since ged{p",m}=1. For g€ G, we have

g=Ixg=(ap" +bm)g =ap"g +bmg =0+bmg =m(bg)e mG showing G, cmG . Conversely
consider g€ mG . Then g =mg’ forsome g'e G. So p"g= p”mg'=|G|g'=O showing
mGng and so mGsz.

Yes, Gp szp as above bg € Gp and so Gp - mGp ; also mGp is a subgroup of Gp .

Solution 2
(a) By the Chinese remainder theorem (2.11) Z,, =%, ®Zs, Z,, =7, ® Z, and

Lgy=Zs®Z,®Z,. Hence we obtain the ring isomorphisms
2,,92,,=2,0L;PL, DL;=7Z,®D Z,. Comparing additive subgroups we see that G has
invariant factors 2,60. So G, has invariant factors (and elementary divisors) 2,4. G has

elementary divisors 2,4;3;5.
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There are p(3)X p(1)X p(1) =3Xx1x1=3 isomorphism classes of abelian groups of order
120=2°x3"x5" their elementary divisors being 2,2,2;3;5 or 2,4;3;5 or 8;3;5. The
corresponding invariant factor sequences are
(2,2,2x3%5)=(2,2,30), (2,4x3%x5)=(2,60), (8x3%x5)=(120).
(b) As 200=2°x5?, there are p(3)x p(2)=3x2=6 isomorphism classes of abelian groups of
order 200 . The elementary divisors of these classes are
2,2,2;5,5 2,45,5 85,5 2,2,2;25 2,425 8;25
and the corresponding invariant factor sequences are
(2,2%5,2%5)=(2,10,10), (2x5,4x5)=(10,20),
(5,8%5)=(5,40), (2,2,2x25)=(2,2,50), (2,4x25)=(2,100), (8%x25)=(200).
Their exponents are 10, 20, 40, 50,100, 200 and so no two classes have the same exponent.
(¢c) The p(4)=5 isomorphism types of abelian groups of order 16 =2* are
C,®(C,9(C,0C,, C,0(C,0(C,, C,9C, C,@C,, (.
The second and fourth have exponent 4 and so the answer is: Yes. As 900 =2%x3*x5* the
elementary divisors of the 8 isomorphism classes of abelian groups of order 900% having exponent
900 are
2,2,4;3,3,9;5,5,25 2,2,4;3,3,9;25,25 2,2,4;9,9;5,5,25 2,2,4;9,9;25,25
4,4;3,3,9;5,5,25 4,4;3,3,9;25,25 4,4;9,9;5,5,25 4,4;9,9;25,25

and the corresponding invariant factor sequences are

(2x3x%5,2x3%5,4x9%x25)=(30,30,900), (2x3,2%x3%x25,4x9x%25)=(6,150,900),

(2%5,2%x5%9,4x9x25)=(10,90,900), (2,2x9x25,4x9x25)=(2,450,900),

(3%5,4%x3x%5,4x9%x25)=(15,60,900), (3,3x4x25,4x9x%25)=(3,300,900),

(5,4%9%5,4x9%x25)=(5,180,900), (4x9x25,4x9x%25)=(900,900).
(d) As 400=2*x5%, there are p(4)X p(2)=5x2=10 isomorphism classes of abelian groups of
order 400 . The elementary divisors of these classes are
2,2,2,2;5,5 2,2,4,5,5 2,855 4,455 16,55 2,2,2,2;25 2,2,4;25 2,8;25
4,4;25 16;25 and the corresponding invariant factor sequences are
(2,2,2%5,2x5)=(2,2,10,10), (2,2x5,4%x5)=(2,10,20), (2x5,8x5)=(10,40),
(4%x5,4%5)=(20,20), (5,16x5)=(5,80), (2,2,2,2x25)=(2,2,2,50),
(2,2,4x25)=(2,2,100), (2,8%25)=(2,200), (4,4%x25)=(4,100), (16x8)=(400) . As
144 =2*x3? there are p(4)X p(2)=5x2=10 isomorphism classes of abelian groups of order
144.
(e) Among the p(6)=11 isomorphism classes of abelian groups of order 64 =2° there are 3 having
exponent 4, namely those with invariant factor sequences (2,2,2,2,4), (2,2,4,4), (4,4,4). So the
additive groups of

7,972,972,972,9%Z,, 2,92,972,®Z,, Z,®7Z,DZ,
provide an answer to the question. Another answer is: the additive groups of
2,92,92,9%y, L, ®L, DLy, LZ; ®Zg

each of which has order 64 and exponent §.

Solution 3
(a) The p(5)=7 partitions of 5 are

(1,LLL1),(1L12),(1L3),(1,2,2),(1,4),(2,3),(5) .
The p(9,2) =8 partitions of 9 having all parts =2 are
(2,2,2,3),(2,2,5),(2,3,4),(2,7),(3,3,3),(3,6),(4,5),09) .
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(b) As p(1D)= p(10)+ p(9,2)+ p(8,3)+ p(7,4)+ p(6,5) +1 we see
p(11)=424+84+3+1+14+1=56. Also p(11,2)= p(11)— p(10)=56-42=14,
p(11,3)=p11,2)-pO9,2)=14-8, p(11,4)=p(11,3)—p(8,3)=6-3=3,

p11,5)=p11,4)— p(7,4)=3—-1=2. Finally p(11,j)=1 for 6< j<11 as (11) is the only
partition of 11 with all parts = j,and p(11,j)=0 for j>11.

As p(12)= p(1 D)+ p(10,2)+ p(9,3)+ p(8,4) + p(7,5)+ p(6,6)+1 we see
p(12)=56+124+44+24+1+1+1=77.

As p(13)= p(12)+ p(10,2)+ p(9,3) + p(8,4)+ p(7,5)+ p(6,6)+1 we see
p(3)=T77+14+5+2+1+1+1=101.

As p(14)= p(13)+ p(12,2)+ p(11,3)+ p(10,4)+ p(9,5) + p(8,6) + p(7,7)+1 and
p(12,2)=p2)—p(1)=21 wesee p(14)=101+21+6+3+1+1+1+1=135.

(c) There are just 2 partitions of 2n having all parts =27 namely (n,n) and (2n). So p(2n,n)=2.
The partitions of 3n with all parts =7n have at most three parts. The partitions (n,n,n) and (3n) are

the only such partitions having three parts and one part respectively. Such partitions with two parts
are (n+k,2n—k) for k>0 and n+k<2n—k;so 0<k SLn/ZJ. Hence there are in all Ln/2J+3

partitions of 3n with all parts >n .
(d) Let k be the number of parts 2 in a partition (1,1,...,1,2,2,...,2) of n having all parts <2 .

Then 0 <k <n/2 and so the number of such partitions is Ln/ ZJ +1. The invariant factor sequence

of an abelian group of order p" and exponent p* is (p, p,...,p,p>, p*,..., p°), the product of these

invariant factors being p” and the number k of invariant factors p” being positive. So there are

exactly |_n/ ZJ isomorphism classes of abelian groups of order p” having exponent p~.

(e) Each partition of n having all parts > j and having exactly k parts j is of the form

(Js Joeeus Jotystys.. o ty) where (t,1,,...,t,) is a partition of n— jk with all parts = j+1. So the

number of such partitions of n is p(n— jk, j+1). Counting up the p(n, j) partitions of n having
4]

all parts > j, by the number k of parts j each partition has, gives p(n, j)= Z p(n—jk,j+1).
k=0

10
So p(10)=p(10,)=" p(10—k,2), ie. 42=12+8+7+4+4+2+2+1+1+0+1,
k=0
5 3
p(10,2)=3" p(10-2k,3), ie. 12=5+3+2+1+0+1, p(10,3)= > p(10-3k,4), ie.
k=0 k=0

2
5=3+1+1+0, p(10,4)= Zp(10—4k,5), re. 3=2+1+0.
k=0

Solution 4

(a) G has 24 elements of order 5 namely its 24 non-zero elements. G has exponent 5 and so the
answer is: Yes. Each non-zero element of G generates a subgroup of order 5. But each subgroup of
order 5 is of the form {0,g2,2¢,3g,4g}=(g)=(2g)=(3g)=(4g). g #0, which has exactly 4

generators. So G has 24/4=6 subgroups of order 5 and they can be expressed

((1,00),((L D)L 2))4(1,3)),((14).((0, 1))
Any two H,, H, of these subgroups with H, # H, satisty H, "H, ={(0,0)} and H,+H, =G,
i,e. G=H, ® H,. Sothere are 6 choices for H, and 5 remaining choices for H,. Hence there are
6x5 =30 ordered pairs of subgroups of order 5 such that G=H, ® H, .
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(b) Yes, G has exponent p and so is an elementary abelian p —group. As pG ={0} the

|G| —1= p* —1 non-zero elements of G are each of order p . Each subgroup H of G with

|H| = p is of the form H ={g,2g,....(p—1Dg,pg}=(g)=2g)=...={(p—1g) where g #0.
So each such subgroup H contains p —1 non-zero elements of G . Hence G has exactly
(p*=1)/(p—1)= p+1 subgroups H of order p. Each H has a generator g =(7,5)€ Z,9L,
where either 7 #0 or 5 #0. For 7 #0 then H =((7,5))=((1,7)) where 7 =5/reZ,. For
7=0 then H ={((0,5))=((0,1)). By Lagrange’s theorem the subgroups of G have orders
1,p,p*. Let H, and H, be different subgroups of order p. Then H, " H, ={0} as

|H1 ﬂH2|<p and H +H,=G as |H1 +H2|>p . So G=H,® H, and there are (p+1)p
ordered pairs H,,H, of such subgroups, since there are p+1 choices for H, (any subgroup of G
of order p)and p remaining choices for H, (any subgroup, except H,, of G having order p).
(¢) H={(0,0),(0,9),(0,18),(3,0),(3,9),(3,18),(6,0),(6,9),(6,18)} . Yes, H =((3,0),(0,9)) isa

subgroup of G . Yes, H is an elementary abelian 3 — group. The invariant factor sequences of G
and H are (9,27) and (3,3) respectively. As

G/H =(Zy ® L)/ (3,0 ®((0.9) = Zy/(3) ® Zy, /(9)
has isomorphism class C; @ C,, we see that G/H has invariant factor sequence (3,9) .
(d) A typical element of p'"'G is p'"'g where ge G. As p(p''g)=p'g =|G|g =0 we see
p'Gc H. Let G=(g,) and consider he H . Then h=mg, for some me Z as H =G . The
order of g, is p' and the order of % is a divisor of p (either | or p)since ph=0. By (2.7)
p'/gcd{m, p'} is a divisor of p andso p'' is a divisor of gcd{m, p'}. Hence m= p''m’ where
m'eZ. So h=p'"'m'g,e p""'G showing H < p'"'G andso H=p''G. Infact H={(p''g,)
is cyclic of order p and |G/H|=|G|/|H|=p’/p=pt_l.
(e) Suppose he H . Then h=mh +m,h, +...+msh, where m;€ Z, h;e H, for ISi<s. As
H,,H,,...,H are independent, ph=0 implies pm;h; =0for 1<i<s. Using (d) above,
m; = pti_lm; where m/€ Z for 1<i<s. So mh,=p'""'m/h.e p""H, as mhe H,. We've
shown HC p"'H ® p"'H,®...® p"'H,. As p(p[i_lHl.)z{O} for ISi<s we see
pP"H ®p"'H,®..®p"'H,cH andso H=p"'H,® p""'H,®...® p“'H,. By (d)
above each pt"_lH . is cyclic of order p and so H is elementary abelian of order p°. The invariant

factor sequence of H is (p, p,..., p) having s terms. Suppose the first [ parts of the partition
(t,,ty,...,t;) are L and #,,, 22 (0<I<y5). The invariant factor sequence of G/H is

(p' p L p T asby (3.2)

G _ HO®H,®..®H, __H, H o o H,
H p'"'H®p""'H,®..®p""'H, p"'H p"'H, =~ p“'H,

(exceptionally using horizontal slashes for typographical convenience), H, / p[i H ; being cyclic of
order p'” by (d) above. G/H is an elementary abelian p — group if and only if G/H is non-
trivial and all its invariant factors are p, whichisso < 1, =2.

() First consider an abelian group G of order pln ' and let 7, be an integer with 1<¢, <n,. The
additive groupof Z,, ®Z, ©...0©Z, (-BZP,11 having n, —#, summands Z, for #, 22 (and n,
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summands Z, for f; =1) has order p;! and exponent plt '. So there are n, possibilities for the

exponent of G , namely p, pz,. e p”1 . By (3.12) there are no further possibilities. In general

k

‘G‘:ppp;z ey
G. By (3.10) G= GP1 @ sz ®...® ka and so the largest invariant factor of G is the product

and there are n; possibilities for the exponent of the p; —component G p; of

of the largest invariant factors of the primary components G, . By (3.12) the exponent of G is the
j

p

product of the exponents of the primary components G ; for 1< j<k. Asthe exponents of the

p.
primary components are pair-wise coprime we see that there are nn, ---n, possibilities for the

exponent of G , namely the positive integers e with p,p,---p, | e and e‘ plipytee pZ" .

No, H is not necessarily cyclic; the subgroup H in (c) above is not cyclic. Suppose H is cyclic.
Then each primary component H 2 of H iscyclic. But H p; = {h;e Gpj :p;jh; =0}. By (e) above
Gpj is cyclic for 1< j<k andso G iscyclic. So H cyclic implies G cyclic.

Solution 5
(@) Let g,8'€e G=H,®H,. Then g=h +h,, g'=h+h, where h,he H and h,,h,€ H,. So

(g+80a =l +hy+h+h)a= (I +h)+(hy+h)a = +h)o +(h +h)a, =

(h)ey + (h)eq +(hy)a, +(hy)a, = ((h)ay +(hy)a,) + ()eq + (h)a,) = (8)a+(8)a
showing that ¢ is additive. Consider ¥:G — G defined by (I, +h)y=(h)a;" + (hy)a;" for all
heH,,hye H,. Then

(@)ty =y + )y = ()t + ()t y = () + (hy)onets' =y +hy =

and similarly (g)ya=g forall ge G. So y= a ' showing & to be bijective. Hence ¢ is an
automorphism of G . Also (h)o=(h +0)a=(h)a, +(0)a, =(h)a, +0=(h)a, € H, showing
(H,)xc H,. Replacing & by o' gives (H,)or ' < H,. Applying & to the last set containment
gives H, = (Hl)a"lag (H)) andso (H,)a=H,. Similarly (H,)a=H, .
Define B, :H, — H, by (h)f, =(h)p forall h€ H,. Then B (the restriction of £ to H,) is
additive and bijective. So S, € Aut H,. In the same way define £5,:H, — H, by (h,)f3, =(h,)[
forall h,e H,. Then [, (the restriction of S to H,) is additive and bijective. So S, € Aut H, .
Then (8)B=(hy+ 1) B =(h)B+(h) B=(h) B, + () B, =()(B, ® B,) forall g€ G
Therefore f= L@ f,.

Yes, L, being closed under composition and inversion and containing the identity mapping of G , is
a subgroup of Aut G. Yes, L= Aut H, X Aut H, as the correspondence f <> (3, 3,) where

B =B @ B, is a group isomorphism.
(b) Let g,g’€ G . By (3.10) there are unique elements gj,g;. € Gpj (1< j<k) with

g=8+8g +...+g, and g’ =g +g,+...+g,. Then

k k k
(g+&ha= (g, +&Na=Y (g;+gNa; =D (g)a; +(g)Ha,) =
= = =

k k
Zl(g,-)a, +Zl(g})a,- =(g)a+(g)a
j= =
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showing that &: G — G is a homomorphism. As @' =] @ ,' ®...@ ' we see that « is
bijective and so @€ Aut G. Consider f€ Aut G. As (Gpj ) [ = Gpj the mapping

B, :Gpj %Gpj defined by (g,)B; =(g,;)p forall g, Gpj is an automorphism of Gpj for
1< j<k. Then

(g)ﬁ=(2g,,-)ﬂ=i(gj)ﬁ= i(gj)ﬁj =) ©5,®...05)
for all ge G showing /;z B @ ,BZJC-D ..@ B, .] As f; is the restriction of /3 to G,, for 1<j<k
we see that the ; are uniquely determined by . Hence the mapping
Aut G — Aut G, xAut G, x---xAut G, , defined by B—(B.b5,....B,) forall fe AutG,
is bijective. Let 3, 8'e Aut G. There are ;€ Aut G, (1< j<k) with
L=pSpS..®p . Then

k k k k
()BB =(8)BB = ((Zlgj)ﬂ)ﬁ,: (Zl(gj)ﬂj)ﬁ,: zl((gj)ﬁ/)ﬁ; = zl(gj)ﬂ/ﬂ;
J= J= J= J=

showing that the correspondence S <> (8, f,,...,5,) is a group homomorphism. So
AutG = Aut G, XAut G, X---xAut G,

is a group isomorphism.

Solution 6
(a) Suppose H is indecomposable. Let H have ¢ invariant factors. Then t'=1 by (3.8) as

otherwise H =H, ®(H, ®...® H,) withboth H, and H, ®...® H, non-trivial. So H is cyclic
of isomorphism type C, where d #1. Either d =0 or d 22 . In the latter case |H | =d is divisible
by just one prime, as otherwise the primary decomposition (3.10) of H would be a non-trivial
decomposition contradicting the fact that H is indecomposable. So d = p" where p is prime.
Conversely suppose H has isomorphism type C, where either d =0 or d = p" where p is prime.

In the case d =0 we see H =7, thatis, H is isomorphic to the additive group Z of integers; but
Z (and hence H ) is indecomposable by Exercises 2.2 , Question 6(b) . By the discussion following
(3.12), cyclic groups of prime power order d = p" are indecomposable.

(b) The submodule H; of the f.g. Z—module G is itself f.g. by Exercises 3.1, Question 5(b) for
I<i<m. Let r; be the torsion-free rank of H; and let the torsion subgroup 7; of H, have [;
elementary divisors. Then /; +7, 21 and, using (3.4), (3.5) and (3.10) we see H, is the direct sum
of [; +r, non-trivial indecomposable submodules for 1 <i <m . Substituting for each H; we obtain a
decomposition G=H; @ H, ®...® H,,, where m<m’ and each H/, is indecomposable for

1<i"<m’. By (a) above each H, has isomorphism type C, or C pn - The number of H/, having
isomorphism type C, is r the torsion-free rank of G . Now H l’ has isomorphism type Cp,, if and

only if p" is an elementary divisor of the torsion subgroup 7' of G ; so the number of such H l’ is [.

Therefore m"=1+r and so m<[+r. From above we see [, +1, +...+1, =1 as

I,®T,®...®T,, =T. Also 1, +r, +...+1, =r on comparing torsion-free ranks in
H®H,®..®H,=G.

Suppose m=1[+r. Then m=m" which means [; +r, =1 for I<i<m. Soeither . =1 or [, =1.

In the first case H; is indecomposable being of isomorphism type C,. In the second case H; is
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indecomposable being of isomorphism type Cp” . So m=1[+r implies that H,; is indecomposable
for 1<i<m. Conversely suppose H; is indecomposable for 1<i<m. Then H/=H, for
1<i<m andso m=m'=1+r.

Conversely suppose H; is indecomposable for 1<i<m. Then H;=H, for 1<i<m and so
m=m'=l+r.
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Solutions 3.3 (page 146)

Solution 1
(a) For g,,g, in G by (2.3) we have

(& +8)a+a)=(g +g,)a+(g +g,)d =(g)a+(g,)a+(g)a +(g,)a =
(g)a+ (8 +(g)a+(g,)a' =(gNa+ad)+(g,)a+d)

showing that @+ & is an endomorphism of G .
We verify the axioms of an additive abelian group (stated at the start of Chapter 2.1). Consider o, &, &”

in EndG. Then (¢+a)+a" =a+ (@ +a”) as
(O(a+a)+a")=((g)a+ () +(9)a" =(g)a+((g)a +(9)a")=(g)a+(a +a")
forall g€ G . The zero endomorphism 0 satisfies 0+a =« as
() O0+a)=(g2)0+(g)a=0+(g)a=(g)x forall geG.
Write —: G — G where (g)(—@)=—(g)x forall ge G. Then —a€ End G as
(8 +8)(=) =~(g + g, )a=~((g)a+(g,)e) =—(g)a—(g,)a=(g)(~) +(g,)(~a)
forall g,,8,€G. Also —a+a =0 since
(Q)a+a)=(g)-a)+(g)a=—(g)a+(g)a=0=(g)0
forall ge G . Finally a+ &' =&’ +« as

(Qa+a)=(ga+(g)d =(g)d +(g)a=(g)d +a)
forall ge G. So (EndG,+) is an abelian group.

As (g)a(a/ +a") = (g +a")=((g)aa +(g)aa’ =(g)aa +(g)aa” = (g)(ae +aa’) for
all g€ G, the distributive law (&’ + ") = !’ + ael” holds.
(b) As EndG is commutative for finite cyclic G by (3.18) and G is cyclic for |G| <3, the smallest

candidate with End G non-commutative is the non-cyclic group of order 4, that is, the Klein group. So
let G be of isomorphism type C, ® C,. By (3.16) EndG =M,(Z,) the ring of 2X2 matrices over

the field Z,. As
O
0 O)0 O 0 O)0 O
we see that End G is indeed non-commutative. By (3.14) AutG=U (M ,(Z,))=GL,(Z,) and so

| Aut G | :| GL,(Z,) | =(2? =1)(2* =2) =6 using the theory following (2.18). In fact AutG = S, the
symmetric group on 3 symbols ((1,00),{(0, ), {((1,1)).

01
(c) As (e))x, =0e¢, +1e, , (e,)0r, =0e, +0e,, the matrix of ¢, relative to e,,e, is (O OJ' By (3.15)

. a
the matrices (

b
] relative to e,e, of the endomorphisms & in Z(¢,) satisfy
c

< alo oo o) 2
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L . . |a . .
whichistrue < a=d,c=0. So & in Z(&,) has matrix (0 J relative to e;,e,. As matrices of

a

this type are the elements of a commutative subring of 91,(Z), restricting the ring isomorphism 6 of

(3.15) to Z(«x,)) gives
b
Z(ao)z{[g a]:a,be Z}

showing that Z(¢,) is a commutative subring of EndG .

The additive group of EndG has isomorphism type C, @ C, ® C, @ C,), as it is free of rank 4 having

Z —basis
1 0Y(O0 1)(0 0O0Y(O O
0 0)l0 0/l1 0)l0 1)

b 1 0 01
As N =a +b , the additive group of Z(¢,) has isomorphism type C, ® C, , being
0 a 0 1 00
1 0)(0 1
0 1)l0 0)
[a b]. o
As is invertible < a =*1 and
0 a

free of rank 2 with Z —basis
~1 b (-1 0Y1 =b) (1 b) (-1 0Y(1 b
0 -1) {0 -1)lo 1)10 1) {0 —1)J{0 1
we see U(Z(e,))= H,xH, , thatis, U(Z(¢,)) is the direct product of the multiplicative cyclic group

H, of order 2 with generator ( 0

j and the multiplicative cyclic group H, of infinite order with

11
generator [0 J. So the isomorphism type of U(Z(«,)) is C, @ C,.

a
C

b
(d) Let ( dj be the matrix relative to e, e, of @€ Z(¢,). Then

a b0 1) (0 1)a b
ol oG o)l )
which holds < a =d, b=—c on comparing entries. So
a b 1 0 0 1
oo el o
is the matrix of ¢ relative to e, e,. So the additive groups of End G =90,(Z,) and Z(¢,) have
isomorphism types C; @ C; ® C; ® C; and C, @ C; repectively.
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b =a’>+b*. As 0=(0)? and 1=(1)>=(2)* in Z,, we see that a’*+b*=0,1,2
-b a

Now

according as none, one, or both of a,b is/are non-zero. So a*+b*=0< a=b=0 where a,be L.

Hence every non-zero element in the commutative ring Z(¢,) is invertible, i.e. Z(¢,) is a field. As

11
‘ UlZ(x,)) ‘ =9-1=8,by (3.17) we see U(Z(«,)) has isomorphism type C; in fact { 1 J
generates the multiplicative group U(Z(«,))=Z (ao)*.

(e) As in (d) above 9, (Zs) is a vector space over Zs with basis

1 0)(0 1)(0 0)(0 O
0 0)lo 0){1 0)l0 1)
By (3.16) with t =2, p =35, the isomorphism type of the additive group of EndG is

b

C;®C;@C;@C5. By (3.16) the matrices [ ab
-b a

J where a,be Z; are the elements of a subring

10 1
R, isomorphic to Z(¢,). As R, is a vector space over Zs with basis (6 g}[ OT 6] , we see the

additive group of Z(¢,) has isomorphism type C; @ Cs. Also ‘ R, ‘ =5%x5=25. How many of the 25

a b

matrices
-b a

] in R are not invertible over Zs ? In other words, how many ordered pairs (a,b)

with a,be Zg satisfy a*>+b*=07? As (0)>=0,(x1)>=1,(£2)>=—1 we see that the answer is 9,
namely

0,0),(1,2),(1,-2),(-1,2),(-1,-2),(2,1),(2,—1),(=2,1),(-2,—1).
Hence ‘U(RO)‘:25—9:16.

R T e O R

Then H, and H, are (multiplicative) cyclic subgroups (of U(R,)) having order 4. As | H NH, | =1
and ‘U(RO) ‘ =16 we see HH, =U(R,) as in Exercises 2.2, Question 3(f). So U(R,)=H,xH,
(direct product). Therefore U(Z(«,))=U(R,) has isomorphism type C, ®C,.

(f) Let g,¢g’€ G. By (3.10) there are unique elements 8;-8;€ Gpj (1< j<k) with

k k
g=Yg; and g'=> g’ Then
= =

k k k
(g+&ha=Q (g;+&Na=Y (g, +8)a; =Y (g)a; +(g)Ha,) =
= = =

k k
;(gj)aj +Z;(g})a,» =(g)a+(g)a
J= J=

showing o€ End G .
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Consider f€ End G and let 8;€ Gp,—' Then p;-lj ((gj)ﬂ):(p?fgj)ﬁ:(O)ﬂ:O showing
(g;)Be Gpj. So (Gpj)ﬁngj and the mapping /3, :Gpj —>Gpj defined by (g;); =(g;)p forall

8;€ Gpj is an endomorphism of Gpj for 1< j<k. Then

k k k
(g)ﬂ=(21gj)ﬁ=zl(g,)ﬂ=Zl(g,.)ﬂj =B OBD...®B,)
J= j= J=

forall g€ G showing f=4® 5, ®...® 5, Also B, is uniquely determined by /3 being the
restriction of [ to Gpj. Hence the mapping

End G »End G, ®End G, ®...®End G, .
defined by S — (B, B,,....3,) forall fe End G, is bijective. We show this mapping to be a ring
isomorphism. Let 3,8’ End G . There are ;€ End Gp,— (1<j<k) with /=D [,D...@ B,
ie. B = (B.B.....3,) . Therestriction of S+ f to Gp,— is B;+ B and the restriction of 55" to
Gpj is B;f; for 1< j<k. So the correspondence S <> (/3 5,...., B,) respects addition,

multiplication and 1—elements. Therefore

EndGzEnde @®End G, @...® EndG, ,
1 P> Dk

i.e. these rings are isomorphic.

Solution 2
(a) Taking r =0, the powers of 3 in Z,, are
(3)°=1,(3)'=3,(3)>=9,(3)’ =27,(3)* =17,(3)° =19, (3)° =25, (3)” =11.

Taking r =1, the negatives of the powers of 3 in Z, are
—(3)"=31,-(3)'=29,-(3)’=23,-(3)’=5,-(3)* =15,-(3)’ =13,-(3)° =7,- (3)” =21.

Yes as each of the 16 elements of U(Z,,) is accounted for. Each element of U(Z,,) is uniquely

expressible as (—1)" x(3)* where 0<r<2, 0<s5<8. Hence U(Z,,)={(—1)x(3), the direct product

of cyclic groups of orders 2 and 8. So U(Z,,) has isomorphism type C, ® Cy.

(b)As 2#1 and (2)> =1 we see that 2 in Z has multiplicative order 2 The equation

2% =256 =3x81+13 gives 2° =13(mod81). Squaring produces 2'® =7(mod81) as

13 =169=2x81+7. So 2'® =28(mod81) on multiplying by 4, i.e. 2'* =1(mod81). Also

2% =10(mod81) as 7x13=91=81+10. So 2%’ =—1(mod81) as 8x10=80=81—1. Therefore

2?7 =1(mod81) and 2°* =1(mod81) on squaring 2*’ =—1(mod81). So 2 in U(Zg,) has

multiplicative order 54. The integer a =2 satisfies (3.19) with p =3 and so 2 has order

#(3")=3"-3""in Zy, for n21. In particular 2 has order 3° —3* =162 in Z,,; on taking n=5.

(¢) Try a=3. Then a’*=2(mod7), a® =—1(mod7) and so a in Z, has multiplicative order 6. Also

a® =3%=243x3=(5x49-2)x3=-6(mod49) and so a® = 1(mod49) . The only other choice is

a =5 in which case a’> =4(mod7), a’ =—1(mod7), a®=-6(mod49)). In both cases a satisfies the

conditions of (3.19). So a in Z,q4 has order ¢(49)=49-7=42 and a in Z

#((49)>)=g(7*H) =7 =7° =2058.

(492 has order
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(d) We verify that 14 in Z.,, has order 28. Notice 14> =—7(mod?29) as 14* +7=7x29. Hence
14* =(-7)*(mod?29) , i.e. 14* = 1(mod29). Also 14° =(-7)’ =5(mod?29) since 7° +5=12%29.
Hence 14" =(5%14)* =—1(mod 29) since 70° +1=169%29, i.e. 14" = 1(mod29). So 14 in L,

has multiplicative order 28 .
We show 297 is a divisor of 14% —1. As 14%® —1=(14" +1)(14"* —1) it is enough to show 29% =841

is a divisor of 14" +1. Now 14% =221(mod841) as 14> —221=3x841. Hence 14° = 63(mod841) as
221> —63=58x841. Hence 14'* =(63x14)> =41> =—1(mod841) as 63x14=841+41 and

412 +1=2x841. The conclusion is: 297 is a divisor of 14*® —1 and 14 has order 28 in Zg,,. The

statement in the question is therefore not true in general.
(e) Let 6, :an - sz denote the ring homomorphism given by (x,,)6, = x, for all integers a, where

x,, is the congruence class of @ modulo p". As x, € U(an) & ged{a, pl=lex, e U(Zp2 ), the
restriction of 6, to U (Zp,,) is the surjective group homomorphism 65 :U (Zp,,) -U (sz) given by
(x,)6, =x, for all integers a with ged{a, p}=1. Similarly 6/:U (Zp,, )—>U(Z,) given by

(x,)0, = x, for all integers a with ged{a, p}=1 is also a surjective group homomorphism (here x; is
the congruence class of @ modulo p). Let e, denote the congruence class of 1 modulo p" for n>1.
Suppose x, generates U(Zp2 ). Then xé’_l #e, as x, has order p(p—1) andso a = 1(mod p*). As
e U(Zp2 )= U(Z,) is surjective we see that a = x; =(x, )6, generates Uz, = Z; . From the
second part of the proof of (3.19) we deduce that x, generates U (an) for all n=>2. Conversely
suppose that x, generates U (an) for some integer n with n>2. As 8, is surjective we see that

x, =(x,)0; generates U(sz) .

) As (1+ p)po =1+ p wesee ky=1. Sosuppose i >0 and there is an integer k, | with

ged{k._,, p}=1 such that (1+ p)” R k;_, p'. Raising this equation to the power p and using the

i i- : 2 .
binomial theorem gives (1+ p)? =((1+ p)* l)p =(+k_p')’ = Z[pjkir_lp”. Each term in this
r

r=0

sum with 2<r < p is divisible by p’.Jr2 as (p

] is divisible by p and 1+ir=i+2. The last term
,

k?, pip in the sum is also divisible by p’.Jr2 as ip=2i+2 since i 21, p 23. Therefore there is an integer
[, with 1+ p r' =1+k_ p™ +1.p™*. So k; =k_, +1;p satisfies ged{k;, p} =ged{k, ,p}=1 and
1+ p)pi =1+ kl-piJrl . The induction is now complete.

Taking i=n—2 gives (1+ p)Pn_2 =l+k,_, p" ! = 1(mod p") and so the order of g, as an element of
the multiplicative group U (an) , is not a divisor of p">. Taking i=n—1 gives

1+ p)? S k., p"=1(mod p") showing that the order of g is a divisor of p"~'. Hence g has
order p"_1 . From (e) above the group homomorphism & :U (Zp,, )—>U(Z,) is surjective. By (3.17)
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U(Z,) is cyclic of order p—1 and so there is h'e U (an) such that (h)6) generates U(Z,). By

Exercises 2.1, Question 2(b) the order s of 4’ is divisible by p—1. So h=(h")" ?™" has order p—1.
As ged{p"™, p—1}=1 we conclude that gh has order " lp-1) =‘U(an)

using
Exercises 2.2, Question 4 (e) in multiplicative notation. Hence gh generates U (Zp,,) , 1.e.

U(Z ) =(gh).

Solution 3

(@) (@) | G | =105=3x5%7 and so U(Z,ys) =U(Z,)XU (Z5)xU (Z,) which is the direct product of

cyclic groups of orders 2,4,6 respectively by (3.17). By the Chinese remainder theorem
C,9C,0C,=C,0C,9C,0C,=C,9(C,@0C,®C,=C,0C,DC),

and so AutG =U(Z,ys) has invariant factor sequence (2,2,12).

(i1) | G | =100=2%x5% and so U(Z,y,)=U(Z,)xU(Z,s) which is the direct product of cyclic groups

or orders 2 and 20 respectively by (3.19). So AutG=U(Z,,,) has invariant factors 2, 20.

(i) | G | =98=2x7% and so U(Zy)=U(Z,)xU(Z,,) which is the direct product of cyclic groups of

orders 1 and 42 respectively by (3.19). So AutG =U(Zy) is cyclic with single invariant factor 42 .

(iv) | G | =96=2"%3 and so U (Zyy) =U(Z,,)xU(Z,) which is the direct product of cyclic groups of

orders 2,8,2 by (3.19). Hence AutG =U (Z,) has invariant factor sequence (2,2,8).

(b) Yes, H is an elementary abelian 2 —group being the subgroup of the abelian group AutG

consisting of elements having order 1 or 2. So |H | =2". By (3.19) and the theory preceding it,

AutG is the direct product of finite cyclic groups of even order. Each such cyclic group has a unique

element of order 2. Hence AutG is the direct product of [ finite cyclic groups of even order on

comparing the numbers of elements of order 2 in the direct product decomposition of Aut G . For the
same reason the invariant factor decomposition of AutG is made up of [/ cyclic groups of even order,

i.e. the invariant factors of AutG are / in number and they are all even.

(¢) By (3.19) we see AutG = U(Zp,,) is cyclic of order p" — p"™' = p"'(p—1) which is even. By
(2.2) the group AutG has a unique subgroup of order 2 and hence has a unique element of order 2.
Conversely suppose Aut G has a unique element of order 2. Then |H | =2 where H is the subgroup
of Aut G defined in (b) above. So Aut G is cyclic and non-trivial by (b) above, i.e. AutG has exactly
one invariant factor. Hence |G| =p" or |G| =2p" where p is prime since AutG is non-cyclic in all
other cases. For |G| =2" by (3.19) AutGis non-cyclic for n>3; as AutG is trivial for n=1, this
leaves n=2,i.e. G is cyclic of order 4. For |G | =p" or |G | =2p" where p is an odd prime, by
(3.17) and (3.19) AutG is cyclic of order p”_l( p—1). So the other finite cyclic groups such that
AutG has a unique element of order 2 are of order 4 or 2p" where p is an odd prime.

(d) Let |G|: 2" where n>3; then AutG has invariant factor sequence (2,2"2) by (3.19). Let

|G| =4p™ where p isan odd prime; then AutG has invariant factor sequence (2, p"'(p—1)) by
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(3.19). Let |G | =p/"p,? or |G | =2p," p,? where p, and p, are different odd primes; then by the
Chinese remainder theorem AutG has invariant factor sequence

(ged{p, =1, p, =1}, p""' p}* " lem{p, =1, p, ~1})
as AutG is the direct product of two cyclic groups of order @( pln' ) and ¢( pzn *) by (3.19).
(e) Suppose that G is a finite cyclic group with AutG being a non-trivial elementary abelian 2 — group.
Then all cyclic subgroups of AutG have order 2. Now p" — p”_1 =2, where p is an odd prime,
gives p=3,n=1. So (3.19) and the theory preceding it gives |G | =2"x3" where n, <3 and
n,<1. As AutG is non-trivial we see |G| >3 . Therefore |G | =3,4,6,8,12,24.
(f) As 21=3x7 , using (3.19) and the theory preceding it, Aut Z ,, has isomorphism type C, @ C; .
As 28 =2x7 we see similarly that Aut Z., has isomorphism type C, ® C,. As 36=2%x3" we see
Aut Z has isomorphism type C, ® C;. As 42=2%x3x7 we see Aut Z,, has isomorphism type
C,®C,®C,=C, ®C,. Hence these four automorphism groups are isomorphic.
Suppose Aut Z‘ G has isomorphism type C, @ C,, and let p" be a divisor of |G| where p is prime.

By (3.19) p"—p"isadivisorof |Aut Z, , |=2x12=24. So the possibilities are:

|G|
p=2 and n<4, p=3 and n<2, p=5 and n=1, p=7 and n=1, p=13 and n=1. By
inspection we see |G| =35, 39, 45,52, 56,70,78,90.

Solution 4

(a) The 9 subsequences of (2,4,4) are (1,1,1), (1,1,2), (1,1,4), (1,2,2), (1,2,4), (1,4,4), (2,2,2),
(2,2,4), (2,4,4). The 5 subsequences of (1,3,9) are (1,1,1), (1,1,3), (1,1,9), (1,3,3), (1,3,9). As
(2,12,36) =(2x1,4%x3,4%9) each subsequence of (2,12,36) corresponds to a pair of subsequences,
one of (2,4,4) and one of (1,3,9); for example (1,6,12) corresponds to the pair (1,2,4), (1,3,3) on
factorising each integer into a power of 2 multiplied by a power of 3. So there are 9X5=45
subsequences of (2,12,36) using the paragraph below. By (3.22) there are 45 different isomorphism

types among the subgroups of an abelian group of isomorphism type C, ® C, ® C; .

As ged{d,,d,} =1 each positive divisor of d,J, is uniquely expressible as d’d” where d” and &~ are
positive divisors of d; and J; respectively. In fact d’=ged{d’d’,d,} and & =gcd{d’d’,d,}. Further
d’8|d’8 & d’|d and d"|5” where d’,d” and 67,0” are positive divisors of d; and J;
respectively. Hence each subsequence of (d,6,,d,0,,...,d J;) is uniquely expressible as a ‘product’
(d/6],d50,,...,d;0,) where (d],d,,...,d;) and (J/,0,,...,0,) are subsequences of (d,,d,,...,d,) and
(6,,0,,...,0,) respectively. So the number of subsequences of (d,d,,d,0,,...,d J;) is the product of

the number of subsequences of (d,,d,,...,d,) and the number of subsequences of (J,,0,,...,0;).

As (6,60,600) = (2x3x1,2*x3x5,2* x3x5?) each subsequence of (6,60,600) is the ‘product’ of 3
subsequences, one of (2,22,2%), one of (3,3,3) and one of (1,5,5%). There are 14 subsequences of
(2,2%,2%), 4 subsequences of (3,3,3) and 5 subsequences of (1,5,5%). Hence (6,60,600) has
14x4x5=280 subsequences applying twice the conclusion of the above paragraph.
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(b) G of isomorphism type C, ® C,, ® Cy, (i) has a subgroup H of isomorphism type C,, as 14| 84,
(i1) has a subgroup H of isomorphism type C;@C, @ C,, =C, ®C,, as 3| 12 and 42| 84, (iii) has
no subgroup H of isomorphism type C; as 8 is not a divisor of the exponent 84 of G .

(¢) Suppose that H and G/H are isomorphic. Then |H|=|G/H|:|G|/|H| and so |H|2 :|G|=16
giving |H | =4. Hence H has isomorphism type either C, @ C, or C,. Now G has only one
subgroup of isomorphism type C, @ C, , namely H =((1,0),(0,4)) and G/H, is cyclic of order 4
being generated by the coset H, + (0,1). So we are lookmg for a cyclic subgroup H of order 4 such
that G/H is cyclic of order 4. Notice that H, = ((0,2)) is cyclic of order 4 but
G/H,=(H,+(1,0),H, +(0,1)) is of isomorphism type C, ®C,.

Consider H =((1,2))={(1,2),(0,4),(1,6),(0,0)} which is cyclic of order 4. Then

G/ H =(H +(0,1)) is also cyclic of order 4 and so H and G/H are isomorphic. In fact H is the

only subgroup of G with this property.
(d) By (3.20) and (3.22) the subgroups of G are of isomorphism type C,, C,, C,, Cy, C, ®C,,

C,®C,, C, ®C( (all with torsion-free rank 0), C,, C,®C,, C,®C,, ;@ C,, C,®C, ®C,,
C,®C,®C,, C,®C, ®C, (all with torsion-free rank 1).
The elements of G are triples (x,y,m) where x€ Z,, ye Zg,me Z. Let

H = ((1,0,0),(0,2,0),(0,0,12)). Then H, has isomorphism type C, ® C, ® C,, and

((1,0.0)) & €(0.1,0)) @ ((0.0.1) | : _
G/H, = (1.0.0)) <(0 2.0) ((6,6,12)> has isomorphism type C,®C, @ C,, =C, ®C,,.

Let H, =((0,1,0),(0,0,12)) which has isomorphism type C, ©C,. Then

((1,0,0)) & €(0.1,0)) o ((0.0.1)
G/H, = (0.0.0) ((6,T,0)> ®((0 0.12) has isomorphism type C, ®C, ®C,, =C, ®C,,.

Let H, =((0,4,0),(0,0,3)) which has isomorphism type C,®C,. Then

((1,0,0)) & ¢(0.1,0)) £ ¢0.0.)) | . . _
G/H, = (0.0.0) ((6,4_1,0» (0.0.3) has isomorphism type C, ®C, ®C, =C, ®C,,.

C,®C,,C,@C,,...,C, ®Cy, (25 isomorphism types) ,

C,eC,®C,,C,0C,@C,,...,.C,®C, ®C,, (12 isomorphism types),
C,®C,®C,,C,0C,9C;,C,0C,®C,,

C,®C,,C,®C,...,C, ®C,, (6 isomorphism types), Cy; ® Cy, giving 47 isomorphism types in all.

Solution 5

(@) As d;h; =0 wesee 0=(d;h,)ax=d;((h;)a) = d(Zal, )= Zda h.. As d;a, heH and

ll]] ll]]

H,,H,,...,H are independent subgroups of G we deduce diaz‘/‘h/‘ =0 for 1<i,j<s. As h; has
order d; we conclude d;a;; =0(modd;) forl<i, j<s.
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For i2 j we have d;q;; :dj(dl-/dj)aij =0(mod d;) for arbitrary integers @ ;, as (di/dj)e Z . For
i<j wehave (d;/d;)e Z and so d;a;;=0(modd;) = a;;=0(mod d;/d;) on dividing through
by d; ; conversely ¢;; =0(modd / d;) = d;a;;=0(mod d;) on multiplying through by d; .
Consider A=(qa,;) and B:(bij) in R;. Adding dial.j =0 (mod d]-) and dibij =0 (mod dj) gives
di(aij +bij) =0 (mod dj) which shows A+ Be€ R;. Also —A and the zero sXs matrix over Z

N
belong to R . Consider the (i,k)—entry c;, :Zal. ,.bjk in AB. Then
=l

dia; by =z;;d;by =z;;2,d, where z;;,2; € Z. So d;a;;b,, =0(modd,) for 1< j<s. Adding

these congruences gives d;c; =0(mod d, ) which shows ABe R,. So R, is a subring of I ((Z) .

Suppose also g =xh + x,h, +...+ x5hg forx, € Z . Then
O=g—g=0—x)h+(x,—xX)h+...+(x,—x; )hye HOH,D...®H,.

From the independence of H,H,,...,H we deduce (x; —x))h; =0 for 1<i<s. As h; has order d,

“a. . for

S
we see X; =x/(mod d;) , i.e. there are integers z; with x; —x =z,d; (1<i<s). Let y; = xja,;
i1

M S
1< j<s. Hence y; - y;. :Z(xi _xi’)al.j :ZZidiaij =0(mod d;) since dial.j =0 (mod dj) for
=1 =1

I<i,j<s as AeR;. So ijy;-(moddj) giving y;h =y;-hj for 1< j<s as h; hasorder d;.

J

N N
Therefore Z yih;= Z y;. h ; showing that G — G is unambiguously defined.
7= 7=
S
Consider g"=x{hy +x7h, +...+x{h € G where x/€ Z. Write y] =" x/a;; and so
i=1

S
(g')a'=z;y;hj. Now
J:
S
g+8 =(x + X))y + (X, + X)hy +...4 (x + x)hg and y; + 7 =D (x5, +x))a;; for 1< j<s.

=1
Therefore

S M M
(g+8Na=Y (y;+yDh; =Y yh;+ > Vih=(g)a+(ga
7= 7= 7=
showing that & = (A)¢ is an endomorphism of G .

M
Consider A= (aij),B = (bij)e R,. Write y;’: Z}xibij and f=(B)@. Then forall g€ G we have

(O(Ap+ B =(g) @+ B)=(a+()B=Dy;h+ D yih; =3 (v; + YDh; = () A+ B)p
Jj=1 j=1 J=1
since yj+y;”:xi(aij+bij) and al.j+bij isthe (i, j)—entryin A+ B ,ie. (A)p+(B)p=(A+B)@p.

M
Write ¢;, = zaijbjk which is the (i,k) —entry in AB. Then
=

(O(APB)P) = () aB) =)= y;h)B= 7 h = (g)AB)p
7=l k=1
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N

S M M
where z; :Zyjbjk = Z(inal-j)yjbjk :le-cl.k and so (A)@(B)p=(AB)@ . Also x; =y, for
= ‘ =

j=1 i=1
1<i<s inthe case A=1 giving ()@ =1, the identity mapping of G, showing that ¢ maps the

I—element of R; to the 1—element of End G. Therefore ¢@: R, — End G is a ring homomorphism.

S
Each e End G gives rise to A=(al-j)e R where (hi)OJ:Zaijhj for 1<i<s. But
=

N
(hi)(A)¢:Z;aijhj as (X, X,,...,X;) =¢; gives g =h; and y; =q,; for 1<i,j<s. So a=(A)p
j:

showing im@=End G .
Consider C:(cij)e R where ¢;; =0 (mod dj) for 1<i, j<s. Then cijhj =0 and so (7,)(C)p=0

for 1<i<s. Therefore (C)@=0,ie. Cekerg. Conversely suppose Ce€ kere. Then (C)@ =0 and
N

so (h;)(C)¢=0 for 1<i<s. Therefore Zcijhj =0 and so cl.jhj =0 for 1<i<s,ie.
=

Gij =0 (mod dj) for 1<i, j<s. We’ve shown ker(p:{C:(cl-j):cij =0 (mod dj}. By the first
isomorphism theorem for rings (Exercises 2.3, Question 3(b)) R, / kero =End G.
Consider a typical element B+kerg of R / kerg;so B= (b, j)e R, . By the division law for integers
there are integers ¢;; with b,; =¢;;d; +a;; where 0<q,; <d; for 1<i,j<s. As C=—(g;;) € kerp
we see A=(a;;)€ B+kerg. Suppose also A':(ai'j)e B+kerp where OSai'j <d; for 1<i, j<s.
Then A—A’e ker¢ showing dj‘(al.j —a;;);s0 a;;=a;; for 1<i, j<s andso A=A’ showing that
each element of B+ker of R / ker @ contains a unique ‘reduced’ matrix A. For i < j the possible
a;; are d; in number namely O,dj/di,Z(dj/dl-),...,(di —1)(dj/dl-) as a;; =0 (mod dj/di). For
i>jalld ; integers a;; with 0<gq i< d ; are possible. The number of possibilities for the
(i, j) —entry in a reduced matrix is therefore as shown in the symmetric matrix:

d d dy - d

d d, d, - d,

d d, dy - d;

dy dy dy - d
The number of d; in this matrix is 2s —2i+1 for 1 <i<s. The number of reduced matrices is the

s .
product of the entries in the above matrix, i.e. | EndG | = I_Iafizs_m+1 as the number of endomorphisms
i=1

of G equals the number of reduced matrices. (The invariant factors of End G are discussed in
Question 6(d) below.)
(b) In the case i, = j, we take k =1. So suppose i, # j,. Denote the (multiplicative) order of 77 by n.

Then n>1 and ()" =i forall i€ S. As 7' =77 the positive integer k =n—1 satisfies
(io)ﬂ'k = J,- Also ne K and so K is anon-zero ideal of Z . By (1.15) there is a positive integer /,
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with K =(l,). Therefore [, is the smallest positive integer with (i, )71'10 =1, and so
io,(io)ir,(io)irz,...,(1'0)7510_1 are distinct. Let k be the remainder on dividing n—1 by [,. Then

(1 ik = (1 'l = Jo and as 0 <k <[, we see that k is the smallest positive integer with (i, ik = Jo

k—1

and io,(io)ir,(io)ifz,...,(i0)7£ are distinct.

As A€ R taking i =i, j = (i))7r we obtain dio a, =0 (mod d

=zd

) and so there is an integer z,

o (i) (i)

with dio & (i) (i7" In the same way there is an integer z,, with

d(i amA A ety pm = T d(io)”m on taking i = (iy)z"™", j=(i,)z™ for 1<m<k . Substituting
0 0 0

successively we obtain dio @ (i1 T Gmt 'a(io)zzk‘l i

=22, -zk_ldjo and so diotﬂ has factor
djo . As Ajo i isa sum of (s—1)! terms *7, we conclude dioAJoio =0 (mod djo) for 1<iy, j,<s
showing Ae R; = adjAe R;.

(¢) Suppose &= (A)@ is an automorphism of G . Then &' is also an automorphism of G . By (a)
above there is an sXs matrix B in R with o= (B)p. So AB=1 (mod ker @) . All the entries in
the matrices of ker¢ are divisible by p and so AB=1 (mod p). Taking determinants gives

|A| =0 (modp).

Conversely suppose |A | Z (0 (mod p). Then gcd{| Al, pt’ } =1 and so there are integers b,b” with

b| A | +b'pt’= 1. On multiplying A(adjA)=1=(adjA)A by b we see that the sXs matrix

B=badjA over Z satisfies AB=1 (modpt’) and BA=1 (mod pt’) . Now Z=0 (modpt’) implies
Zekerg forall Ze M (Z). So AB=1 (mod ker¢) and BA=1 (mod ker¢). By (b) above adj A
and hence B belong to the ring R, of (a) above. Let f=(B)¢. Then af =1 and Sar=1 showing that
B=a’. So ae AutG.

Consider the entry a; ; in M, j where i< j. As A€ R, we see pti ap =0 (mod pt-’) which gives

a,;=0(mod p) as 1, <t;. So M;; =0(mod p) for i< j. Hence

My | 0 10l 10
My | My 10 0

A=) L gl L modp)
M., EMZ—IZ i iMl—ll—l i 0
My P My e My (M,

and so |A|E|M“||M22|---‘M”‘(modp). Hence |A|,Z‘0(modp) if and only if ‘Ml-i‘;‘éO(modp)
for 1<i<l,ie.
a=(A)pe AutG & |M,,|=0(modp) for 1<i<I.

The number of choices for each entry in M, j (i# j),sothat @=(A)pe AutG remains as in (a) above,

are p' (i< ) and p” (i> j). The number of integer solutions x with 0<x < p'i of
p J p J g p



71

.l . .
x=a (mod p)is pt’ . Therefore the number of choices for the m; Xm; matrix M; so that

. m?

(p') " ,aseach M;; corresponds to a matrix X

1

a=(A)pe AutG is ‘GLmi(Zp)‘x(pti_l)ml‘z =r
in GLm,- (Z ) and each of the ml-zentries a in X contains pt"_l integers x in the range 0< x < pti

2
where 1<i</. As the number of choices for M;; so that & =(A)pe EndG is (p'H" for1<i<l,

we conclude | AutG | =TTy T, | EndG| .
(d) Using the above partition into submatrices M; j of the reduced matrix A, there are pti choices for

. . . ti—t; I
each of the m;m; entries in Ml-j for i < j, namely any integer a=2zp’ ' where 0<z< p' as

p'ia=0(mod ptj) and 0<a< ptf since A€ R; and A is reduced.. So the number of possible

. L mm; .o 7 . L
matrices M, jfori<jis p' '/ . Forizj thereare p’ choices for each of the m;m; entries in

M, i namely any integer z with 0<z< p"’. So the number of possible matrices M j fori=j is

J"™i™} " The total number of reduced matrices A€ R ¢ 1s p to the power of the sum of entries in the

[X] symmetric matrix

; L | | |
Ly LI n e L,
—T T l_____z__'f _______ FTTT - -
Lm,m : t,m, : t,m,m, : .- : tzmzml
P g R o oo Pt
Lmsmy | Lmsm, | Lmgo e BIgm,
——— . A Ll —

N | N | N || .

| . | | | .
P e gl Bt R

The number of terms involving ¢,m; is m; +2(m,,, +m; , +...+m;). Therefore | EndG | = p¢ where
!
e=2timi(mi +2(m;, +m,+...+m))).
i=1
(e) Here d, =3,d, =9,d; =9 . The endomorphism condition d;q,; =0 (mod d) is automatically
satisfied for i > j as dj| d;. As 3x3=0(mod9) we see d,a,, =0(mod d,). Also 3x6=0(mod9)
gives d,a,; =0 (mod d;) and 9x4=0(mod9) gives d,a,,=0(mod d;) accounting for all cases
with i< j. So A satisfies the endomorphism condition.

The entries a;, incol 1 of A satisfy 0<a, <3, the entries qg;, incol 2 of A satisfy 0<q;, <9 and

]

the entries a,, in col 3 of A satisfy 0<q;; <9 ; therefore A is reduced.

31 -9 -30
Now adjA=|-5 10 -2 |and |A|=53=-1(mod9). So (-adjA)A=1I (mod9). Now
1 =2 11

3
—adjA = B (mod ker ¢) where B = 2 | isreduced. Then AB =1 (mod ker ¢).
7

[\CTRN O I \S ]
N 00 O
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1 6 0 1 00
A*’=|0 2 O0|(modkerp) and A*={0 4 O |(modkerg). Now 4*> =1(mod 9) and so
1 3 2 0 0 4

A =T (modkerg). As A® =1 (modker@) and A® = I (mod ker ¢) we conclude that ¢ has
multiplicative order 12.
Yes, @' =(B)@ as AB=1 (mod ker ¢).
(f) (i) Here d, =4,d, =8,d, =8, s=3. By the analogue of Frobenius’ theorem in (a) above
| EndG | =4°x8*x8=2%. Alternatively using the formula of (d) above with
p=21,=2,1,=3, m=1, my=2, [ =2 we obtain | EndG |=2"""? =22 We have
n :\ GL,(Z,) \/2: (2-1)/2=1/2 and 1, :\ GL,(Z,) \/24 =(22-2)(2>-1)/2* =3/8. Using (c)
above | AutG|=rr,| End G |=(1/2)(3/8)2%* =3x2'%.
(i) In this case d, =3,d, =3,d, =9, s=3. By the analogue of Frobenius’ theorem
| End G | =37%3?x9=3"". Alternatively using the formula of (d) above with
p=3.1,=11,=2, m=2 m,=1, =2 we obtain |[EndG |=3%*?* =3'". We have
r,=|GL,(Zy)|/37 =(3* - 1)(3* ~3)/3> =16/3 and 1, =| GL,(Z,)|/3=(3-1)/3=2/3. Using (c)
above | AutG |=r,1;| End G |=(16/3)(2/3)3"" =2° x3".
(iii) The 2—component and 3 —component of a group G of isomorphism type C,, ® C,, ® C,, have
isomorphism types C, ® C; @ C; (as in (i) above) and C; @ C; ® C, (as in (ii) above) respectively.
As End G is the direct sum of the endomorphism rings of the prime components of G we see
| End G | =2%2x3'" Alternatively the analogue of Frobenius’ theorem gives
| End G | =12°x243x72=2%x3" directly. As AutG is the direct product of the automorphism
groups of the prime components of G we obtain | AutG | =(3x2"¥)x(2°x3%)=2%x3?.
(g) Both A and B are invertible over Z and belong to the ring R;. So (A)@ and (B)@ are in
Aut G. Also

AB:EI O](l d2/d1]:(1 d,/d, ] and BA:(1+(d2/dl) d2/d1]‘

1 1){0 1 1 (d,/d)+1 1 1

As (d,/d))+1=1(modd,) wesee AB = BA (mod ker ) on comparing (2,2)—entries. So (A)¢p

and (B)@ do not commute and Aut G is non-abelian.
Suppose d; =0. Then G is free of rank 2 and Aut G = GL,(Z), the group of invertible 2X2 matrices

1 0 1 0 1 O
over Z . This group is non-abelian as C = EO 1] satisfies AC = [1 J ;t[ ] J =CA. So
d, #0 and therefore d, 22, as 1 is never an invariant factor. In this case RG consists of matrices
a, 0
as d,a,,=0(mod0) & da,,=0 < a,=0. Also Aut G abelian implies (A)¢ and
ay Ay

(C) commute and so AC = CA (mod ker ¢) where
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K diaj, 0 7
erp= dal, 0 2a,,,a,,€ L.

So 1=-1(mod d,) showing d1| 2 on comparing (2,1) —entries. Therefore d, =2. In this case AutG

is abelian as G has just 4 automorphisms, namely those corresponding to
Solution 6

I 0y(1 O0)Y)(1 O)(1L O
0 1)l0 =11 1)1 -1)
(a) For g,,8,€ G we have

(81+ 8@+ B)=(8,+8,)a+ (g, + 8) B =(g)a+(8,)a+(8) f+(8,) =
=(g)a+(g)f+(g)a+(g,)B=(g)a+p)+(g,)a+p)
showing that @+ f:G — G’ is a group homomorphism.
We verify the axioms for an additive abelian group in the case of (Hom(G,G"),+). Consider
a, B,y Hom(G,G"). Then for g€ G we have

@@+ B+ =)Na+p)+(g)y=(8)a+(g)L+(Qr=(Qa+NB+y) =) a+(L+7)
showing (a+ )+ y=a+(B+¥). The zero mapping 0:G — G’, given by (g)0=0 (the zero
element of G") forall ge G, belongs to Hom (G,G”) and satisfies 0+a =« for all e Hom (G,G").
For each &€ Hom(G,G") the mapping —a:G — G, given by (g)(—a)=—g forall g€ G, belongs
to Hom(G,G") and satisfies —&+a=0. Also a+ =+« forall &, f€ Hom(G,G"). Therefore
(Hom (G,G"),+) is an additive abelian group.

(b) Let 7, : G, = G, @ G, be defined by (g,)1, =(g,,0) forall g,€ G,. Alsolet 1,:G, = G, ®G, be
defined by (g,)1, =(0,g,) forall g,€ G,. Then 7, and i, are injective group homomorphisms. For
ae Hom(G, @ G,,G") write ()0 =(1,,1,&) . As 1,00€ Hom(G,,G’) for i=1,2, we see
6:Hom (G, ©G,,G") - Hom(G,,G") ®Hom(G,,G’) . Consider &, f€ Hom(G, @ G,,G’). As
(g, (a+ B)=(g)Hra+(g),p forall g€ G, wesee 1,(+ fB)=1,00+1,f for i=1,2. Hence
(a+p)o0=0,(a+p).,(a+p)=c+,b,1,a+1,0)=1,a,1,0)+1,5,1,)= ()6 +(5)0
showing that @ is additive. Suppose ()0 =(1,&,1,&)=0. Then {,a=0 and 7,a=0. As
(8,80 =((8,0)+(0,g,))a=((g), +(g,)1,)a=(g )+ (g,),x=(g)0+(g,)0=0
we see =0 and so ker@=0. Consider &, Hom(Gi,G') for i=1,2. We define &:G, @G, -G
by (g,.8,)=(8)&, +(g,)a, forall (g,,8,)€ G, ®G,. Then « is additive as
((81:82)+(81:82)0= (8, + 8/-8, + 8)= (8, + 8% +(8, + 83), =
(80 + (gD +(8,) +(8,)a, = (8% +(8,), + ()0 +(8,), = (8,8, +(g/. 8,)
forall g;,g/€ G, for i=1,2 on commuting the elements (g;)¢; and (g,)a, of the abelian group G”.
So ae Hom (G, ®G,,G’). As (g),a=(g,,00a=(g), +(0), =(g)a, +0=(g,), for all
g, € G, we see [, =0, and in the same way 1,0/ =, . Therefore ()0 =(¢,,,) which shows
imé# =Hom (G,,G") ® Hom(G,,G") . The conclusion is: @ is a group isomorphism, i..
6:Hom (G, ®G,,G") =Hom(G,,G") @ Hom(G,,G").
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Let 7, : G/ ® G, —> G/ and 7, : G/ ® G, — G, be the projections defined by (g, g5)7, = g, and
(g1,85)m, =g, forall (g/,g,)€ G;®G,. Then «, and 7, are surjective group homomorphisms. For
o€ Hom(G,G, ® G)) write (@)@ =(ar,,0r,). As ar,€ Hom(G,G)) for i=1,2 we see
¢:Hom(G,G, @ G;) - Hom(G,G)) ® Hom(G,G,). Consider &, € Hom(G,G, @ G)). As
(e)a+pm =((g)a+(g)p)m; =(g)am; +(g)fr; forall ge G we see (a+ f)7; =an; + Pr; for
i=1,2. Hence
(a+ Pro=(a+ pr.(a+ pPr,) =(ar, + pr,,ar, + pr,) =(ax,,ar,) +(fr,, fr,) =(@)p+ (L)@
showing that ¢ is additive. Suppose (@)@ = (arx,,arx,)=0,ie. ax, =0 and o, =0. Write
(g)x=(g/,g,) where g€ G. Then g, =(g)ar; =(g)0=0 for i=1,2. So (g)ar=(0,0) for all
g€ G showing a=0. Therefore kerp=0. Consider &; € Hom(G,G;) for i=1,2. We define
a:G—>G @G, by (g)a=((g)a,,(g)x,) forall ge G. Then « is additive as
(g+8ha=((g+g),(g+8)a) =) +(g)a,(8)a, +(g)a,) =
(), (8)ay) + (8. (g)e,) =(g)a+ (g
for g,g’€ G. So ¢e Hom(G,G/®G,). As (g)ar; =(g)q; forall ge G we see an; =, for
i=1,2. Therefore im@=Hom(G,G))® Hom(G,G,). So ¢ is a group isomorphism, i.e.
¢:Hom(G,G, @ G;) =Hom(G,G,) ® Hom(G,G,) .
(c) Write d =gcd{m,n}. Then n/_de Z,, has order ideal (d) ={re Z: rW) =0}. As 1€ Z,, has
order ideal {m) and d | m by Exercises 2.1, Question 4(b) there is a unique &, € Hom(Z,,,Z,) with
A =n/d . Also each e Hom(Z,,,7Z,) is of the form o= re, for 1<r<d. So Hom(Z,,,Z,)
is cyclic of isomorphism type C, being generated by ¢, .

m»

Let &, :Z — Z/{n) =Z,, denote the natural mapping. Then &, € Hom(Z,Z,) has additive order 7.
Also Hom(Z,Z,,) has isomorphism type C, and generator ¢, .
Consider ¢€ Hom(Z,,,Z). Then m(Da=(m)a=(0)a=0. As Z has no divisors of zero we see
()ax=0 and so @=0. Therefore Hom (Z,,,Z) is trivial, i.e. cyclic of isomorphism type C.
The identity mapping ¢ of Z generates Hom (Z,7Z) by (3.15) with t=1. So Hom(Z,Z) has
isomorphism type C,,.
By (3.4) the f.g. abelian group G decomposes as an internal direct sum G=H,® H, ®...® H where
H, is a cyclic subgroup of G for 1<i<s. Inthe same way G'=H/® H, ®...® H_ where H’ isa
cyclic subgroup of G” for 1< j<s". By (b) above and induction

Hom(G,G") =) @Hom (H,,H)

i,j

where the direct summation has ss” terms Hom (H,, H ;.) each being cyclic by the preceding part for
1<i<s, 1<i’<s’. Therefore Hom(G,G’) is generated by ss” of its elements, one for each cyclic
group Hom (H;, H ;-) . So Hom(G,G’) is finitely generated.
(d) By (3.4) the finite abelian group G decomposes G=H, @ H, ®...® H where H, is a cyclic
subgroup of G with H, dei for 1<i<s. Inthe same way G'=H,®H, ®...® H,, where H; isa

cyclic subgroup of G with H; =Z, for 1< j<s". By (c) above Hom(Hi,H;-)Echd{dA &y and
j o
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Hom(G,G')EZ@Hom(Hi,H;)zZ(—DZng{dhd}}
L] L,J
which expresses Hom (G,G”) as a direct sum of finite cyclic groups. As gcd{d i,d;- 1= gcd{d},d i} we
see Hom(Hl-,H}) = Hom(H;.,Hi) for 1I<i<s and 1< j<s". Soyes Hom(G,G") and
Hom (G’,G), where G and G’ are finite abelian groups, are isomorphic as
Hom(G,G')sZ@Hom(Hi,H})z;@ded{di’d}} =

LJ
,-Zj@ZgC atds.d;) zjzl;@Hom(H},Hi)zHom(G',G).

As gcd{di,dj }=d; = gcd{dj,di} for 1<i< j<s the invariant factors of EndG =Hom (G,G) are
the entries in the §Xs matrix
dl d1 d1 "' dl
1 dz dz "' d2
d1 dz d3 T ds

QU

dy dy dy - d;
which we used in the solution of Question 5(a) above. Therefore End G has 2(s —i)+1 invariant
factors d; for i=12,...,s.
The table having (i, j) —entry gcd{di,d}} is:

ged |3 3 6 24
2 111 2 2
6 |33 6 6
12 |3 3 6 12

in this case. So Hom(G,G”) has isomorphism type
COCOC,0C,C,0C,0C,9C,®C,®C,DC,@C, =
C,OC,OC,®C,@C,OC,DC,DC,,
on using C, @ C, = C, twice and rearranging. Therefore (3,3,6,6,6,6,6,12) is the invariant factor
sequence of Hom (G,G").
As G ® G’ has isomorphism type
C,OCDC,0C,0C,0C,DC,=C,0C,OC,OC,DC,DC,,
the table as above in the case of Hom (G,G @ G’) is
ged|[3 6 6 6 12 24
2 /122 2 2 2
6 |36 6 6 6 6
12 |3 6 6 6 12 12
and so Hom (G,G @ G’) has invariant factor sequence (2,2,2,6,6,6,6,6,6,6,6,6,6,12,12) .
The gcd table in the case of Hom (G’,G ® G") = Hom (G & G',G’) is




ged |3 6 6 6 12 24
313333 3 3
313333 3 3
6 |36 66 6 6

2413 6 6 6 12 24

and so Hom (G @ G’,G”) has invariant factor sequence
(3,3,3,3,3,3,3,3,3,3,3,3,3,3,6,6,6,6,6,6,6,6,12,24) . In the case of End G the gcd table is

and so (2,2,2,2,2,6,6,6,12) is its invariant factor sequence.
(e) As T(G) is finite and M (G’) is free we see Hom (T'(G),M (G")) =0 using (b) above, (3.4) and
Hom(Z,,,Z)=0 from (c) above. Also from (c) above we know Hom(Z,Z,,) = Z,, and so
Hom(M (G),T(G)=T(G)®T(G)®...®@T(G") the direct sum of r =rank M (G) copies of
T(G"). By (b) above we have

Hom (G,G")=Hom(T(G)® M (G),T(GD®M(G')) =

Hom(T'(G),T(G")) ® Hom(M (G),T(G")) ® Hom (M (G),M (G")).
the first two summands (terms) in the preceding decomposition are finite and the third is free, i.e.
Hom (7T(G),T(G")) ® Hom(M (G),T(G")) is isomorphic to the torsion subgroup of Hom (G,G”") and
Hom (M (G),M (G’)) is free of rank rr’ using Hom(Z,Z) = Z , (b) above and induction. So
Hom (G,G’) has torsion-free rank rr’. Taking G'=G we see

EndT(G)DT(G)DPT(G)®...@T(G)

where there are r summands 7(G), is isomorphic to the torsion subgroup of EndG and r* is the
torsion-free rank of End G .
As T(G) and T(G’) have invariant factor sequences (2,4) and (2,2,4,4) respectively we construct the

table
ged |2 2 4 4

2 12 2 2 2

4 |2 2 4 4
from which we see that Hom (7'(G),T(G”)) has invariant factor sequence (2,2,2,2,2,2,4,4).
Therefore Hom (G,G’) has invariant factor sequence (2,2,2,2,2,2,2,2,4,4,4,4,0,0) as
Hom(T(G),T(G))®T(G") is isomorphic to T(Hom (G,G")) and 2 is the torsion-free rank of
Hom (G,G").
Interchanging G and G” we see T(Hom(G’,G)) = Hom(T(G"),T(G))®T(G)®T(G) has invariant
factor sequence (2,2,2,2,2,2,2,2,4,4,4,4). Therefore Hom(G’,G) and Hom (G,G’) have the same
invariant factor sequence and so are isomorphic in this case.
As EndT(G) has isomorphism type C, ® C, @ C, ® C, we see End G has invariant factor sequence

(2,2,2,2,4,4,0). As EndT(G’) has invariant factors (2,2,2,2,2,2,2,2,2,2,2,2,4,4,4,4) we see
End G’ has invariant factors (2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,4,4,4,4,4,4,4,4,0,0,0,0) .
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Solutions (page 163)

Solution 1
x-3 -1 -1 = -1 0 -1 =
x[-A=| 8 x+3 4 |¢+(x-3)c, [x+3 x*-1 4 -
-4 -2 x-3) ¢ =2 2x+2 x-3)c;+q
1 0 0 = 1 0 0 =
—x=3 x*=1 —x+1|n+&+3)r |0 x*-1 —x+1|c,+(x+1)q
2 -2x+2 x-1 r,—2n 0 —2x+2 x-1 C, ¢
1 0 0 = 1 0 0
0 —x+1 0 -, |0 x-1 0 =D(x).
0 x-1 (x-1°)r+rn (0 0 (x-1)°
110 0
Therefore the ref of A is C(x—1) @ C((x—1)?) = (_)-:r_(_)"_ =C
0;-1 2
Applying the eros in the above sequence to the 3x3 identity matrix I gives
1 00 = I 00 = 1 00
I=10 1 O|rn+(x+3)r, |x+3 1 0| n+r, |x+3 1 0|=P(x).
0 01 r,—2r -2 01 x+1 1 1
Applying the conjugates of the ecos in the above sequence to the 3X3 identity matrix [ gives
1 00 = -=x+3 1 0) = (x-3 -1 -1 =
I={0 1 0| r—-(x=3) 1 0 0| —n 1 0 O |r—(x+Dr
0 01 KT, 0 0 1)rn+rn O 0 1 r &>
x=-3 -1 -1} = (x-3 -1 -1
-x-1 0 1 |- |x+] O -1[=0(x).
1 0 O 1 0 O

Then P(x) and Q(x) are invertible over Q[x] and satisfy P(x)(xI — A) = D(x)Q(x). Note that P(x)
and Q(x) are not unique — the chances are that you will have found a valid but different pair P(x),Q(x)
having reduced x/ — A to D(x) using a different sequence of elementary operations.

Now (p,(x)8, =((x—3)e, —e, —e;)8, =¢,A—(3,1,1) =0 which has order 1 in M (A). Write

v =(p,(x)0, =(x+1,0,-1)8, =(xe)0, + (e, —e;)0, = A+e —e;=(3,1,1)+(1,0,—-1) = (4,1,0).
Then v, has order x—1 in M (A) as v, #0 but (x—1)v, =(4,1,0)(A—-1)=(0,0,0) . Write

v, =(p;(x)8, =(1,0,0). As v, =(1,0,0) and xv, =(3,1,1) are linearly independent and

x*v, =xv,A=(3,1,1)A=(5,2,2) we see x*v, =2xv, —V,,ie. (x—1)*v,=0. So v, has order (x—1)’

in M(A). The matrix

14 410
X=lv,|=|1 00
aw,) (3 1 1
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satisfies det X =—1#0 and XA=CX . Hence X is invertible over Q and XAX '=C.
Replace xv, in X by (x—1)v, which has order x—1 in M (A). Let

—_
e}
=)

e}
e}
—

is the Jnfof A. So X, is invertible over Q and X,AX;'=J isinJnf. Rows 1 and 3 of X, i..

(4,1,0) and (2,1,1), are linearly independent eigenvectors of A with eigenvalue 1 .

Solution 2
x=2 2 -1 = 1 2 x=2 = 1 0 0
x[-A=| -2 x+3 -2 |nern 20 x+3 2 ¢, —2¢ 2 x—1 —2x+2
-1 2 x-2) —¢ (2-x 2 -1 Jey—(x=2)c;\2—x 2x-2 (x=3)(x-1)
= 1 0 0 = 1 0 0
n=2n |0 x-1 2-2x  |c3+2¢,|0 x-1 0 =D(x).

+(x-2)n\0 2x-2 (x-3)x-1))r,-2r,10 0 (x+D(x-1)
Applying the eros in the above sequence to [ :
1 00y = (00 1 = 0 O 1
I=|0 1 Olhenl0 1 2i5+(x-2)10 1 =2 |=P(x).
00 1)rn,-2r{1 0 O rp=2r, (I -2 x+2
Applying the conjugates of the ecos in the above sequence to [ :
1 00y = (-1 20 = -1 2 x-2 P, (x)
I=10 1 0 -, |0 1 O|rn+(x=2),] O 1 =2 |=|p,(x)|=0(x).
0 0 1)h+2r,b( (0 0 1) r—2r 0 0 1 P5(x)
Then P(x) and Q(x) are invertible over Q[x] as det P(x)=detQ(x)=—1 and satisfy
P(x)(xI — A)=D(x)Q(x). The rcfof A is

110 0
Cx-D@®C((x+D(x—)=[010 1|=C.
0i1 0

Evaluating the rows of Q(x) in M (A): (p,(x)8, =(-1,2,x-2)8, =(-1,2,-2)+(0,0,)A=(0,0,0)
which has order 1 in M (A). Also v, =(p,(x))8, =(0,1,-2)8, =(0,1,-2) has order x—1 in M(A) as
v, #0 and xv, =vA=(0,1,-2)=v,,ie. (x—1)v, =0. Also v, =(p5(x))8, =(0,0,1) has order x? -1
in M(A) as v, =(0,0,1), xv, =(1,-2,2) are linearly independent and x2v2 =(L-2,2)A=(0,0,1)=v,,
ie. (x*— D)v, =0. We conclude that the order of (,0,(x))@, in M(A) is the (i,i)—entry in D(x) for
i=1,2,3. The matrix



xv, I -2 2
has det X =1 and satisfies XA=CX . Hence X is invertible over Q and XAX ™' =C.
As v, has order x? =1=(x+1)(x—1) in M(A), we see that (x+ v, and (x—1)v, have orders x—1
and x+1 in M (A) respectively. So

(x—=1v, I -2 1
has det X, =2 and satisfies X,A=diag(l,1,-1)X,,ie. X,AX;" is diagonal.

Solution 3
x=3 2 2 = 1 1 —x) = 1 0 0
xI-A= 2 x Blhern 2 x 3lc—¢| 2 x-2 2x-3
-1 =1 x) - \x=3 2 2 )c;+xc|\x=3 1-x x*-3x+2
= 1 0 0 = (1 O 0 =
n=2r |0 x-2 2x-3 |n+r/0 1 —xX*+x+1 |r,+(x—Dr,
rp—(x=-3)r0 1-x x*=3x+2 - (0 1-x (x-D(x-2) —r,
1 0 0 1 0 0
2 = _
8 (1) )(Cxtf)jl e+ (x> —x—1), 8 (1) (xf)l)3 -
The rcf of A is
0O 1 O
C(x-DH=l0 0 1
1 -3 3

as (x=1°=x*-3x>+3x—1.
Applying the eros in the above sequence to [ :
1 00y = (00 -1 = 00 -1 = (0 0 -1
I=10 1 OO0 1 O n=2n |01 2 |n+r|-1 -1 1-x
0o01) - {1 0 O0)b=(x=-3)n{1l 0 x-3)-rb{1 0 x-3

= 0 0 -1
r,+((x-Dr| -1 -1 1-x = P(x).
—r, x=2 x-1 x*-3x+4
Applying the conjugates of the ecos in the above sequence to [ :
1 0 0) = 1 1 —x _ 11 —X P, (x)
I=/0 1 0|r+r|0 1 0 N 0 1 —x*>+x+1|=|p,(x) |=00).

2
— (P —x-1
00 1)r-xnl0 0 1)2 @75y

Then P(x) and Q(x) are invertible over Q[x] and satisfy

1 ps(x)
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P(x)(xI —A)=D(x)Q(x) .
As (p(x)0, =(1,1,—0)8, =((1,1,0) - x(0,0,1))8, = (1,1,0)—(0,0,1)A=(0,0,0) we see that
(p,(x))8 ', has order 1, the (1,1) —entry in D(x). In the same way
(p,)8, =(0,1, —x* +x+1)=((0,1,1) — x*(0,0,1) + x(0,0, )8, =(0,1,1)-(0,0, DA*+(0,0,)A=
O,LH)-1,L0)A+(1,1,0)=(1,2,D)—(1,2,1)=(0,0,0)
and so (p,(x))8, being zero has order 1, the (2,2) —entry in D(x). Let v, =(0;(x))8, =(0,0,1).

v 0 01
Then xv, =(0,0,1)A=(1,1,0) and x*v, =(1,1,0)A=(1,2,1). Now | xv, |=|1 1 0|=1#0 showing
v (121

that v, xv,,x*v, are linearly independent and so the order of v, in M (A) is of degree at least 3. But
363\/1 = x(xzvl) =(L,2,1)A=(0,3,4)=(0,0,1)-3(1,1,0) +3(1,2,1) =v, = 3xv, + 3)62\/1
showing (x’ —=3x” +3x—1)v, =0, 1i.e. (x—1)’v,=0. So the order of v, in M (A) is (x—1)’, as expected,
which is the (3,3) —entry in M (A). The matrix
v 0 01
X=xvy|=1 10
x2v1 1 21
is invertible over Q and satisfies XA=CX . So XAX ' =C. The module M (A) is cyclic with
generator v, of order (x— 1)*. There are exactly four submodules of M (A) namely
M(A)=(v), ((x=Dv,), ((x=D%v), ((x=1)’v;) ={(0,0,0)}
corresponding to the four monic divisors of (x—1)°>. As (x— Dv, =(1,1,-1) has order (x— 1)? in
M (A), we see that (x—1)v, is not an eigenvector of A. But ()c—l)zv1 =(—1,0,2) is an eigenvector of

A asits orderin M (A) is x—1 which has degree 1. In fact all eigenvectors of A are proportional to

(-1,0,2).
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Solutions 4.1 (page 180)

Solution 1
(a) (i) First rl(x):xrz(x)+x2 —x+1 giving qz(x)zx,r3(x)=x2 —x+1. Next r,(x)=(x+1Dry(x)
giving g;(x)=x+1,7,(x)=0(x). So k=3,c=1 and d(x)=r;(x). Also

T=T2T3=[x lj(xﬂ lj:[x2+x+1 x}.
1 o)l 1 O x+1 1
Col 1 of T gives 1,(x)=(x*+x+1)d(x),r,(x)=(x+Dd(x),ie r/(x)=x>+x+1,r(x)=x+1.
Col 2 of T gives a,(x)=1,a,(x)=—x.
(it) First rl(x):(x+1)r2(x)—2x2+2 giving q,(x)=x+1, 1’3()6):—2)62 +2. Next
1 (x)=(=x/2)r,(x)+ x—1 giving g;(x)=—x/2,r,(x)=x—1. Finally r,(x) =—2(x+1)r,(x) giving
q,(x)==2(x+1),r(x)=0(x). So k=4,c=1 and d(x)=r,(x). In this case

=TT, :[x+1 1][—x/2 1][—2(x+1) 1j=[x3+2x2—1 —x2/2—x/2+1].

I o)l 1 O 1 0 x*+x+1 —x/2
From col 1 of T we obtain r(x) =x° +2x* —1,1*2'(x):x2 +x+1. From col 2 of T we obtain
a,(x)=x/2,a,(x)=—(x*/2)—(x/2)+1.
(@ii) First r,(x) =(x+1Dr,(x)+x+2 showing q,(x)=x+1,r(x)=x+2. Next
1 (x) =(x—2)r,(x)+3 showing g,(x)=x—-2,r,(x)=3. Lastly r,(x)=((x+2)/3)r,(x) showing
q,(x)=(x+2)/3,r(x)=0(x). So k=4,c=3 and d(x)=(1/3)r,(x)=1. Here
T:T2T3T4:EX+1 1j[x—2 1}[(“2)/3 1]:[(X3+x2+1)/3 xz_x_1)
1 o)l 1 O 1 0 (x*-1)/3 x=2

So r:(x)=r,(x) for i=1,2 and from col 2 of T we see a,(x)=—(x—2)/3, az(x):(x2—x—1)/3.
(iv) 46=1x32+14,32=2x14+4,14=3%x4+2,4=2X2 showing gcd{46,32}=2. This
sequence of divisions corresponds (see (c) below) to: x** —1=(x"*")(x* =1)+ 1" -1,
2 =1="+xHM =D+ xt =1, M 1=+ D) =D+ -1, X —1= (D - 1).
So ged{x** —1,x** —1}=x* —1. Here rll(x)=(x46—1)/(x2—1)=x44+x42+x40+...+x2+1 and

rz'(x) =(x¥ - 1)/()62 —D=x +x®+x*+. ..+ x*+1. Fromcol 2 of T,T,T,T; which equals col 1 of

14 18 4 10 6 2
T,IT, = X 1) x°+x 1)x"+x+x" 1
1 0 1 0 1 0

we get a,(x) =q;(x)g,(x)+1= B HaHEO+ 20+ )1 =B+ X0+ + X +x% +1 and
1, () = (g5 (1)g5 (1) + Dty (1) = g5 (6) == + 28 + D60 +x0 +x%) — 2 =
T I T e 1 Sl I S TR G R )
(b) (i) Working over Z,, 1(x)=r,(x)+x* +x* + x> +x showing ¢,(x)=1, n(x)=x* +x* + x> +x.
Dividing r,(x) by ry(x) gives r,(x)= (x+1) r(x)+ x*+1 and so q;(x)= x+1, r(x)= K+l
Dividing r;(x) by r,(x) gives r(x)= (x* +x) r,(x) and so g,(x)= X +x, 15(x) =0(x) . Therefore
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d(x)=ged{r(x),r,(x)}=r,(x)=x*+1. Dividing 7 (x) by r,(x) gives r,(x)=(x’+x* + 1)r,(x) and
so F(x)=x*+x*+1. Similarly 7,(x)=(x*+x+1)r,(x) giving r;(x)=x>+x+1.

(i) Working over Z,, r,(x)=r,(x)+ ¥’ +x>+1 and so q,(x)= 1, ry(x)= A2+l Dividing
r,(x) by r,(x) gives r,(x)= (x—T)r3(x) +x2—x—-1 giving g,(x) = x—1, r(x)= xr—x—1. As
ry(x)= (x—T)r4(x) we obtain g,(x) = x—1, r;(x)=0(x). So

d(x)=ged{r;(x),r,(x)} =r,(x)=x* —x—1. As 1;(x)=(x" —x+ 1)r,(x) and

n(x)=(x*+ x—T)r4(x) we see 7;(x) = x> —x+1 and r(x)=x’ +x—1.

(iii) Working over Zs, 1,(x)= Zrz (x) showing g,(x)= 4, ry(x)=0(x). Inthiscase k=2, c= 3
and d(x)=2r,(x)=x*+3x> +4x+2. Also r(x)=2, r;(x)=3.

(c) For g =1 the equation x" —e=x"""(x"—e)+ x"™" —e gives g(x)=x""", r(x)=x""—e¢ as
degr(x)=m—n=m—qgn=r<n. For g=>1 the equation

XM —e= (X" X 4 A XTI (X —e) + X" — e gives q(x) = X"+ X" 4+ X" and

m—qn

r(x)=x —e as degr(x)=m—qgn=r<n=deg(x" —e). Now (xm—e)‘(x” —e) & r(x)=0(x)

m—qn

and x —e=0x) ® m—-gn=0 & n|m Write r, =m, r, =n andlet r;,71,,...,1, be the positive

integer remainders produced by the Euclidean algorithm. So r, =d =gcd{m,n}. By the first part,

applying the Euclidean algorithm to x'—¢and x? —e produces the monic polynomial remainders
x3—e,x*—e ,...,xrk —e. Hence gcd{x" —e, x" —e}=gcd{x'' —e,x"? —e} =x*t—e=x%—¢.
(d) Using Exercises 2.3, Question 3(f) we see that { f,(x)) N{f,(x)) is a non-zero ideal of F[x] as the
non-zero polynomial f(x)f,(x) belongs toit. By (4.4) there is a unique monic polynomial /(x) with

A = /NN ) - As L) =(f()) N {f () S, (x) we deduce f,(x)] I(x) and in the
same way f, (x)| I(x) showing that (i) holds. Suppose I’(x)€ F[x] is a common multiple of f,(x) and
fr(x),ie. fi(x)|'(x) and f,(x)[I'(x). Then (I'(x)) € {f,(x)) and {{"(x)) ={f,(x)). Therefore
I'(x)) < {(f,(x0)) N {f>(x) =(l(x)) which gives l(x)| I'(x) and so (ii) holds. Suppose that m(x) is also

a monic polynomial over F' satisfying the same conditions (i) and (ii) as [(x). As m(x) is a common

multiple of f;(x) and f,(x) we see l(x)| m(x). Interchanging the roles of /(x) and m(x) gives
m(x)| I(x). As [(x) and m(x) are divisors of each other and both are monic we conclude [(x)=m(x).
So the lem [(x) of fi(x) and f,(x) is unique.

Suppose f,(x) and f,(x) are both monic and write d(x)=gcd{ f,(x), f,(x)}. Then

1(x)=(fi(x) fr,(x))/d(x)=(f,(x)/d(x)) f,(x)=(f,(x)/d(x)) f,(x) showing that [(x) satisfies (i) as
fi(x)/d(x) and f,(x)/d(x) belongto F[x],i.e. [(x) is a common multiple of f,(x) and f,(x).
Suppose (x) is a common multiple of f;(x) and f,(x) and so there are ¢,(x),q,(x)€ F[x] with
U'(x)=q,(x) fy(x) =q,(x) f,(x) . By (4.6) there are a,(x),a,(x)€ F[x] with

a,(x) f,(x)+a,(x) f,(x) =d(x). Multiplying this equation by /’(x)/d(x) and substituting for /’(x) on
the Lh.s. gives (a,(x)g,(x)+a,(x)q,(x))l(x)=1"(x) showing that /(x)|!’(x),i.e. (i) holdsand /(x),

being monic, is the lem of f,(x) and f,(x).
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(e) Suppose f(x)= p(x)" where p(x) is irreducible over F . Then t=deg f(x) =ndeg p(x) and so
n<t as deg p(x)=1. The monic divisors over F of f(x) are p(x)' for 0<i<n and so there are

n+1 of them. The binomial expansion of (1+1)" consists of n+1 terms each of which is a positive

integer. So 2" >n+1. Hence n+1<2" <2'. In the general case f(x)= pl(x)nl p,(x) "2 Sy (x)nk

where p,(x), p,(x),..., p, (x) are distinct monic polynomials over F' . A typical monic divisor over F
of f(x) is pl()c)i1 pz()c)i2 Xy (x)lk where 0<i, <n, for 1</ <k, and so the number of such

divisors is (7, +1)(n, +1)---(n, +1). By the above n, +1<2™ and so n, +1<2"9 Y o 1< <k

k
The product of these [ inequalities gives (n; +1)(n, +1)---(n, +1) < 2" as t= an deg p,(x).
=1

Solution 2
(a) Consider f(x)= Zaixi and g(x)= Zbl.x " in F[x]. Then
i20 i>0
(f()+g(x)E, = (a;+b)xNe, = (a;+b)a’.
i>0 i20

As a; ,b; ,a' belong to the commutative ring F we obtain

Z(ai +b)a' = Zaiai +Zbl-ai

i=0 =0 =0
from the commutative laws and the distributive law. As

Y aa'+Y ba' = f(a)+g(a)=(f(x)e, +(g(x)E,

i>0 >0
we obtain
(f (0 +g(x0)e, =(f(x)eg, +(8(X)E,,
showing that £, is additive. Similarly
(f(0)g)E, = (aph, + ab,_; +...+aby)x")e, = (ah; +ab,_ +...+aby)a’
>0 i20

which is the result of collecting together terms involving a’a* where j+k =i in the product

(X a,a)) (Y ba) = f(a)g(a)=(f (), (g(x)e,. So (f(N)g(x)e, =(f (), (g(x)e,

=0 k=0
showing that £, is multiplicative. For all ce F' we have (c¢)&, =c¢ showing that £, : F[x] = F is
surjective and €, maps the 1—element of F[x] to the 1—element of F'. Therefore £, is a surjective

ring homomorphism.
(b) Suppose h(x)e { f(x),g(x)). There are a(x),b(x)e F[x] with h(x)=a(x)f(x)+b(x)g(x).

Hence h(x) = (a(x)q(x)+b(x))g(x)+a(x)r(x)€ (g(x),r(x)) showing {f(x),g(x)) =(g(x),r(x)).
As r(x)= f(x)—q(x)g(x) we obtain (g(x),r(x)) =(f(x),8(x)) and so (f(x),g(x))=(g(x),r(x)).
On comparing the monic generators of these ideals of F[x] we see gcd{ f(x),g(x)}=gecd{g(x),r(x)}
by (44). Write d(x)=gcd{d,(x),d,(x),...,d,(x)} and d’(x)=gcd{d,(x),gcd{d,(x),....d,(x)}}.
Then d(x)|d,(x) and d(x)|d;(x) for 2<i<t. So d(x)|d,(x) and d(x)| ged{d,(x).....d,(x)} which
combine to give d (x)| d’(x). Conversely d'(x)| d,(x) and d'(x)| ged{d,(x),...,d,(x)} which combine

to give d'(x)| d,(x) and d'(x)| d;(x) for 2<i<t.So d'(x)| d(x). Therefore d(x)=d’(x).
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(c) Consider (a;) and (b;) in P(R). There are non-negative integers m and n with a; =0 for all
i>m and b, =0 for all i > n ; the least such integers are denoted deg(a;) and deg(b;), the degrees of
the non-zero sequences (g;) and (b;) respectively. Then a; +b; =0 for i >max{m,n} and
Z a;b,=ab;+ab,_ +...+aby=0 for i>m+n
Jtk=i
as each term in the sum is zero. Therefore only a finite number of the entries in (a;) +();) and
(a;)x(b;) are non-zero, and so these sequences belong to P(R),i.e., P(R) is closed under sum and

product of sequences.
As the elements of R form an additive abelian group and addition of sequences is carried out entrywise,
the elements of P(R) also form an additive abelian group: e.g.

(a,')+(bi) = (al' +bl') = (b,' +a,’) :(bl')"'(al‘)
shows addition of sequences to be commutative. The zero sequence (0) having all entries zero is the
0—element of P(R). Consider (q;),(b;),(c;)€ P(R). As the elements of R obey the ring laws we

obtain
Z (Z ab;)c, = Z (aibj)e, = Z a;(bjc,)= Z a;( Z bjc,)

I+k=t i+j=l i+ j+k=t i+ j+k=t i+s=t  j+k=s

showing that ((a,)(b;))(c;)=(a;)((b;)(c;)) as these sequences have the same entry 7, i.e. multiplication
in P(R) is associative. Similarly

Z (a;+b;)c, = z ac, + Z bc,

=i =i k=i

shows that entry i in the sequence ((a;)+(b;))(c;) is equal to entry 7 in the sequence (a;)(c;) +(;)(c;)
forall i >0. So these sequences are equal, i.e., ((¢;)+(b;))(c;) = (a;)(c;)+(b;)(c;) showing that the
right distributive law holds in P(R). In the same way the left distributive law

(a;)((b;) +(c;)) = (a;)(b;) + (a;)(c;)
holds in P(R). The sequence ¢, =(1,0,0....,0,...) is the 1 —element of P(R) as
e,(a;)=(a;)=(a;)e,. So P(R) isaring.
Let ay,b,€ R. Then (a,+by)!’ =(a,+b,,0,0,...)=(a,,0,0,...)+(b,,0,0,...) = (a,) + (b)),
(apb)" = (ayh,,0,0,...) =(a,,0,0,...)(b,,0,0,...) = (a,)1'(b,)1" and (1) =e¢, showing that
: R — P(R) is aring homomorphism. As (a,)" = (b)), i.e. (a,,0,0,...)=(b,,0,0,...) implies
a, =b, we see that ¢’ is injective. Hence a, — (a,)¢" is a ring isomorphism between R and
im /=R’ showing that R’, being the image of a ring isomorphism, is a subring of P(R) (see
Exercises 2.3, Question 3(b)) and R’ is isomorphic to R .

Let R be an integral domain, i.e. R is commutative, non-trivial and has no zero-divisors. Consider
(a;),(b;)e P(R). Then Z ajbk = Z b, a; showing (a;)(b;)=(b;)(a;),ie. thering P(R) is
J+k=i k+ j=i
commutative. As R’ is non-trivial, being isomorphic to R, we see that P(R) is also non-trivial, as it
contains the subring R”. Suppose (a;) #(0), (b;) # (0). Then Zk: a jbk =0 for i >m+n where
Jtk=i
m=deg(a;), n=deg(b;) as each term in the sum is zero. On the other hand Z ajbk =a,b, #0,
Jj+k=m+n
only one term in the sum being non-zero as R has no zero-divisors. So (a,;)(b;) #0, showing that P(R)
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has no zero-divisors and in fact deg(a,)(b;) =m+n=deg(a,;)+deg(b;). So P(R) is an integral
domain. Conversely P(R) an integral domain implies that its subring R’ is an integral domain and

hence R is an integral domainas R=R’.
Using the multiplication rule in P(R) we obtain
(a)’ x=(qa,,0,0,...)(0,1,0,0,...) =(0,a,,0,0,...) =(0,1,0,0,...)(a,,0,0,...) = x (a,)I
for all a,€ R. By convention X = e, the 1—element of P(R), and x'=x= e, by definition. Suppose
x = e, , forsome i>1. Then x' =xx""' =¢ ¢_, and using the multiplication rule in P(R) we see
e e._, =¢;, showing x! =¢; and completing the induction. Hence

(0,0....,0,4,,0,0,...)=(4,,0,0,...)e; :(ai)l'xi and so (ao,al,...,al.,...)=Z(ai)l'xi
=0

which is a polynomial in the indeterminate x over R’.

Solution 3
(a) (i) Suppose x>+ 1 isreducible over F . By (4.8)(ii) thereis c€ F with ¢2=—1. So ¢ generates
a cyclic subgroup of order 4, namely {c,c?,¢*,c¢*}={c,—1,—c, 1}, of the multiplicative group F* of

non-zero elements of F . As ‘F* :|F|—1 , by Lagrange’s theorem 4‘ (|F|—1) ,le. |F | =1(mod4).

Conversely suppose |F | =1(mod4). By (3.17) the group F" is cyclic with generator g of order

Fl-1)/4 ) — -
(‘ ‘ )/ . Then ¢* isazeroof x>—1 over F. As ¢*# 1 and

|F|—1. Write c=g
xP—1=(x—1)(x+1) wesee ¢>=—1. So c isazeroin F of x>+ 1=(x—c)(x+c) which s
therefore reducible over F .

(ii) Write f(x)=x*+ x+1. Then f(x) isirreducible over Z, by (4.8)(ii) as f(ﬁ) * ﬁ,f(T) #0.
Over Z, wesee f(x)= (x—1)? is reducible. Over Zs the quadratic f(x) has no zeros:
fO)=1,f(1)=3,f(2)=2,f(3)=3, f(4)=1, and so by (4.8)(ii) we see that f(x) is irreducible.
Over Z, we have f(x)= (x—2)(x—4) showing that f(x) is reducible.

Suppose |F | =(0(mod 3); then |F | =3% by Exercises 2.3, Question 5(a) and the characteristic of F

is 3. So f(x)= ()C—T)2 is reducible over F as —1—1=1.

Suppose |F | =1(mod3); by (3.17) thereis ae F* having multiplicative order ‘F* ‘:|F|—1 and so

*

3 _ _ _ _ _ _ _
/ hasorder 3. As O0=c>—1=(c—1)(c*+c+1) and c# 1 we obtain ¢>+c+1=0
showing that ¢ is a zero of f(x) over F. So f(x)=(x—c)(x—c?) is reducible over F .
Suppose |F | =—1(mod3) and suppose f(x) is reducible over F . By (4.8)(ii) thereis ce F

c=a

satisfying ¢>+c¢+1=0 andso ¢* =1 as above. As |F | 2 0(mod3) wesee c# 1 and so ¢ has
order 3 in the group F™* of order |F | —1. By Lagrange’s theorem 3‘(|F|—1) ,l.e. |F | =1(mod3).
This contradiction shows that f(x) is irreducible over F .

So x%+x+1 is irreducible over F if and only if |F | =—1(mod3).
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(b) In Z, we see 01 =0,(1’=1,2°=1,3>=6,(4) =1,(5)° =6,(6)’ =6. By inspection there is
no ce Z, with ¢* =2, i.e. the cubic x* —2 has no zeros in Z,. So x* -2 is irreducible over Z, by
(4.8)(ii) . For the same reason x° —3,x° —4,x> —5 are irreducible over Z, .

Suppose |F|El(mod3) and so ‘F* =|F|—1:~:" 0(mod3). Now

ker@={be F*:(b)@=1}={be F*:b’>=1}={1} as F* contains no elements of order 3 by Lagrange’s
theorem. So @: F* — F" is injective by Exercises 2.3, Question 1(a)(i). As F" is a finite set, @ is

also surjective. Therefore there is be F with b’ =a showing that x* —a has factor x—b and so is
reducible over F .

Suppose |F | =1(mod3) and so ‘F*

=|F|—150(m0d3). By (3.17) the group F* is cyclic with

F*1/3
generator ¢ say. Then F* has a unique subgroup of order 3, namely {1,b,b*} where b=c / . So
ker@={1,b,b*} as all non-trivial elements of ker& have order 3. Hence |im9 | :‘F * ‘ / 3. Now

x* —a is reducible over F if and only if either a=0 or a€ im#@, and so there are

1+‘F* /3:(|F|+2)/3 such polynomials as ‘F* ‘:|F|—1.

(¢) First note that b=0 is a zero of x4 —x. For b#0 we have that b belongs to the multiplicative
group E* of non-zero elements of the field E. As E is an n— dimensional vector space over F we see

that |E | :|F |n =¢" and so ‘E* ‘= q" —1. Bythe |G|— lemma in multiplicative notation, b¢ ' =1
and so b7 —b=0 showing that b is a zero of x4" —x. The q" elements of E are therefore the g"

n . . . . n
zeros of X —x. So x—b is a monic, irreducible over E , factor of x¢ —x for each be E . Hence

x1" —x=H(x—b)

beE

. . . n . . . . . n .
is the factorisation of x¢  —x into monic irreducible polynomials over E. So x? —x splits over E
into distinct monic factors.

Write d(x)=gcd{p(x), x?" —x}. As p(x) and x?" — x are polynomials over F', d(x) is also a
polynomial over F'. Either d(x)= p(x) or d(x)=1 as p(x) is monic and irreducible over F' and
d(x)| p(x). Let c={p(x))+xe E. The discussion following (4.9) shows p(c)=0 and the

paragraph above shows ¢t —c=0. Suppose d(x)=1. By (4.6) there are q,(x),a,(x)e F[x] with

a,(x)p(x)+a, (x)(x”n —x)=1. Applying the evaluation at ¢ ring homomorphism &, gives
0=a,(c)0+a,(c)0=a,(c)p(c)+a, (c)(cq" —c)=1

which is a contradiction, showing d(x) = p(x) and so p(x) |(an —-X).

As x?" —x splits over E into a product of distinct factors so also does its divisor p(x).

Substituting p’(x) for p(x) in the preceding part of the question we see that p’(x) (an —x) and so

there is ¢’€ E with p’(¢’)=0. By (4.4) the evaluation homomorphism &, : F[x] — E has kernel

(P'(x). As 1,',(c'),...,(c")"" is a basis of the n— dimensional vector space E over F we see &,
is surjective. Hence &.: F[x]/{p’(x)) = E where ({p’(x))+ f(x))E&. = f(c) forall f(x)e F[x].
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Let p(x) be irreducible over F' and have zero ¢ in an extension field E of F'. As above

p(x) | (an —x) and so p(x) has no squared factor of degree >0, i.e. it is impossible for an irreducible
polynomial over a finite field to have a repeated zero in an extension field.

(d) As p(ﬁ) =1 by (4.2)(i) we see that x is not a divisor of p(x). As x’ +1=(2+x+D(x+1)
and ged{ p(x), x° +T} =1 neither x+ 1 nor x> +x+1 isa factor of p(x). As x>+ x+1 is the only
irreducible quadratic over Z, we see that p(x) has no factors of degree 1 or 2 over Z,. As

deg p(x) =5=14+4=2+3 are the only partitions of 5 into two parts, we conclude that p(x) is
irreducible over Z, (any factorisation p(x)= p’(x) p”(x) with 1<deg p’(x) <deg p”(x) leads to the
partition (deg p’(x), deg p”(x)) of 5 which is impossible for the above reasons). As

x+ D+ + D)=+ +x+1 and (P +x+ D +x+ D =x"+x* +1 these polynomials are
reducible over Z,. Write p(x)= X +x*>+1. Then p(ﬁ) =1 and p(x)=(° +Dx2+1 showing
ged{ p(x), x° +T} =1. So p(x) is irreducible over Z, . Also CHx+l=C+x+DP+x2+1) is
reducible over Z, . From (c) above p(x)‘ x2—x and ¥ —x=("-1)x. As gcd{ p(x), x} =1 we
deduce p(x)|x*' =1 and so ged{ p(x), x*! —1}= p(x). Alternatively, dividing x*' =1 by p(x) gives
BT =+ xBTS B+ P +x +2 + 1) p(x) and

so we obtain gcd{ p(x), x*' -1}= p(x) as before.

Solution 4

(a) Suppose the integer m is positive. Then me=e+e+...+e (m terms). As @ is additive and

(e)8 =e we obtain (me)f@=(e+e+...+e)8=(e)0+(e)@+...+(e)8=e+e+...+e=me. Hence
((—m)e)8 = (—me)8 = —(me)8 =—me =(—m)e as O respects negation. So (me)f =me for all integers
m as (0)0=(0)0=0=0e. Let a, =me/ne=(me)(ne)”'. As @ is multiplicative and so respects
inversion we see (a,)d = ((me)(ne) ™8 = (me)B((ne)d)™" = (me)(ne)™" = a,,i.e. @ fixes all elements
a,€ F,.

Write L={a€ F:(a)8=a}. Consider a,a’e L. As @ is additive we have
(a+aH8=(a)0+(a)0=a+a showing a+a’e L. Also (—a)f =—(a)f =—a and (0)0 =0
showing —a,0e L. So L is closed under addition and is a subgroup of the additive group of F. As @
respects multiplication we have (aa’)8 = (a)8(a)8 =aa’ showing aa’e L. For a #0 we have
(@"@=((a)d)"' =a" and (e)@=e showing a”',ee L. So L isasubfieldof F and F,cLCF.
Write f(x)=a, +a,x+a,x* +...+a,x" where a,,a,,...,a, € F,. Then
(f(e)8=(a,+a,c+a,c*+...+a,c")0=(a,)0+(a,c)8+(a,c*)0+...+(a,c")0=
(ay)0+(a)B(c)8+(a,)0((c)8)* +...+(a,)B((c)d)" =a, +a,(c)8+a,((c)8)* +...+a,((c)8)" = f((c)B)
as @ respects addition and multiplication in F'. Let ¢ be azeroof f(x), ce F. Then f(c)=0 and
so by the foregoing theory f((¢)@)=(f(c))@ =(0)8 =0 showing that (c¢)@ is also a zero of f(x).
Conversely suppose that ()@ is a zero of f(x). By Exercises 2.3, Question 3(d) the inverse ' of &
is also an automorphism of F . Hence ((c)8)8~' =c is a zero of f(x).

(b) Consider the elements x=a + b\/z, y=c+d J2 of Q(\/E) . Then
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(x+y)0=(a+c)+B+dW2)0=(a+c)—b+dN2=(a—bJ2)+(c—d2) =
(a+bJ2)0+(c+dN2)8=(x)0+(y)0
showing that @ is additive. Similarly
(xy)8=({(a+ b2)(c+d2))8 = ((ac +2bd) + (ad +bc)N2)0 = (ac +2bd) — (ad +bc )2 =
(a—bN2)(c—d2)=(a+bJ2)8 (c+dN2)8 = (x)0 ()6
showing that € is multiplicative. Also ()@ =(1+0v2)8=1-0J2=1. As
(06* =((a+bJ2)0)0 =(a—-b\2)0=a— (b2 =a+bJV2 =x

for all xe Q(\/E) we see that ' =6 and so 6 is bijective being self-inverse. We conclude that & is

an automorphism of Q(+/2) .

Let Q(+/2) have automorphism ¢@. As Q is the prime subfield of QK/2), by (a) above (a)@ =a for

all ae Q and (\/§)¢=i\/§ as the zeros v'2,—/2 of x> —2 over Q are fixed or interchanged by Q.

Suppose (\/§)¢ =+/2. Then (a+ bﬁ)(o =(a)p+ (b)qo(\/z)(o =a+b~2 showing that @ is the

identity automorphism of Q(\/E) . Suppose (\/5 o= —J2. Then

(a+b2)p=(a)p+B)p(N2)p=a—b2

showing that ¢ =6 . We conclude that & is the only non-identity automorphism of QH2).

(c) Consider e=a+bc,e’=a’+b’ce F(c). Then
(e+e)0=((a+a)+(b+b))0=a+a"—(b+b)a, —(b+b)c=
(a—ba,—bc)+(a’—b'a,—b'c)=(a+bc)0+(a’+b'c)8=(e)0+ (O

showing that @ respects addition. Now p(c)=0 gives ¢ = —a, —a,c . Therefore
(e€)0 =((a+bc)(d +b'c)0 =(aa’—bb'a, + (ab’+ba’—bb'a,)c)6 =
aa’—bb’a, —(ab’+ba’—bb’a,)a, — (ab"+ba’—bb’a,) c.

But

()8 ()0 =(a—ba, —bc)(a’—b'a,—b'c)=
(a—ba))(a’—b'a))—bb'a, — ((a—ba)b"+b(a’—b'a,)+bb'a,)c.

Comparison of the above expressions gives (ee” )8 =(e)6 (¢)8 showing that @ respects multiplication.

As (a)@=a forall ae F we see (1)@ =1 showing that & respects the 1—element of F' which is also

the 1—element of F'(c). Finally

(€)8*> =((e)8)8 =(a+bc)8 =(a—ba, —bc)0 =a—ba, — (—b)a, —(—b)c =a+bc =e forall e F(c)

and so @ is self-inverse. Hence @ is bijective. So € is an automorphism of F(c).

The fixed field L of @ contains F . Suppose ¢ #—a, —c ,thatis, ¢, +2c#0. Consider ec L. Then

(e)@=e gives a—ba, —bc=a+bc, thatis, b(2c+a,;)=0 giving b=0. So e=ae F andso L=F .

Conversely suppose L=F . As p(x) isirreducible of degree 2 over F' and p(c)=0 wesee ce F .

Therefore (c)8 # ¢, thatis, —a,—c#c.

Incidentally it is possible for L # F': take p(x) inseparable (see (6.19) ) in which case —a, —c =c and

L=F(c).

Solution 5
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(a) Notice first Fy ={e,2e,3e,..., pe} where e is the 1 —element of F' (Exercises 2.3, Question 5(a) ).
So a, =ne where 1<n<p. As @ is additive and (e)d =e we deduce

(ay)0 =(ne)d =n(e)d =ne=a,. From the solution of Question 4 (a) above, L is a subfield of F' with
F,cLcF.

Let n, denote the multiplicative order of . Using Question 3(c) above with p in place of g we see

aP" =a forall ae F . So (a)8" =al" =a showing n, <n. Suppose n, <n. Then
n n
b’ =(a)l9n° =a forall ae F showing that the polynomial x? " =x of degree p"° over F has

|F | =p">p" zerosin F contrary to (4.2)(ii). Therefore n,=n.

(b) As p(ﬁ) =1, p(T) =1 we see that p(x) has no zeros in Z,. Hence p(x) is irreducible over Z, by
(4.8)(ii) as deg p(x)=3. The addition and multiplication tables of the field

Z,(c) ={G,T,C,T+c,c2,T+c2,c+c2,T+c+c2} are:

+ 0 1 c 1+c ¢? 1+¢2 c+c? l+c+c?
6 6 T Cc T+c c? T+c2 c+c? T+c+c2
T T (_) T+c Cc T+c2 c? T+c+c2 c+c?
c c 1+c 0 1 c+c? l+c+c? c? 1+c?
1+c¢ 1+c¢ ¢ 1 0 T+c+c? c+c? 1+¢? 2
c? c? 1+c2 c+c? l+c+c? 0 1 c 1+c¢
T+C2 T+C2 c? T+c+c2 c+c? T 6 T+c c
c+c? c+c?  l4c+c? c? 1+¢2 c 1+c 0 1
T+c+c | T+c+cr c+c? 1+¢? ¢? 1+c c 1 0
and (using p(c)za, ie. *=1+c¢)
X 0 1 c T+c c? 1+¢? c+c? l+c+c?
0 0 0 0 0 0 0 0 0
1 0 1 c T+c c? 1+¢? c+c? l+c+c?
0 c c? c+c? 1+c 1 l+c+c? 1+
T+c¢ |0 1+4c¢ c+c? 1+¢*  l+c+c? c? 1 c
c? 0 c? 1+c  l4c+c®  c+c? c 1+c2 1
14+¢* |0 1+4¢? 1 c? c T+c+c? T+c c+c?
c+c? |0 c+c? T+c+c? 1 1+¢2 1+c¢ ¢ ¢?
T+c+c? |0 T+c+c? 1+¢° c 1 c+c? c? 1+c¢

The powers of ¢ are c,c2,c3 :T+c,c4 :c+cz,c5 :T+c+c2,c6 :T+c2,c7 =1 accounting for all

the seven elements of Zz(c)* . By Question 4(a) above
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p(x)=(x—)(x—(0)0)(x—()8*)=(x—c)(x—c*)x—c*) =(x—c)x—c*Nx—c—c?)
which is the factorisation of p(x) over Z,(c). Since p’(0)=1,p’(1)=1, by (4.8)(ii) p’(x) is
irreducible over Z,. As
T+’ +(1+)+1="+c+1=c2+(1+cH)+1=0
we see p’(1+¢)=0 showing that 1 +c¢ isazero of p’(x). Hence
P)=(x—c)x—(c)O)(x—(c)O)=(x—c ) x—c)x—c?)=(x—1-c)x—1-c)x—1-c—c?)
showing how p’(x) splits over Z,(c). As in Question 3(c) above
X —x=x(x-Df(x—c)x—c)x—cHHx-)x=c*)x=c)}

is the splitting factorisation of x* —x over Z,(c) . Hence ¥ —x=x(x-1) p(x)p’(x) is the
factorisation of x* — x into irreducible polynomials over Z, . By Question 3(c) above every irreducible
polynomial of degree 3 over Z, is a divisor of x*—x. So p(x) and p’(x) are the only such
polynomials.
(¢) Dividing p(x) by x° +1 gives p(x)=x" +x° +1=(+ D3+ D+ 22, Dividing x’ +1 by x*
gives x° +1=x(x*)+1 and so gcd{ p(x),x° +T} =1. As p(ﬁ) =1 we conclude that p(x) is
irreducible over Z, by Question 3(d) above. We know p(c) = 0,ie. =c*+1. By Question 4 (b)
above (¢)@' is a zero of p(x) for 1<i<5. So ¢,c?,c* are zeros of p(x) asis

A= =3+ D=c® +3 =c(+1)+ =c* + ¢ +¢. Squaring this equation, i.e. applying 8,
gives c®=c®+cC+cf =ct+ P+ e+ +1)+c?=c* +¢? which is also a zero of p(x). The five
zeros of p(x) in Z,(c) are therefore c,ct,ct ct++e, 4t
As f(¢)=f((c+a)—a) weseethat c isazeroof f(x) & c+aisazeroof f(x—a). Also
fO)=f0fL,(x) & f(x—a)=f(x—a)f,(x—a). As deg f(x)=deg f(x—a) forall

f(x)e F[x], ae F itfollows that f(x) isirreducible over F if and only if f(x—a) is irreducible
over F'. Hence

px—D=(x-1)"+x-1)+1=(x-DE*-D+(x-D@*-D+1=x"+x* + > +x*+1

has zero ¢+ 1. So

PO)=X+x"+ 3+ +1=(x+c+ D+ + Dx+ct + Dx+ct +E+e+ Dx+E +c2+ 1)
is the factorisation of p’(x) into irreducible polynomials over Z,(c) .

Solution 6

(@) Asnone of (0)>+1=1,(1)>+1=—1,(-1)>+1=—1 is zero, we see that x>+ 1 has no zeros in
Zy= {0,1,2}={0,1,—1}. As x> +1 has degree 2, by (4.8)(ii) x>+ 1 is irreducible over Zs,.
Similarly 072 +0-1=-1,(1)>’+1-1=1,-1)>+(-D-1=-1 showing that x* + x—1 has no
zeros in Z, and so is irreducible over Z; by (4.8)(ii) . Replacing x by —x we deduce that

(=x)*> +(=x)—1=x?—x—1 is also irreducible over Z,. Multiplying out gives
(C+x=Dx2=x—1)=x"+1 as —x>*—x>—x*>=0. Hence
C+D+x=D2=x=D=(2+ D+ D =x"+x"+x>+1. As

2 —1=(x*=D(x® +x* + x* +1) over all rings and fields, we see
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¥ —x=x(x*-1)=x(x— D(x+ D(x*+1)(x> +x—1)(x*> —x—1) which is the factorisation of x° —x
into monic irreducible polynomials over Z,. There are no further monic irreducible quadratic
polynomials p(x) over Z,, as p(x) (x” —x) by Question 3(c) above, and so p(x) is present in the
above factorisation of x° — x .

Just as with complex numbers x>+ 1 = (x—i)(x+i) and multiplying pairs of ‘conjugate’ factors
together gives (x+i—-D(x—i—1)=x*+x—1, (x+i+1)(x—i+1)=x>—x—1 which are the
factorisations of these polynomials over Z, into monic irreducible polynomials over Z,(i).

(a+bi)* =a’ +3a’bi +3a(bi)* + (bi)* =’ +b** =a® = b%i as 3a’bi =3a(bi)* =0 and
P=ixi=(-1)i=—i. But a*=a,b’ =b for a,be Zy. So (a+bi)@=(a +bi)’ =a—bi showing
that the Frobenius automorphism & of Z,(i) coincides with the ‘conjugation’ mapping a +bi — a—bi .
The element g =1+i generates Z, () as g* = (1+i)(1+i)=—i and so g* =—1 showing that g has
order 8 =‘Z3 )"

The addition and multiplication tables of Z,(i) are

. In fact Z, (i)" is generated by any one of 1+i,1—i,—1+i,—1—i.

+ 0 1 -1 i 1+ —1+i =i 1-i —1-i
0 0 1 -1 i 1+i —1+i - 1—=i —1-i
1 1 -1 0  1+i —1+i i 1-i —1-i =i
-1 | -1 0 1 —1+i i 1+ —1-i =i 1-i
l l T-i-l —T+l —1 T—l —T—l (_) 1 -1
T+i | 1+i —1+i i 1—-i —1-i —i 1 -1 0
—1+i|—1+i i 1+i —1-i —i 1—i -1 0 1
—i - 1-i —-1-i 0 1 -1 i 1+i —1+i
1—-i | 1-i —-1-i —i 1 -1 0 1+i —1+4i ]
—1—i|—-1-i —1 1—i -1 0 1 —1+i i 1+i

x |0 1 -1 i 1+i —-14+i —i 1-i —-1-i
0 |0 0 0 0 0 0 0 0 0
1 0 1 -1 i 1+i —1+i —i 1-i —1-i
-1 |0 -1 1 —I —1—i 1-i [ —1+i 1+i
i 0 i —i -1 -1+ —1-i 1 1+i 1-i
1+i [0 1+i —1-i —1+i —i 1 1—i -1 [
“1+i|0 —1+i 1-i —-1-i 1 i 1+ =i -1
- |0 =i i 1 1—i  1+4i —1 —1-i —1+i
1-i |0 1-i —1+i 1+i -1 =i —1-i i 1
—1-i|0 —1—i 1+4i 1-i i —1  —1+i 1 —i
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(b) As @’ =a forall ae Z, we see p(a)= a@-a-1=-1 showing that p(x) has no zerosin Z,. As
deg p(x) =3 we deduce from (4.8)(i7) that p(x) is irreducible over Z,. Cubing A=c+1 gives
A=c+1=c+1+1=c—1. Hence ¢?=c*xc’=(c+1)(c—1)=c—1 and so

P =c®-1=c—c=1. As ce Z, we see that ¢ has order 13. So ¢ does not generate Z, ()"
which is a group of order 26. As p(x) is monic and irreducible over Z, either gcd{ p(x),x" -1}=1
or ged{ p(x),x" —T} = p(x). Suppose the former is true. By (4.6) there are polynomials a,(x),a,(x)
over Z, with a,(x)p(x)+a, )P -1)=1. Using the evaluation homomorphism &, gives

0= a,(c) X0+ a,(c) x0 = a,(c)p(c)+a, (c)(¢®=1)=1,ie. 0=1. This contradiction shows that
ged{ p(x),x" —1}=p(x), ie. p(x) is adivisor of x" —1.

As (—¢)® =—c”=—-1 and (—¢)*> # 1 we see that —c has order 26. So —c¢ does generate Z, (). As
—p(=x) is monic irreducible over Z, and —c is a zero of both —p(—x) and x> +1 we obtain, as
above, that gcd{—p(—x), x" +1}= —p(=x),i.e. —p(—x) isadivisor of x' +1.

The zeros of x* —x over Z, are 0,1,—1, i.e. the three elements ae Z,. By (4.2)(ii) this polynomial
of degree 3 over Z, has no further zeros in Z,(c), i.e. for a€ Z,(c),a¢ Z, we have a’#a. So
a=a & ae Z, . In terms of the Frobenius automorphism 8:Z(c) —> Z,(c) we therefore obtain
(a)@=a if and only if ae€ Z,, i.e. Z, is the fixed field of 8. Write
p,(x)=(x—a)x—a*)(x—a’)=x’ +b,x* + b x+ b, and so, on multiplying out and equating
coefficients we obtain b, =—(a+a’ +a’), by=axa’ +a’xa’ +a’xa, by=—axa’xa’. The
coefficients b,,b;,b, belong to Z,(c) and we use the above property of & to show that they in fact
belong to Z,. Notice that (a)f = a’, (a0 =a’,(a’)0=a"" =a by Qu. 3 (c) above, i.e. 6 cyclically
permutes the three zeros of p,(x). Hence (b,)8 =—(a+ a+a’)0=—(a’+a’ +a)= b, and so

b,€ Z,. Similarly (b)8=(axa’ +a’xa’ +a’xa)@=a’xa’ +a’ xa+axa® =b, showing b € Z, .
Also (b,)0 = (—axa’*xa’)0=—a*xa’ xa= b, and so by€ Z,. We conclude that p,(x) isa
polynomial over Z,. By (4.8)(ii) p,(x) isirreducible over Z, where a€ Z,(c),a¢ Z, as

deg p,(x)=3 and p,(x) hasno zeros in Z,. Each subset {a,a’,a’} of Z,(c) with ag Z, gives rise
to a monic irreducible polynomial p, (x)= P (x)= P (x) of degree 3 over Z,. There are
(27-3)/3=8 such subsets {a,a’,a’}. Combining Question 3(c) and Question 4(a) above we see that

each monic irreducible polynomial of degree 3 over Zj, is of the type p,(x), and so there are 8 such

polynomials.
The 13 powers of ¢ ,i.e. the elements of the multiplicative group generated by c, are the zeros in Z,(c)

of x*—1 over Z,. So ¥ —x—1=(x—c)x—c*)(x—c’) isadivisor of x'>—1. The monic
polynomial having the inverses of ¢,c’,c’ as its zeros is
(/07 = (/) -D=x) =2+ 2 = T=(x—c ) - )x—c?) = (x=c)x—c)x=c*) = p, ()

which is a divisor of x'* —1. The polynomial P.s (x)=(x—c")(x—c®)(x—c") is a divisor of x> —1.

Note ¢®=(c*)? =c?>—c+1 and
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=Y =P —c+ 1P = +1=c?—c+1l-c—1+1=c*+c+1.

Hence P.a (X)=(x—c)(x—c?+c—1)(x—c*—c—1). The coefficients of x>, x',x" in P (x) are
—t—ct+e—1-ct—c—1=1, A —c+ D+ +c+ D+ (P —c+ D +e+ 1) =
3¢t 40 +3¢2+0c+1=1, =2 xcxc®==c*=-1

respectively and so p ,(x)= X +xi+x—1.

The monic polynomial having zeros the reciprocals (inverses) of c*,c*,c'® is

(/)P +1/x)* +A/x) = D(=x)=x x> —x—1=(x—c)(x=cx-c"®)= p7(x)
as ¢ ®=¢’ and this polynomial is also a divisor of x'* —1. Therefore
B-T=(x-DEF—x-DEP+x - D+ +x-D(3 =22 —x—-1)

is the factorisation of x'> —1 into monic irreducible polynomials over Z,.

Replacing x by —x in the above factorisation and changing the sign of each factor, thereby making all
factors monic, produces the factorisation of x'* + 1 into monic irreducible polynomials over Z,, namely
BHl=x+ D ==+ =D = +x+ D +x>—x+1).

(©) As p(x)=x*+x* —1=x2(x*+1)—1 we see that p(x) is not divisible by x* +1 over Zy. As

¥ +xt-1=(2 -0 +x—1)—x—1 and x* + x> = 1= +x) (x> =x—1)+x—1 we see that

p(x) is not divisible by either x* + x —1orx*—x—1. So p(x) has no irreducible factor of degree 2

over Z,. As p(ﬁ) =—1, p(T) = p(—T) =1 we see that p(x) has no factor of degree 1 over Z,.

Therefore p(x) is irreducible over Z,. As c*+¢*=1 we have

P=(?-1)?=c*++1=1+1=-1. Z,(i)={0,1,—1,i,i+ 1,i—1,~i,—i + 1,—i+ 1} is closed

under addition and multiplication. Also Z,(i) = Z[ x] / (x*+1) is a field by (4.9), since i is a zero of
x> + 1 which is irreducible over ZL,.

Using the Frobenius automorphism & of Z,(c) given by (a)f = a® forall ae Z4(c), we obtain

p(x)=(x—c)(x—c*)(x—c”)(x—c*") which is the factorisation of p(x) into monic irreducible
polynomials over Z;(c). Now (a)8*> =a’ forall ae Z,(c). Hence ae Z,(i) < (a)6* = a showing
that Z, (i) is the fixed field of 6>. As ¢>=i+1 on squaring we get ¢* = (i+1)=i>—i+1=—i and so
incidentally ¢ has multiplicative order 16. Also ¢® = —1 andso c+¢°=0,

=¥ xc?=—c?=—i—1. Therefore (x—c)(x—c’)=x>—i—1. Similarly

(x=cH(x=c)=x>+i—1 and so p(x)=(x*—i —1)(x* +i—1) is the factorisation of p(x) into

monic irreducible quadratics over Z, (7).

The polynomial x®' —x splits over Z4(c) each subset {a,a’,a’,a”"} of Z4(c) for a¢ Z,(i) being the

zeros of a monic irreducible polynomial of degree 4 over Z,(c). There are

(| Z, (c)| - | Z,(i) | / 4=(81-9)/4=18 such subsets and so there are 18 monic irreducible polynomials of

degree 4 over Z;(c).

Solution 7
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(a) Write n=[E:F]. The n+1 elements ¢°,c',c?,...,c" of the n— dimensional vector space E over
F are linearly dependent. So there are ‘scalars’ Ay, a,,0y,...,d, € F |, not all zero, satisfying
a,+a,c+a,c* +...+a,c" =0. Therefore (f,(x))€, =0 where

fo(®)=a,+a,x+a,x*+...+a,x" € Flx],ie. f,(x)e kere, =K. Hence K is non-zero as f,(x)
is non-zero. By (4.4) there is a monic polynomial m,(x)e F[x] with K ={(m_.(x)). So
m.(c)=0,degm_.(x) =1 and m_.(x) is the monic polynomial of smallest degree over F having ¢ as its
zero, i.e. m.(x) is the minimum polynomial of ¢ over F'. To show that m,(x) is irreducible over F
suppose that there are g(x), h(x)e F[x] with m,.(x)= g(x)h(x). Applying €. gives
0=m.(c)=(m.(x))€, =(g(x)h(x))€E. =(g(x))E. (h(x))€. = g(c)h(c) and so either g(c)=0 or
h(c)=0 (or both) as the field £ has no zero-divisors. Hence either g(x)e K or h(x)e K , i.e.

m, (x)| g(x) or m, (x)| h(x). So either deg g(x)=degm,(x) or degh(x)=degm,.(x). Therefore
m.(x) isirreducible over F' by (4.7). Taking 8 =&, in (4.9) we see that

F(o)={f(c): f(x)e F[x]}=img&, is afield, i.e. F(c) is a subfield of E. In fact F(c) is the smallest
subfield of E which contains F and ¢. From (4.9) we deduce &, : F[x]/K = F[c] as

m—1

K =kere., F(c)=1mg,.. We show that et where m=degm,(x) is a basis of the

vector space F'(c) over F'. By the mimimality of m we see that c(),(,‘l,cz,...,cm_1
independent. On dividing f(x) by m,.(x) there are g(x), r(x)e F[x] with f(x)=q(x)m.(x)+r(x)

where degr(x)< m. Hence f(c)=r(c),i.e.atypical element f(c) of F(c) is expressible as r(c)

are linearly

m—1 m—1

which is a linear combination of co,cl,cz,...,c . So co,cl,cz,...,c
[F(c): Fl=m=degm,_.(x).

(b) Consider we E . There are [,1,,...,l,€ L with w=[v, +Lv, +...+[,v, sincev,,v,,...,v, span the

span F(c). Therefore

vector space E over the field L. For each [ j (1< j<n) there are q, 2y jaeeesly € F with

lj =au ta, i, +...+a, u, since u,,u,,...,u,, span the vector space L over the field . On
substituting for each /; we obtain

m,n

n m
W=Z;(leaijui)vj= a; ;v
l

7= = i=1, j=1
showing that the elements u;v; (1<i<m,1< j<n) span the vector space E over the field F .

To show that the u;v; (1<i<m,1< j<n) are linearly independent elements of the vector space E

m,n n

m
over F' suppose z a; ju;v; =0 where each a;;€ F'. Then Z(Zaijui)vj =0. As
=1, j=1 ==

m
l i= Zai U € L for 1< j<n and v,v,,...,v, are linearly independent elements of the vector space E
i=1
m
over the field L we deduce lj =0 for 1< j<n. From [, =Zaijui =0 we deduce a;; =0 for
i=1
1<i<m as u,u,,...,u,, arelinearly independent elements of the vector space L over F . Therefore
the u;v; (1<i<m,1< j<n) are indeed linearly independent elements of E over F' and so these mn

elements constitute a basis of E over F'. We have proved [E: Fl=mn=nm=[E:L][L:F].
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(¢) (i) From Exercises 2.3, Question 5(a) we see |E| =¢" and [L:F]=d . Hence from (b) above
n=[E:L]d showing d|n.

n—-3d

Conversely suppose d| n.Then ¢" —1=(¢¢ =1)(¢" ¢ +q¢"*? +¢"> +...+ ¢° +1) showing

(¢° —1)‘ (¢"-1). So x7" —x=x(x?""! —1):x(qu_1 —1)g(x):(qu —x)g(x) where
g(x)= (" =)/ (x0T —1y = x9" @D g0 120D 4 a3 a4 ghowing

(qu —x)‘ (an —x). By Question 3(c) above E consists of the g" zeros of x?" —x. Hence L

d
consists of the g¢ zeros of x?° —x in E. As L is the fixed field of 8% where 6 is the Frobenius

automorphism of E and g = p’ (p prime), we see that L is a subfield of E with |L|:qd and FcC L.

So L exists given the existence of E. By Question 3(c) above every subfield of E having order qd

d
consists of the zeros of x? — x and so is unique.
(ii) As LN M isasubfield of E containing F' by (i) above there is a positive integer m with

|LﬁM|:qm and m|n As LN M is asubfield of L and a subfield of M we see m|d and m|e by
(i) above. So m| gcd{d,e}. By (i) above E has a unique subfield N with |N|:ngd{d’e}. As
gcd{d,e}| d and gcd{d,e}| e wesee N L and N M also by (i) above. Therefore N c LNM

and so gcd{d,e}| m by (i) above. So m=gcd{d,e} as each of these positive integers is a divisor of
the other.

(iit) By convention ﬂ L; =E and so the equation = q"/ "X is valid for X =@ as

L

jed jeX
|E|:q" :qn/% . Suppose |X|=s21 and write X ={ji, jo,.... Jg}» Xo={JjisJoseeerJoy}- We
d /D
assume inductively that ﬂ L, =qn/ "X From (i) above | ( ﬂ L)NnL; =qgC /g n/p’°}. As
jeX, jeXy '

N L=([)LpnL;

jeX JjeXy
and

1 . - —1 . —1 - —1 n;
ged{njzry n/p; y=gcd{ [T pi" T] P03 [T ) =CTT P Ori (] p/)=n/ﬂx
jeX, jEX, s jeX, jeX

we see ﬂ LJ. = q"/ x completing the inductive step.

jeX

By (a) above the minimum polynomial of each of the r elements of E not in any subfield Lof E
(L+# E) is monic and irreducible of degree n over F'. By Question 3(c) above all such polynomials

arise there being n elements of E having the same minimum polynomial (its n distinct zeros in £). So
X
(3 (1)l ) /n
X

is the number of monic irreducible polynomials of degree n over F = IFq .
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Taking ¢=2, n=12=2?x3 gives (2'* —2°—2* —22)/12=4020/12 =335 monic irreducible
polynomials of degree 12 over Z,. Taking g=4,n=6=2x3 gives (4°—4° -4 +4)/6 =670
monic irreducible polynomials of degree 6 over F, .

Taking g =3, n=12=2*x3 gives (3'> -=3°-3* +3? )/12 =44220 monic irreducible polynomials of
degree 12 over Z,. Taking g=9,n=6=2x3 gives (9°-9° 9% + 9)/6 =88440 monic irreducible
polynomials of degree 6 over I .

Solution 8

(a) The elements of the ring R,, are cosets K + f(x) where K =(p(x)") and f(x)€ F[x]. The
I—element of R,, is K+1. Suppose K + f(x)e G,, =U(R,,). Thereis g(x)e F[x] with
(K+g(x))K+ f(x)=K+1. So g(x)f(x)—1e K which gives g(x) f(x)—1=g(x)p(x)".
Therefore p(x) is not a divisor of f(x), as otherwise p(x)| 1 which is not true. So

gcd{ f(x), p(x)}=1. Conversely suppose gcd{f(x), p(x)}=1. Then gcd{f(x), p(x)"}=1 alsoas 1
is the only monic divisor of p(x)™ which is not divisible by p(x). By (4.6) there are

g(x),q(x)e F[x] with g(x)f(x)—q(x)p(x)" =1 which gives g(x)f(x)—1e K. So
(K+g(x)(K+ f(x))=K +1, showing that K + f(x) is an invertible element of R,, (its inverse is
K+gx)).ie. K+ f(x)eG,,.

Consider K + f,(x), K + f,(x)e H,,. Write L=(p(x)). Then f,(x)=1(modL) and
f>(x)=1(mod L). Multiplying these congruences together gives f(x)f,(x)=1(modL). So

(K+ fi)K+ f,(x))=K + f,(x) f,(x)e H,, showing that H,, is closed under multiplication. As
I=1(mod L) we see that H,, contains the 1—element K +1 of G,,. Suppose

(K+gx)(K+ f(x))=K+1 where K+ f(x)e H,,. Then f(x)=1(mod L) and hence
gx)=g(x)f(x)(modL). As K< L wesee g(x)f(x)=1(modL) andso g(x)=1(modL). So
K+ g(x)e H,,. Therefore H,, is closed under inversion. So H,, is a subgroup of G,,.

Suppose F' is a finite field with |F | =g . Each element of R,, is uniquely expressible as K + f(x)
where deg f(x) <deg p(x)" =mn . Therefore |Rm | =q"™" as there are ¢"™" polynomials over F of

degee less than mn . The number of these polynomials which are divisible by p(x) is g™ = q(m_l)"
as such a polynomial is A(x)p(x) where degh(x)<mn—n. By the preceding part of the question

| - | =g™ — g™ " =g (¢g" —1). The elements of H, are K +h(x)p(x)+1 where as above
degh(x)<mn—n. So |H,|= g

As K C L the natural mapping 77: R,, — F[x]/L, given by (K + f(x))7=L+ f(x) for all

f(x)€ F[x], is a surjective ring homomorphism from R,, to the finite field E = F[x]/L of order g" .
Also kern={K + f(x): p(x)| f0)}=(K+ p(x)). By (3.17) there is an element g, € G,, such that
(g,)n generates the multiplicative group E* of ¢" —1 non-zero elements of E. Now (g,)7 has order
g"—1in E* and so (glqn_l)ﬂ:((gl)ﬂ)qn_l =L+1. Therefore glqn_l € H,, and further

gll €eH, <" —1)| . Let d be the order of glqn_l and so g, has order d(gq" —1) as
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ged{d,q" —1}=1. Write g, = gld. Then g, has order ¢" —1. Let H| be the cyclic subgroup of G,
generated by g,. Then |Hm mH0|:1 as gcd{|Hm |,|H0 |}=gcd{q<m_l)",q" —1}=1. Also
G,=H,H, as |H,H,|=|H,||H,|=¢"""(q" -D=|G

multiplicative version of (2.15) with r=2.

m| Therefore G,, = H,, X H,, using the
Let d,,d,,...,d be the invariant factors of H,,. As H, has the single invariant factor ¢" —1 and
ged{d,,q" —1} =1, the invariant factors of G,, = H,, xH are d,,d,,....d,_,d,(q" —1).

(b) Taking g =2,n=1 in (a) above we obtain |H0|:1 andso G,, = H,, and |Gm|:2m_1. As
|Gi[=1,
The group G; has four elements K +1, K +1+x, K+1+x%, K+1+x+x* where K =(x*) and
1+1=0. As (K+1+x)?* =K +14+x*,(K+14+x)° =K +1+x+x* (K +14+x)* =K +1 since

x*e K , we see that G, is cyclic of order 4 and so G; has the single invariant factor 4.

G2| =2 the invariant factors of G, and G, are & (the empty set) and 2 respectively.

G, is a group of order 8. With K =(x"*) the element K +1+ x has order 4 as
(K+14+x)°=K+1+x*,(K+1+x)*=K +1. Also K+1+ x> has order 2 as x°e K. Further

K +1+x” is not contained in the subgroup generated by K +1+x. So K+1+x’ and K +1+x
generate independent subgroups of G, having orders 2 and 4 respectively. Therefore G, is the

internal direct product of these subgroups and so G, has invariant factors 2,4 .
G, is a group of order 16. With K =(x’) the element K +1+ x has order 8 as
(K+1+x)*=K+1+x*#K+1but (K+14+x)®*=K+1. The element K +1+4 x> has order 2 and is

different from the unique element K +1+ x* of order 2 in the subgroup generated by K +1+x.
Therefore G has invariant factors 2,8 .

G, is a group of order 32. With K = (x°) the element K +1+ x has order 8. The elements

K +1+4x* and K +1+4x° have order 2 and together with (K +1+x)* = K +1+x* generate an
elementary abelian 2 — group with invariant factors 2,2,2. Therefore G4 has invariant factors 2,2,8 .
So 2G6 has invariant factors 2,2,2. Also 4G6 has invariant factors 2,2,4 and 8G6 = G, has invariant
factors 2,2,8 as above.

(¢)Let | (j—Dm/j|=k. Then (j—1)m/j=k+¢& where 0<e<1. So
m/j=(1—({I-1)/l)m=m—k—¢. Let i be aninteger. Then m/j<im—-k—-e<iom—k<i.
Som/j<i<m< m—k<i<m. There are k integers i in the latter range. So there are L(j —l)m/jJ
integers i with m/j<i<m.

Consider g =K + f(x)e G,, where K =(x") C Z,[x]. We may assume deg f(x) <m and so

m—1
fx)= Zaix’ where a,=1. Then
i=0

e VG, & ¢¥ =K+l f(0)¥ =l(modK) &
m—1 . .

Zaiz/x"zj =I(modK) & a, =0 for 0<i2/<m.
=0
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The coefficients a; for m< i27 do not appear above and so are arbitrary elements of Z,. The number

_ . . .o P J t;
t; of these coefficients is the number of integers i with m/ 2/<i<m. So|? G, |=2" where

t;= L(Zj —l)m/ZjJ by the first paragraph of (c).

As 2" <m<2" wesee 1/2<m/2" <1 andso (2" =1)m/2" =m—m/2" 2m—1 showing t, =m—1.
So 2er =G,, and hence 2]Gm =G, for j2r,ie. 1 =m—1 for j>r.

Comparing orders using Exercises 3.1, Question 5(c) gives #, =0 and

t;= Z is;+j(s;+s;,+...+s, ) for j=1. Solving these linear equations we obtain
1Si<)

..=m-—1. Also

§;=—t;+2t;—t;,, for j21. Hence 5, =0 for j>r as . =t,,=.

J
$p=—t 2=t == Q7 =Dm/27 |2 27 =1)m/27 || @7 =m/27*! | for j=1.
Take m=25. So r=5 and
1 :LZS/ZJ =12,t,= L3>< 25/4J =18,1, :L7><25/8J =21z, :L15><25/16J =23,t; = L31><25/32J =24.
Therefore 5, =0,s, =3,s; =15, =1,55=1,5, =0 for j 2 0, showing that G,5 has invariant factor
sequence (2,2,2,2,2,2,4,4,4,8,16,32).
Take m=32. So r=5 and t :L(Zj —1)25/2]-J:25 -2/ for 0< J <5. Therefore
s, =8,85,=4,5,=2,5,=Lss=1,s ;= 0 for j =2 6, showing that G;, has invariant factor sequence
(2,2,2,2,2,2,2,2,4,4,4,4,8,8,16,32) .
(d) To show ¢ is unambiguously defined (u.d.), consider f(x), f,(x)e F[x] such that
(§)h(x)) + f,(x) =(g(X)h(x)) + f,(x) . Then f,(x)— f,(x)€ (g(x)h(x)) and so
gORX)| (f,(x) = f,(x)). Hence g(x)|(f,(x)— f,(x)) and h(x)|(f,(x) = f,(x)). i.e.
[0 = f,(x)€{g(x)) and f,(x)— f,(x)€ (h(x)) . Therefore (g(x))+ f,(x) =(g(x)) + f,(x)
and (h(x))+ f(x) =(h(x))+ f,(x) showing that ¢ is u.d. as we set out to prove.
To show that & respects addition and multiplication, consider elements a,a’e F[x]/{g(x)h(x)). There
are f(x), f'(x)€ F[x] with a=(g(x)h(x))+ f(x) and a’=(g(x)h(x))+ f'(x). Then
(a+a)a=((g(x)h())+ f(x)+ fNa=(g(x)+ f(x)+ f(x),(h(x) + f(x)+ f(x)) =
(g} + £ (x),(h(x)) + [ () + (g (x) + f/(x),(h(0) + f/(0) = (@) + ()
and
(aa’)yar = (((g(DOh(x))+ f(0) f' ()= ((g(0)) + £ (x) f(x),(h(x) + £ () f(x)) =
(g () + f (), (h(x)) + f (D) + f'(x),(h(x)) + f'(x) = (a)x (a')x
showing that ¢ does respect addition and multiplication. As
(g()h(x)) +Da=((g(x))+1L(A(x))+1)
we see that & respects 1—elements. So ¢ is a ring homomorphism.
Suppose ged{g(x),h(x)}=1. To show that « is injective suppose (a)a=(a’)x. Using the above
notation we obtain ((g(x))+ f(x),(h(x)) + f(x))=({g(x))+ f'(x),(h(x)) + f’(x)) and this equality
between ordered pairs gives (g(x))+ f(x)={g(x))+ f'(x) and (h(x))+ f(x)={(h(x))+ f'(x).
Therefore f(x)— f’(x) is divisible by g(x) and by h(x). So f(x)— f’(x) is divisible by g(x)h(x)
giving a ={g(x)h(x)) + f(x)={(g(x)h(x))+ f'(x)=a’. So « is injective. To show that & is
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surjective consider a typical element ({g(x)) + s(x),{h(x)) +1(x)) of (F[x]/{g(x)))® (F[x]/{h(x))).
By (4.6) there are a(x),b(x)e F[x] with a(x)g(x)+b(x)h(x)=1. Let
r(x)=t(x)a(x)g(x)+s(x)b(x)h(x) . Then r(x)=s(x)(mod g(x)) and r(x)=t(x)(mod h(x)) and so
(g(x)) +s(x),(h(x)) +1(x)) =(g(x)h(x)) + r(x))cx showing that ¢ is surjective. The conclusion is:
o F[x]/{g(x)h(x)) = (F[x]/{g(x))) @ (F[x]/{h(x))), i.e. & is aring isomorphism.

Let 0:7Z,[x]— Z,[x] be given by (f(x))o = f(x—1) forall f(x)e F[x]. Then o is self-inverse
(07'=0) and O is an automorphism of the ring Z,[x]. Also ((x"))o=((x—1)") and so

G6:R,, = R), is aring isomorphism where ((x")+ f(x))6={((x—D")+ f(x—1).

Restricting & to the group U(R,,) =G,, gives the group isomorphism ON" G :G,,=zU(R),).
By the above polynomial version of the Chinese remainder theorem ¢ : Z,[x] / (x'(x=1)"Y=R L OR,,

is a ring isomorphism. The restriction of & to the group of invertible elements of Z,[x] / (x'(x=D™) is
an isomorphism U(Zz[x]/<xl (x=D")N=U(R, ®R;,). As UR®R)=U(R)xU(R’) for all rings
R and R’ we conclude U (Z,[x]/(x'(x=1)")) =U(R,)xU (R,,) = G,XG,, .
The invariant factor sequence of U (Z,[x]/{x* (x=1)")) = G,; X G,, is
(2,2,2,2,2,2,2,2,2,2,2,2,4,4,4,4,4,4,4,8,8,8,16,16,32,32) on combining the invariant factors of
G,5 and G;, from (c) above.
(e) Express f(x) in the scale of p(x):let ry(x) be the remainder on dividing f(x) by p(x). Then
degr,(x)<n and f(x)—r(x)=0(mod p(x)). Let the integer j satisfy 1< j<m and suppose
inductively that there are polynomials r,(x) with degr,(x)<n for 0 <i < j such that

j-1

f(x)— Z r:(x) p(x)i =(0(mod p(x)j ). Let I (x) be the remainder on dividing the polynomial

i=0

—1
1/ p(x)? ) f(x)—jzr,.(x)p(x)") by p(x). Then degr;(x)<n and thereis ¢,(x)€ F[x] with
i=0
. j-l . .
1/ p))(f ()= 2 1r(x) p(x)') =g, (x) p(x) +r;(x) by (4.1). Multiplying this equation by p(x)’
i=0

J . . :
and rearranging gives f(x)— Zrl- (X)p(x) =q () p(x)’" =0(mod p(x)’*") . The inductive step is
i=0
now established. Taking j=m—1 gives f(x)— » r.(x)p(x)' =0(mod p(x)"). As

1

1=0

m—1 m—1
deg(f(x)= . r(x) p(x)') <mn=deg p(x)" we conclude f(x)— Y r(x)p(x)'=0,ie.
i=0 i=0
m—1

f(x)= z r:(x) p(x)i . So f(x) is expressible in the scale of p(x) as stated. Conversely suppose
=0

m—1

f(x)=) r(x)p(x)" where degr,(x)<n for 0<i<m. Then ry(x) is unique by (4.1) being the
i=0

remainder on division of f(x) by p(x). Let the integer j satisfy 1< j <m and suppose inductively
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that r;(x) are unique for 0<i< j. Then r; (x) is unique by (4.1) being the remainder on division of
. i1 ‘
(l/p(x)f )(f(x)— Z r(x) p(x)") by p(x).By induction the 7,(x) are unique for 0<i<m.
=0

Each element of R,, can be expressed uniquely as K + f(x) where K =(p(x)") and deg f(x) <mn,

m—1 )
f(x)e IE‘q[x]. Elements of G,, are K + f(x) where f(x)= Z r.(x) p(x)" with r,(x)#0. Elements
=0
m—1 ) .
of H,, are K+ f(x) where f(x)= Z r.(x) p(x)" with r,(x)=1. Suppose K + f(x)e p‘ile where
=0
. pj . i pj ipj ..
j=0. Then (K+ f(x))" =K+1,ie. K+ Zri(x) * p(x)™ +1=K +1 as raising to the power p,
=1
m—1 . L
is an injective ring homomorphism of Fq [x]. Therefore Z r(x) g p(x)? 0 = O(mod p(x)™). Isit
=1

possible for 7:(x) #0 where 1<i< m/ pd ? If so then consider the least such integer i. As ip/ <m we
see rl.(x)P({ =0(mod p(x)) . But r,(x) = 0(mod p(x)) since degr,(x) <n=deg p(x) and so
ri(x)p‘{ Z 0(mod p(x)) as p(x) is irreducible over IE‘q. This contradiction shows 7;(x)=0 for
1<i< m/p({ . Conversely 7,(x)=0 for 1<i< m/p({ implies K+ f(x)e pome as each term in
mz_lri(x)p g p(x)ip J is divisible by p(x)" . Therefore
i=1

K+ f(x)e pOme & r(x)=0 for 1<i<m/ p] where f(x)zmz_:lrl-(x)p(x)i .

i=0

The number of integers i with m/ p({ Si<mist; = L( poj —l)m/ poj J by (c) above. The number of

choices for each r;(x) where m/ p({ <i<m sothat K + f(x)e " "]Hm is ¢" as r;(x) is an arbitrary

polynomial with degr;(x)<n over F . So

POme‘=qmj = émj for j=0.
As in (c) above we see
s;=In(—t_ +2t,—1;,) =ln(—L(pg_l —l)m/p({_lJ+ZL(p({ —l)m/ng—L(pg+l —l)m/p({HJ)

for j>1.
In the case m=11,g=9,n=2 we have p,=3,/=2 and so

=06, =[ B=D11/3]=7.t, =| 3 =D11/3* |=9,1, =| B>~ D11/3* | =10=1, (j 23).
Therefore s, =4(—0+2x7-9)=20,s, =4(-7+2x9-10)=4,s5, =4(-9+2%x10-10) =4 and
§;= 0 for j=4. So H|, has 20 invariant factors 3 followed by 4 invariant factors 9 followed by 4
invariant factors 27 . Finally G;, also has 28 invariant factors, the first 27 being the first 27 of H,,
the last invariant factor of G, being 27X (3* —=1)=2160 (see the last part of (a) above).
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Solutions 4.2 (page 199)

5 o)ls i)

x| (1T O)(1 x+1)( 1
1) (x 110 T Jlx+1
the corresponding eros being

B I =1r =5+ 0 =15+ 08,5+ 1y, 1y + 1,1+ X785, 75+ 20,1+ (0 D, + (2 Dy

Solution 1

(a)

—l Ol

respectively. Over Z,[x] the 2X2 elementary matrices with entries of degree at most 1 are:

0 I)(a O)(1T O)(1 O)(T f)[ 1 0

53 3o oo 1o Tl 0
where ae Zp ,a#0,1 and f(x)e Zp[x],f(x) #0,deg f(x)<1. There are p—2 choices for a and
p* —1 choices for f(x)=a,x+a,. Soin all there are
1+(p=2)+(p=2)+1+(p* =D+ (p*=1)=2(p—1)(p+2) such matrices.
(b) The eros producing the given 2X2 elementary matrices over Q[x] are:
K 1,1 + 1,1+ X1, 31, (1/3)r,, 1, — X7, respectively. The six paired ecos are:
€, > Cy,¢ + 6,50, +X°¢;53¢,,(1/3)c,, ¢, — x°c; respectively. The six conjugate ecos are:
€, > Cy,¢ — €5, —x7¢;,(1/3)c;,3¢,, ¢, + X°¢; respectively.
(¢) The ero ar; and the eco ac; are paired for all ae F * . These elementary operations are conjugate
and non-identity < a*=1lL,a#1,ie. a=-1, y(F)#2. For i # j the ero r;+ f(x)r; and the eco
cj+ f(x)c; are paired for all f(x)e F[x]. These elementary operations are conjugate and non-identity
& f(O+f(0)=0,f(x)#0 < x(F)=2. Therefore apart from 7, <> r;,c; <>¢; the only paired
(non-identity) eros and ecos which are also conjugate are —7;,—¢; in case Y(F)#2,and
r+f)r.c; + f(x)c; where f(x)#0 incase y(F)=2.

Solution 2
(a) Let A(x),B(x),C(x)e M ,(F[x]). Reflexive law: taking P(x) asthe sXs identity matrix over

F[x] and Q(x) as the txt identity matrix over F[x] we see P(x)A(x)Q(x)"' = A(x) showing
A(x)=A(x) forall A(x)e M, (F[x]) by (4.11). Symmetric law: suppose A(x)=B(x). By (4.11)
there are P(x)e GL,(F(x)) and Q(x)e GL,(F(x)) with P(x)A(x)Q(x)"" = B(x). Hence
P(x)"'B(x)Q(x) = P(x)"' B(x)(Q(x)") ' = A(x). As P(x)"'€ GL,(F(x)) and Q(x)"' € GL,(F(x))
we see B(x)=A(x) by (4.11). Transitive law: suppose A(x)=B(x) and B(x)=C(x). By (4.11)
there are P (x), P, (x)e GL,(F(x)) and Q,(x),0,(x)e GL,(F(x)) with Pl()c)A()c)Ql(x)_1 =B(x) and
P,(x)B(x)0Q, (x)"' =C(x). On substituting for B(x) we obtain

P,(x)P(x)A(x)(Q, ()C)Ql()c))f1 =(C(x) which shows A(x)=B(x) by (4.11) as

P,(x)B(x)e GL,(F(x)) and Q,(x)Q,(x)e GL,(F(x)). Therefore = is an equivalence relation on

M g (Fx]) .
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From (4.11) A(x)=0 = A(x)=0 and so {0} is the equivalence class of the zero matrix 0.

Suppose A(x)e M, (F[x]) satisfies A(x)=1. Using (4.11) we see

A(x)=P(x)"'1Q(x)e GL,(F[x]) as P(x),Q(x)e GL,(F[x]). On the other hand P(x)e GL,(F[x])
satisfies P(x)=1 as I P(x)P(x)"' =1. So GL,(F[x]) is the equivalence class of I .

(b) As d, (x)‘ x°, by the polynomial analogue of the fundamental theorem of arithmetic, the only
possibilities are:

(LL1),(1,1,x),(1,x,x),(x,x,x),1,1,x*),A,x,x*), (x,x,x7), 1, x%, x7), (x, 2, x%), (2%, x%, x*)
(LLx),4,x,x7), (x,x,x°),(L,x%, x7), (6, x%, %), (%, x2, 27), (L, 27, ), (x, 7, x7), (2%, X7, %), (0, 2, x°).
By (4.19) each equivalence class of 3x¢ matrices over F[x] corresponds to exactly one of the above
triples. So there are 20 such equivalence classes.

(c) For elementary matrices P(x) over F[x] of types (i) and (ii) we see P(—x)=P(x) as P(x) isa
matrix over F'. Let P(x) be an elementary matrix over F[x] of type (iii). Then P(x) arises from [
by applying a row operation r; + f(x)r; where f(x)€ F[x]. Hence P(—x) arises from / by applying
r.+ f(=x)r;,i.e. P(=x) is also an elementary matrix over F[x] as f(—x)e F[x]. We conclude:
P(x) elementary over F[x] = P(—x) elementary over F[x]. As P(—(—x))= P(x) the opposite
implication also holds.

By (4.11), (4.16) and (4.17) there are elementary matrices

B(x), By(x)s..., B (00,0, (), 0, (X)...., 0, (x) over F[x] with
P () P,(x) B() AD)Q, ()0, () Q; (x) = diag (d (x),dy (1)...rl iy () -
Replacing x by —x gives
P (=x)--- B, (=x) B (=) A(=x0)Q, (=X)Q, (—=x) - @, (—x) = diag (d,(x),d,(x),....d ., (X)) -

Using the preceding theory we see A(—x) =diag(d,(—x),d,(—x),.. ( x)). Write

nun{st
d/(x)=(=1)"%"q (=x) for I<i<min{s,7}. Then d/(x) is monic and d‘(x)‘ d’,, (x) for
1<i<min{s,t}. As A(—x)=diag(d|(x),d,(x),.. mln{v t}(x)) using elementary matrices of type
(i) over F[x] we conclude S(A(—x))=diag(d/ (x) d; (x),.. mm ”}(x))

By (4.19) we see A(x)=A(-x) & d;(x)=d!(x) for ISszm{s,t}. But

d.(x)= (—l)degd"(x)di (=x) & d;(x) is either even (no odd powers of x occur in d,(x)) or odd (only
odd powers of x occurin d;(x)).

Clearly g,(A(x))=1 as the gcd of the entries in A(x) is 1. On carrying out 7, —r, we see

det A(x)= =x=g,(A(x)).

X +x

So S(A(x))=diag(l,x). In this case d,(x)=1 is even and d,(x)=x is odd. Hence A(x)= A(-x).
As above g,(B(x))=1 and applying r, —r, gives

-1

detB
etB(x)= X—x x*+1

=—x—1.

Hence g,(B(x))=x+1 and S(B(x)=diag(l,x+1).In this case d,(x)=1 is even but d,(x) =x+1 is
neither even nor odd. Hence B(x) = B(—x).
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Solution 3

x 0 )
(a) A(x)—x(x+1)[0 x+1j' Using (4.15)

X 0=x—x=x 1= 1 1= 1 0
0 x+1) 0 x+1) (0 x+1) 1-x* x+1) |1-x*> x(x+1)

and so the sequence ¢, —¢,,7; +1,,¢, —(x—1)c,,c, — ¢, 1, + (x> = 1)1, reduces A(x) to

S(A(x))=diag(x(x+1),x* (x+1)%).

1 0
0 x(x+1)

1

1
Applying 1, +1,,1, + (x* —1)1; (the eros above) to I gives P(x) =( 5 2] . Applying
x =1 x

) x  x+1
I+ 1,1, + (x=1)1, 1 +r, (the conjugates of the above ecos) to I produces Q(x) = | .
X— X
Then P(x)A(x)=S(A(x)Q(x). A(x)*=diag(x*(x+1)*,x*(x+1)*) has invariant factors
2 (x+D?x*(x+1)* by (4.15).
(b) The elementary operations ¢, <= 5,1, > I,,C, <> C5, 1, <> I; reduce the given matrix to its Smith

normal form diag(1,x,x?).

(c)
X X X = X 0 X =
Ax)=| =2 x*—x xX*-2x|¢—xc, |¥*—x  —x° K =2x| ¢ ¢
20 +x—-1 &7 23 e | X K Hx—1 0 247
X 0 0 = X 0 0 = x 0 O
x*—x —x° x| rn—(x=-Dr |0 —x* -x|c—xc; |0 —x O
X O Hx-1 X r,— X1 0 ¥+x-1 x*)c, ¢ (0 x* x-1
= x 0 0 = (x 0 1 = 1 0 0
rp+xr, |0 x 0 | -0 x 0 |c¢+d-x)c 0 X 0
-, \0 0 x-1)c;+¢ \0 0 x-1 = —(x=1)> 0 x(x-1)
_ 1 0 0
0 x 0 |=S(Ax)).

r3+(x—1)2r1

0 0 x(x-1)
Applying r, —(x—=1Dr,ry —x1,, 1y +x15,1, = 15,1 + (x—l)zr1 to the 3% 3 identity matrix over Q[x]
gives
1+x° —-X -1
P(x)= 1—x 1 0

1-2x+x* =2 +x* x*2-x) x(2-x)
Applying 1, + X1, 1, €3 1y, 1, + 15,15 + X1y, T, <> 1y,— Ty, 1, — 1,1 + (x =11, 1, + 1 to the 3X3 identity

matrix over Q[x] gives
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2 —x+1 X X
O(x)= —X 0 -1
x2=2x+2 x-1 x-1
Then P(x)A(x)=S(A(x))Q(x) and so P(A)A(x)Q(x)" =S(A(x)).
(d) As A(x)=AD(x) where D(x)=diag(x,x*,...,x") wesee A(x)=D(x) andso D(x)=S(A(x)).

1

(e) The sequence: ¢, +(a™' —=1¢,, ¢, +¢,,c, +(a—1c,, ¢, —a'c, reduces diag(a,a™) to
q 2 1061 TC 6 1> ¢ 2 8

I =diag(1,1). Use the Euclidean algorithm to find a sequence of ecos over F[x] of type (iii) which
reduces A(x) to either (d(x),0) or (0,d(x)). Assuming d(x)# 0(x) (otherwise A(x) is the zero
matrix and there is nothing to do) in the latter case carry out ¢, +¢,,c, —¢, to get (d(x),0). Let a
denote the leading coefficient of d(x). Now carry out: ¢, +(a™' —1)c,, ¢, +¢,, ¢, + (a—1)c; which
changes (d(x),0)= (c?(x),O)diag (a,a”") into S(A(x))=(d(x),0) where d(x)=a"'d(x). Suppose v
ecos of type (iii) are needed to reduce A(x) to S(A(x)). Let Q,(x),0,(x),...,Q, (x) denote the

corresponding elementary matrices over F[x]. As detQ ; (x)=1 for 1< j<v we see

0x) "' =0,(0)Q,(x)-+-Q, (x) satisfies A(x)=S(A(x))Q(x) and detQ(x)=1.

Solution 4
The quotient and remainder on dividing a, (x) by xa, ,(x) are xa, ,(x) and a,_,(x) respectively as
a,(x)= xzan_2 (x)a,_(x)+a,_,(x). Hence gcd{a,(x),xa, (x)}=a,_(x) for n=22.
As an_l(x)| a,(x) for n=1 we obtain
a,(x)/a,_,., (x)=(a,(x)/a, ())Na, (x)/a, ,(x)-(a, . ,()]a, . ()=
(xzan_2 (x)+ 1)(x2an_3 (x)+1)-- -(xzan_r (x)+1).
As a,_,(x) isadivisorof a,__ (x),a, .. ,(x),...,a, ,(x), each of the above r—1 factors belongs to

the coset K,_, +1 and so does their product, i.e. a, (x)/a ,(x)=1(modK,_,) for I<r<n.

n—r+

Using the definition of a, (x) we see
a,(x)= x(x? + D,a,(x)= x(x2+D(x* +1), a,(x)= (XD D+ 10 +1).

Hence
(X +DEFP+DE+°+D) PP +HDE+)D) _ (XD +D) PP +DEC+)) _
0 -1 L AP+ -1 -
(X2 +D(P+1D) 0 _ (2 +D) P+ +]D) _ x(x* +1) K+ +]) _
2P +D) =+ +D) ) (PGP +D) =P+ +D ) L0 —(P+DEE++D) )

x(x*+1) x? _ X X2 _
0 X+ ++D)) (P +HDE+ 5 +D) =P +DEE++D) )

X 0 _[x 0 — D)
2P HDEC+3 4D (P +DEE+DE X +D ) (0 (P +DE D + 3+ - P

using the sequence
¢, —x*(xX* +1)cy,c, — xc,, 1, — X711, — X1, ¢, — X*c ¢, — xCy 0, — X, 1, — (X + D) + X7+ 1)

For 1< r<n write
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Ay (X) 0

B 0= [xa,,_r-l (x)a, (0)/a, () —(a,(x)/a,_, (X))

] (r odd)

and
an—r (x) xan_r_l (x)(an (x)/an_r+] (x))
0 —(a,(x)/a,_.(x))

the polynomial analogues of the matrices B, in Exercises 1.2, Question 6(b) .

B,.(x) :( ] (r even),

The ecos ¢, —xa,_,(x)c,, c, —xc, change A(x) into B,(x). The eros r, —xa,_,(x)r,, r, — x1; change
B,(x) into B,(x). The ecos c, —xa,_,(x)q,_,,,(x)c,, ¢, —xa,_,_,(x)c,,c, —xc, change B,_,(x) into
B, (x) forodd r with 3<r<n. The eros r, —xa,_,(x)q,_,.,(xX) 1, , —xa,_,_,(x)r,, r, —xr; change
B,_,(x) into B,(x) foreven r with 4<r<n. Finally B,_,(x) is changed into

D(x) =diag(x,—(a,(x)/x)) by either the eco ¢, —(a,(x)/a,(x))c, (n odd) or the ero

1, —(a,(x)/a,(x))r, (n even). The number of elementary operations over F[x] used in the reduction
of A,(x) to the diagonal matrix D(x) is therefore 2+2+3(n—3)+1=3n—4 where n>3.

There is g,(x)e F[x] with (a,(x)/a,(x))=(a, (x)/x) =1+ xqu (x). The sequence

1 —1y,C, — Xqy(X)C;, ¢, €3 Cy,Cy — X, 1, + (14 x°q, (x))r; of elementary operations over F[x] reduces
D(x) to S(A,(x))=diag(1,a,(x)).

The sequence 1, <> 1,,¢, <> C,, 1, +xa,_,(x)r;,—c, reduces A,(x) to its Smith normal form S(A(x)) .

Solution 5

(a) Consider (F,(x),0,(x),(P(x),0,(x))e Z(D(x)). Then

R(x)B(x)D(x) = B,(x)D(x)Q, () = D(x)Q,(x)Q,(x) showing

(B (x),0 (DB (),0,(x)) = (B (X),(x),0y(¥)Q, (x))€ Z(D(x)) . Pre- and post-multiplying
F,(x)D(x)=D(x)Q,(x) by PO()C)_1 and Qo(x)_1 respectively gives Po(x)_lD(x) =D()C)Q0()c)_1
showing (F(x),0Q, (x) = (F, (x)_l,QO (x) e Z(D(x)). Also the identity element (1,1) of G
belongs to Z(D(x)) as ID(x)=D(x)I. So Z(D(x)) is a subgroup of G .

(b) Suppose (P(x),0(x))e Z(D(x)). Comparing (i, j)—entries in P(x)D(x)= D(x)Q(x) for

1<i, j<s gives p;;(x)d;(x)=d;(x)g,;(x). Comparing (i,/) —entries in P(x)D(x)=D(x)Q(x) for
1<i<s<I<t gives 0=d,;(x)q,(x) and so g;,(x)=0 as d;(x)#0.

Conversely suppose (P(x),Q(x))€ G satisfies p,;(x)d;(x)=d,;(x)q,;(x) for 1<i, j<s and
q;;(x)=0 for 1<i<s</<t. Then P(x)D(x)=D(x)Q(x) as corresponding entries agree.

(¢) From P’(x)"'D(x)Q’(x)=A=P"(x)"' D(x)Q"(x) we deduce

P(x)P"(x)"' D(x) =D(x)Q"(x)Q"(x) ", i.e.

(P'(x),Q ()P (x),Q"(x) ™ = (P(x)P"(x)", Q" (x)Q"(x)™) € Z(D(x)). Therefore (P'(x),Q(x))
and (P”(x),Q"(x)) belong to the same left coset of Z(D(x)) in G, i.e.

Z(D(x))(P'(x),Q'(x)) = Z(D(x))(P"(x),Q"(x)) .
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o _ _ _ _ _ 2
(d) The sequence: ¢, —xc,,C, —XC,, T, — 1,1y = I5,Cy — XC;,C; €> C,,C, — XC,, T, +(x” +1)1; of elementary

x(x*+1) x?

operations over F[x] reduces ( J to diag(1,x(x* +1)) as does the sequence:

1 €5 7y,¢, ¢ Cy, 1, + X71,—c, . Applying the eros in the first sequence to the 2x 2 identity matrix gives

2 -1
(2 241 2] = P’(x). Applying the conjugates of the ecos in the first sequence to the 2X2 identity
X -X
2 2
matrix gives 2x(xz T 2+ =(Q’(x). Using the second sequence in place of the first gives
2x°+1 2x
0 1 0 -1 —x? 0 1
(1 xzj =P’(x) and [1 0 J= Q’(x). As P"(x)™ :[ f (I)J and Q"(x)' = [_1 0] we

. , , ” P -2x* -1 2 -2x* =1 2x(x*+1 .
obtain (P'(x),Q"()(P"(x).Q"(x))" = [[_sz (D) 20 IM e )H which
belongs to Z(diag(l,x(x* +1))).

(e) Let the sx¢ matrix D(x) =diag(d,(x),d,(x),...,d.(x),0,...,0) be in Smith normal form where
d,(x)#0. Suppose (P(x),0(x))e Z(D(x)). Then P(x)D(x)= D(x)Q(x). Comparing

(i, j) —entries in the above sX7 matrix equation for 1<i, j<r gives p;;(x)d ;(x) =d;(x)q; ;(x).
Comparing (i, j) —entries for 1< j<r<i<s gives p;;(x)d;(x)=0 andso p,;;(x)=0. Comparing
(i,1) —entries for 1<i<r<Il<t gives 0=d,;(x)g,,(x) andso g, (x)=0.

Conversely suppose (P(x),0Q(x))€ G satisfies p;;(x)d ;(x) =d;(x)q; ;(x) for 1<i,j<r, p,;(x)=0
for 1< j<r<i<s and g, (x)=0 for I<i<r<[<r. Asall (i,/)—entries in P(x)D(x) and

D(x)Q(x) are zero for r<i<s, r<Il<t we conclude P(x)D(x)=D(x)Q(x).

Solution 6
(a) Denote the rows of the sXs identity matrix over F[x] by ¢,(x),e,(x),...,e;(x). So ¢, (x)A(x) is

row k of A(x) for 1<k<ys.
Consider the ero 1, <> r; over F[x] where 1<i< j<s and let B (x) be the corresponding elementary
matrix over F[x]. Then

e(x)B(x)= e;(x), ej(x)R(x) =¢;(x), e, (x)F(x)=¢ (x) for all k#i,j where 1<k<s.
Post multiplying (multiplying on the right) each of these row equations by A(x) gives

¢; ()R (X)A(x) =¢;(0)AX), e;(x)P(x)A(x) =¢;(D)A(x), € ()R (X)A(X) =¢ (x)A(x)

which tell us that F(x)A(x) is the result of applying 7; <> rj to A(x).
Consider next the ero ar; over F[x] and its corresponding elementary matrix B (x) over F[x] where
ae F*. Then e;(x)F(x)=ae;(x) and e; ()P (x)= e;(x) for all Jj #1i. Postmultiplying by A(x) as
above gives e, (x)P,(x)A(x) =ae;(x)A(x) and e;(x)f (X)Ax)=e j(x)A(x) . These equations say that
P, (x)A(x) is the matrix which results on applying ar; to A(x).
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Now consider the ero r; +f(x)rj over F[x] where i# j, 1<i,j<s and f(x)e F[x]. Let B(x) be
its corresponding elementary matrix over F[x]. Then e;(x)F(x)=e¢,(x)+ f(x)e f (x) and
e, (x)F(x)=¢ (x) forall k#i, 1<k<s. Postmultiplying these row equations by A(x) gives
¢; () B () A(x) = (¢;(x) + f (x)e; (0))A(x) = ¢;(x) A(x) + f (x)e; (x)A(x) and
e, (x)F(x)A(x)=¢, (x)A(x). So F(x)A(x) is the result of applying r, + f(x)rj to A(x).
Let e ()C)T,€2 (x)T,...,e, (x)" denote the columns of the ¢x¢ identity matrix over F[x]. So
A(x)e, (x)" is column k of A(x) for 1<k <t. The part of (4.10) concerning ecos is proved by using
the matrix transpose of the above theory. Let Q,(x) be the elementary matrix corresponding to the eco
¢; <>c; over F[x]. Then Ql(x)ei(x)T :ej(x)T , Ql(x)ej(x)T =¢ (x)" and 0, (x)e, (x)" =e, (x)"
for k #1i, j. Premultiplying these column equations by A(x) gives
A(X)Q,()e;(x)" = A(x)e;(x)", A(x)Q,(x)e;(x)" = A(x)e;(x)" and A(x)Q,(x)e, (x)" = A(x)e, (x)"
for k#i,j. These ¢t column equations say that A(x)Q,(x) is the matrix which results on applying the
eco ¢; <> ¢; to A(x). The remaining types of eco can be dealt with in the same way.
(b) Let al-j(x) denote the (7, j)—entry in A(x). Suppose alj(x) #0 for some jwith 1< j<r. Write
hj (x) :gcd{all(x),alz(x),...,alj(x)} for 1< j<t. Then h,(x) is a,;(x) made monic (divided by its
leading coefficient) in case a;;(x)#0 and h,(x) =0 otherwise. Also & i1 (x)=gcd{h i (x),a, i+l (x)}
for 1< j<t. Incase a,(x)# h,(x) applying the eco (an()c)/h1 (x))c, to A(x) produces A, (x) with
e, (x)A (x)=(h,(x),a,,(x),a,,(x),...,a,,(x)). Suppose inductively that there is a sequence of ecos over
F[x] which applied to A(x) produces A j (x) with first row

el(x)Aj(x) = (hj(x),O,...,O,aljﬂ(x),alj”(x),...,au(x))
where 1< j<t. Applying (4.13)(i) to the 1xX2 submatrix (hj(x),a (x)) of Aj (x) givesa
(x)) into (hj +1(2),0). Applying this sequence

1j+1
sequence of ecos over F[x] which changes (h ; (x),alj + :
tocols 1 and j+1 of A,;(x) and using the inductive hypothesis we obtain a sequence of ecos over F[x]
which changes A(x) into Aj+1(x) with el(x)AjH(x) =(hj(x),O,...,O,alj+2(x),alj+3(x),...,au(x)).
The induction is now complete and ends with an sX¢ matrix A,(x) obtained from A(x) by means of a
sequence of ecos over F[x] such that e (x)A,(x)=(h,(x),0,0,...,0). Write B,(x)=A,(x) and

b (x)=h,(x). In the case alj(x) =0 forall j with 1< j<t welet B,(x)=A(x), b,(x)=a,,(x).
Should all (i,1) —entries in B,(x) be zero for 2<i <, then the algorithm ends with B,(x)= B(x).
Otherwise let b,(x) denote the ged of the entries in col 1 of B,(x). Then b, (x)| b (x). Notice that
b,(x)=0 implies b, (x) =0, i.e. all entries in row 1 and col 1 of A(x) are zero and so A(x)=B(x).
We may therefore assume b, (x) # 0. The above technique, but matrix-transposed, is then applied to

B, (x) : there is an s Xt matrix B,(x) which arises by applying a sequence of eros over F[x] to B, (x)
where B,(x)e, x)" = (b,(x),0,0,.. .,0)". Should b,(x)=b,(x) then ¢, (x)B,(x)=¢,(x)B,(x) as these
eros leave row 1 unchanged. So the algorithm ends with B, (x)=B(x).

Suppose B,(x) # B(x),i.e. B,(x) has anon-zero (1, j)—entry for 1< j <t In this case b,(x) #b,(x)

and the process is restarted with B, (x) in place of A(x). We obtain a sequence of sX¢ matrices B, (x)
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over F[x] with monic (1,1)—entries b, (x) for k=2,3,.... Further for k odd

e, (x)B, (x) =(b,(x),0,...,0) and B, (x) is obtained from B,_, (x) by applying ecos over F[x], while
for keven B, (x)el(x)T = (b, (x),0,.. ,0)" and B, (x) is obtained from B,_,(x) by applying eros over
F[x]. Therefore b, (x)‘ b,_, (x) and the process continues provided B, (x)# B(x),i.e. B, (x) hasa
non-zero off-diagonal entry in either row 1 or col 1. So b, (x) #b,_,(x) and degb, (x) <degb,_,(x).
Adding the k —2 inequalities degb,  (x)—degh,(x) 21 for i=3,4,...,k gives

degb,(x)—degb, (x) 2k —2 and so k <degh,(x)+2 as degh, (x) 20. Let [ be the largest of the
integers k. Then either B,(x)=B(x) or b,(x)=b,,,(x) where [ <degb,(x)+3.

Suppose [ is odd. Then e (x)B,(x)=(b,(x),0,...,0) and b, (x) is a divisor of all entries in col 1 of

B, (x). Hence the process terminates with B, (x)=B(x) as none of the eros over F[x] which change
B, (x) into B,,,(x) alter row 1. Suppose [ is even. Then B, (x)el(x)T =(b, (x),0.,...,0)" and b,(x) is
a divisor of all entries in row 1 of B,(x). Hence the process terminates with B, (x) = B(x) as none of
the ecos over F[x] which change B,(x) into B, ,(x) alter col 1.

(¢) We use induction on min{s,z}. If min{s,z} =1 the matrix B(x) of (4.14) is in Smith normal form.

(ba@) ] 0
B2

where B’(x)is an (s —1)X (¢ —1) matrix over F[x]. By induction there is a finite sequence of

So suppose min{s,?}>1. Then

elementary operations over F[x] which changes B’(x) into D’(x)=diag(d,(x),d;(x),...) in Smith
normal form. Hence there is a finite sequence of elementary operations over F'[x] which changes A(x)
into D,(x) =diag(b,,(x),d,(x),d;(x),...). As in the proof of (1.11) apply (4.15) to the 2x2
submatrix diag(b,,(x),d;(x)) of D,(x): the elementary operations involved change D, (x) into

D, (x) =diag(d,(x),m,(x),d;(x),d;(x),...) where d,(x)=gcd{b,,(x),d;(x)} and

m, (x)=lem{b,,(x),d;(x)}. Then dl(x)| m,(x) and dl(x)| d!(x) for 1<i<min{s,t}. So d,(x) isa
divisor of all entries in the (s —1)x (¢ —1) matrix D;(x)=diag(m,(x),d;(x),d;(x),...). By inductive
hypothesis there is a finite sequence of elementary operations over F[x] which changes D;(x) into
D’(x)=diag(d,(x),d;(x),...) in Smith normal form. As d,(x) is a divisor of all the entries in D’(x)
d,(x). So D(x)=diag(d,(x),d,(x),d;(x),...) is in Smith normal form

and there is a finite sequence of elementary operations over F'[x] which changes D, (x) into D(x)

in particular we have d,(x)

without changing row 1 and col 1. As A(x) can be changed in this way into D,(x), D,(x) into D, (x)
and D,(x) into D(x), we see that A(x) can be changed into D(x)=S(A(x)) by a finite sequence of
elementary operations over F'[x]. The induction is now complete.

Denote by B (x),P,(x),...,P,(x) the elementary matrices corresponding to the eros over F[x] used in
the reduction of A(x) to S(A(x)). Denote by Q,(x),0,(x),...,0,(x) the elementary matrices
corresponding to the ecos over F[x] used in the reduction of A(x) to a matrix S(A(x)) in Smith

normal form. Using induction on u +v and (4.10) we obtain

B, (%) B, (x) () A(x)Q, (x)Q, (x)--- 0, (x) = S(A(x)) .



109

Write P(x)=PF,(x)---P,(x)B(x) and Q(x)=0, (x)™"- -0, (x)_lQ1 (x)"'. Then P(x) and Q(x) are
invertible over F[x] and satisfy
P(x)A(x)Q(x)™ = S(A(x)).

(d) By (4.16) there are sXs matrices P’(x)=P,(x)---P,(x)B(x) and
Q' (x)=0,(x)" -0, ()c)lel (x)™", both being products of elementary matrices over F[x], satisfying
P (x)P(x)Q'(x)"' =S(P(x)) =diag(d,(x),d,(x),...,d(x)). As P’(x),P(x) and Q'(x) are
invertible over F[x], so alsois P’(x)P(x)Q’(x)™" and hence each d;(x) is an invertible polynomial
over F'. So d;(x)=1 as d;(x) is monic. Therefore S(P(x))=1,the sXs identity matrix over F[x].
The equation P’(x)P(x)Q’(x)™" =1 now gives

P(x)=P' ()" Q) =R Px)" B0 Q,x0) "0, (x)Q (%)
which expresses P(x) as a product of elementary matrices over F[x]. Therefore P~ (x)P(x)=1 can
be expressed as Q,(x)Q, (x)---Q, (x)PB,(x)---P,(x) P, (x)P(x)=1 which shows by (4.10) that P(x) is
reducible to I using only eros over F[x]. In the same way P(x)P~'(x)=1 can be written as
P(x)0,(x)Q,(x)---Q, (x)P,(x)---P,(x)P,(x) =1 which shows by (4.10) that P(x) is reducible to /
by means of ecos over F[x].
(e) Suppose A(x)=B(x). By (4.11) there are invertible matrices P(x) and Q(x) over F[x] with
P(x)A(x)Q(x)"" = B(x). Then g (A(x))‘ g,(P(x)A(x)) by (4.18) and

8 (P(x)A(x))‘ 8 (P(x)A(x)07'(x)), i.e. 8 (P(x)A(x))‘ g, (B(x)), also by (4.18). Therefore
& (A(x))‘ g, (B(x)). As B(x)=A(x) the roles of A(x) and B(x) can be interchanged in the above to
give g, (B(x))‘ g, (A(x)). Hence g;(A(x))=g,;(B(x)) as, being gcds, these polynomials are monic or

zero (the polynomial analogue of non-negative integers).

By (4.16) there is an sx¢ matrix D(x)=diag(d,(x),d,(x),...,d
(4.12) with A(x)= D(x). Selecting the first [ rows and first / columns of D(x) we obtain an

[ —minor of D(x) equal d,(x)d,(x)---d;(x). Now every [ —minor of D(x) is either zero or a product

min {s.1) (x)) in Smith normal form

dj1(x)djzmdjz(x) where 1< j, < j, <---< j, <min{s,t}. As i< j; we see d;(x) dji (x) for
1<i<[ and hence d,(x)d,(x)---d,(x) djl(x)djz(x)---dj] (x). So
8, (A(x))=g,(D(x)) =d,(x)d,(x)-+-d,(x) for I<I<min{s,?}.

These equations determine the invariant factors d,(x),d,(x),.. }(x) of A(x) in terms of the

"dmin {s,t
polynomials g,(A(x)) for 1</ <min{s,?} using induction on [: first d,(x)=g,(A(x)) and for [ >1
we have d,(x) = g,(A(x))/g,_, (A(x)) for 8,(A(x))#0, d;(x)=0 for g,(A(x))=0. Therefore A(x)
is equivalent to a unique matrix D(x) in Smith normal form and it is legitimate to write
S(A(x))=D(x) and d,(x)=d,(A(x)) for 1</ <min{s,t} asin (4.20).

Suppose g,(A(x))=g,(B(x)) for 1</<min{s,t}. By (4.16) and the theory in the above paragraph,
A(x) and B(x) are equivalent to the same matrix D(x) in Smith normal form. Hence A(x) and B(x)
are equivalent to each other.
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(f) By (4.16) there are invertible matrices F,(x), P, (x),0,(x),0,(x) over F[x] satisfying

B(x)A(x)Q, (x)"' =S(A(x)) and P, (x)A(x)B(x)Q, (x)"' =S(A(x)B(x)). Hence

P(x)S(A(x)B(x))=S(A(x))C(x) where the rXr matrix P(x)=F ()C)Pz()c)_1 = (pij (x)) is invertible

over F[x] and C(x)=Q,(x)B(x)Q,(x)"" = C(c;;(x)) is an sX¢ matrix over F[x] equivalent to B(x).

Comparing (i, j)—entries for 1<i, j <r in the rXt matrix equation P(x)S(A(x)B(x))=S(A(x))C(x)

gives pij(x) dj (A(x)B(x))=d;(A(x)) cij(x) (equation 1). Consider i and j satisfying

1< j<k<i<r. Multiplying equation 1 by the monic polynomial d, (A(x)B(x)) / d j (A(x)B(x)) gives

pij () d (A(x)B(x)) =d, (A(x)) ci’j (x) (equation 2) where

cl-'j (x)=(d, (A(x)B(x))/dj (A(x)B(x)))(d; (A(x))/dk (A(x)))cl-j (x) is a polynomial over F .

Dividing equation 2 by c?k (x)=gecd{d, (A(x)),d, (A(x)B(x))} gives

P ()(d, (A(X)B(x))/d (x)) = (d, (A(x))/d, (x))c];(x) (equation 3). As the monic polynomials

d, (A(x)B(x))/gk (x) and d, (A(x))/c?k (x) are coprime ( their ged is 1) we see that d, (A(x))/gk (x)

is a divisor of p..(x) for 1< j<k <i<r. On partitioning P(x)= (5-19)—1—112—(—)6—)} as shown, where
t By (x) | Py (x)

B, (x) is the leading (k —1)X(k —1) submatrix of P(x), we see that all entries in P,,(x) are divisible

by d, (A(x)) / d, . (x) as are all entries in column 1 of P, (x). Therefore

B! B®| |BW! B®

Pyx) | Po(0)|T| 0 TPy

det P(x) = = =|R,(x)|x| P, (x)|=| R, (x)[x0=0

where = denotes congruence modulo d, (A(x)) / d L (X). So d, (A(x)) / d . (x) is a monic divisor of
det P(x) which is a polynomial of degree 0 as P(x) is invertible over F[x]. Hence

d, (A(x))/c?k (x)=1 showing d, (A(x)) = c?k (x)=gecd{d, (A(x)),d, (A(x)B(x))},ie. d, (A(x)) isa
divisor of d, (A(x)B(x)).

There are invertible matrices P, (x), B (x),0,(x),0,(x) over F[x] satisfying

P, (x)A(x)B(x)0Q, (x)' =S(A(x)B(x)) and P,(x)B(x)0, (x)"' =S(B(x)). Hence
S(A(x)B(x))Q(x) = E(x)S(B(x)) where Q,(x)0, () '=0(x)= (%j (x)) isa tXxt invertible matrix
over F|[x] and Pz()c)A()c)P3()c)_l =E(x)= (6,-]-()6)) is an rXs matrix over F[x] equivalent to A(x).
Comparing (i, j)— entries in the 7X¢ matrix equation S(A(x)B(x))Q(x)=E(x)S(B(x)) gives

d; (A(X)B(x))q; j(x)=¢;; (x)dj (B(x)) for 1<i<r,1< j<s (equation 4) and

d; (A(X)B(x))q; j(x) = 0 for 1<i<r,s< j<t. From the last equation we deduce q;;(x)= 0 for
1<i<r,s<j<t (equation5) as d;(A(x)B(x))#0. Consider g;;(x)for ISi<k< j<s. Multiply
equation 4 by the monic polynomial d, (A(x)B(x))/dl- (A(x)B(x)) obtaining

d, (A(x)B(x)) q;; (x)= el-'j (x)d, (B(x)) for 1<i<k< j<s (equation 6) where

e (x)=(d, (A(x)B(x))/d, (A(X)B(x))(d; (B(x))/dk (B(x)))e; ;(x) is a polynomial over F .

Dividing equation 6 by c?k (x)=gecd{d, (B(x)),d, (A(x)B(x))} we see that
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ql.j(x) is divisible by dk(B(x))/Ek(x) for 1<i<k < j<s. Partition the #X¢ matrix Q:[Q 0
21 | Y2

where Q,, is the leading (k —1)X(k —1) submatrix of Q. By equation 5 and the foregoing divisibility
condition we see that all entries in (), and all entries in row 1 of (,, are divisible by d, (B(x)) / j L (X))

Therefore

|
detQ(x) = 20, 9

0,,() 1 0y (1)
where = denotes congruence modulo d, (B(x)) / 67 «(X). As Q(x) is invertible over F[x] we see that
the monic polynomial d, (B(x)) / 67 , (X) is a divisor of the polynomial det Q(x) of degree O over F .
Hence d, (B(x))/d,(x)=1, ie. d,(B(x))=d, (x) = gcd{d, (B(x)),d, (A(x)B(x))} showing that

d, (B(x)) is adivisor of d, (A(x)B(x)).

10,0 [x| 0| =| (0] x0=0
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Solutions 5.1 (page 222)

Solution 1

(a)As X '= S we obtain B = 2 b3y -l = —38 16.
-5 2 5 32 4)({-5 2 —-102 43

det A=1x4-2%x3=-2=(-38)x43—-(-102)x16=det B and

trace A=1+4=5=-38+43=trace B. As X?AX > ~ A, by (5.5) the characteristic

polynomials of X?AX * and A are equal namely

x? —(trace A)x+detA=x* —5x—-2.
(b) As trace A=trace B we have 3—a+a=>b+2 giving b=1. As detA=detB we
see 3—a)a—(—1)x7=1x2—(-1)x1 giving a* -3a—-4=0,ie. (a—4)(a+1)=0.
So either a=4 or a=-1. Incidentally

(:i Z],(_ﬁ _71] and (_11 ;J are similar to (_03 ;]z C(x*=3x+3).
XAX‘I:(l —a/ZJ(l 0}(1 a/ZJ:(l a/ZJ(l a/ZJZ(l aj‘
0 1 JO -1){0 1 0 -1)I0 1 0 -1

All these matrices belong to the similarity class of A for all a€ R, so the answer is:
Yes. As yp(x)= x? —=1=(x—1)(x+1) we see that B has distinct eigenvalues *1and
so B can be diagonalised, i.e. B~ diag(l,—1)=A. Explicitly (1+~/2,1) are row
1+42 1
1-2

()

eigenvectors of B corresponding to £1. So X ={ J is invertible over R and

satisfies XBX ' =A.

(d) Consider A,A’,A”e 9, (F). Taking X =1 the tX¢ identity matrix over F, then
X'=1 andso XAX'=A. By (5.3) the reflexive law A~ A forall Ae M, (F) is
obeyed.

Suppose A~ A’. There is an invertible Xt matrix X over F with XAX '=A".
Hence X '"A’X =A. As X! isinvertible over F and (X )'=X wesee A"~ A
by (5.3) showing that the symmetric law is obeyed.

Suppose A~ A" and A"~ A”. By (5.3) there are invertible 7X¢ matrices X and Y
over F with XAX'=A" and YA'Y"'=A". Then

YX)AYX) "' =YXAX'Y'=YA’Y ™' = A” showing that A~ A” by (5.3) as YX is
invertible over F . So the transitive law is obeyed.

We conclude: ~ is an equivalence relation on 97,(F).

(e) By hypothesis XAX ' = A forall X € GL,(F). So XA=AX for all

11 1 1
XeGL,(F). Write A= a b and X, = = 0 + 0 . Then
c d 0 1) (01 00

01 0 1
X, € GL,(F) and so X;A=AX, which gives (0 OJA:A(O Oj,i.e.
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d 0 I 0
¢ = “ie, ¢=0,a=d . Inthe same way X,A=AX, where X, =
0 0 0 c 11

a

leadsto b=0,a=c. So A:(
0 a

J =al 1is a scalar matrix.

Solution 2

(a) Write xI — A= (bl.j). The entries in xI — A are x—a;; =b;; of degree 1 over R

and —a;; = b; j for i# j is a constant polynomial over R. So

(sign7)by (1,05 (2)7 by (), has degree <t—1 over R unless (i)77 =i for at least 1 —1

integers i€ {1,2,...,t} . Inthis case (i)7 =i forall i€ {1,2,...,t} as & is a permutation

of {1,2,...,t},i.e. 7 =1, the identity. Therefore the coefficient of x'~' in ¥ 4 (x) is the

coefficient of x'™" in (sign Db, b,y b,y =(x—a, )(x—a,,) - (x—a,,) whichis
—a, — 0y, —...—a;, =—trace A.

The constant term in ¥, (x) is ¥ ,(0)=(x,(x))&, where & :R[x]— R is the

evaluation at 0 ring homomorphism. As det(x] — A)e R[x] we see

(X4 (x))€, = (det(x] — A))g, =det(0] — A) =det(—A) = (=1)" det A since —A is the

result of changing the sign of each of the ¢ rows of A.

(b) Consider a permutation 7 of {1,...,,,...,¢, +1,} and suppose first there is

ie{t,+1,....t;+1,} with ()zwe {t,+1,....,t; +1,}. The (i,(i)7) —entryin A is zero

and so (signﬂ)al(l)ﬁaz(z)ﬁ Ay g = 0.

Now suppose 7 satisfies i€ {t, +1,....t, +t,} = (i)we {t,+1,...,t, +1,}. Then

ie{l,....t;} = (@)re{l,....t;} as 7 is a permutation. Let 77, be the restriction of 7

to {L,...7,}; then 7, is a permutation of {1,...,7,}. Let &, be the restriction of 7 to

{t,+1,....t,+1,}; then 7, is a permutation of {¢, +1,...,1, +1,}. Also

signsr = (signx, )(signz,). Conversely each pair of permutations 7,77, as above

arises from a unique permutation /7. Therefore
detA=;(signfr)al(l)ﬁaz(z)”---at(m

where the summation is restricted to those permutations 7 satisfying
ie{t,+1,...t,+1,} = ()mwe{t,+1,...t, +1,} as all other terms are zero. Hence

detA= ,,Z,; (sign7e )(SIgNT)ay 1)z, Gy (1y2, Gt 1y~ Py 1)1y =
172

(; (SIgn7)a, 1y . 11 )(;(signﬁz)a,lﬂ vz, ) = (det A)(det A,).
1 2

Taking B=0, the ¢, X¢, zero matrix, we obtain A=A, ® A,. So
det(A, @ A,)=(det A,)(det A,).
0.1 1
(c)Let X = 7--i--0— ,thatis, X is a partitioned (7, +1,)X(#, +1,) matrix with
Iy
|

entries the #, Xt, identity matrix I,l and the #, X, matrix It2 as indicated together with

rectangular shaped zero matrices. Then det X = (—l)tlt2 as t,1, interchanges of
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consecutive rows changes X into I,. So X isinvertible over F'. Also

017, )(A, 1 0) (014, (A1 0) 011,
_ e || e = e | = b || e [ =
X(Al@Az)_ Itl : O 0 iAz - Ali 0 - 0 iAl Itl i O _(AZ@Al)X.

Therefore X (A, ® A,)X '=A, ® A, showing A, ® A, ~A, D A,.

Suppose A®@ B=B® A. Comparing entries in this 5X5 matrix equation gives
B=A®C=C® A where C is the leading 1X1 submatrix of A. Comparing entries
in the 3X3 matrix equation A@C=C® A gives A=CO®C andso B=COCDC.
So A®BB=CO®COCOD®CDC is a scalar matrix.

Suppose A, ® A, =A, ® A, and let 7, +17, be the least integer such that there is no Xt

matrix A as stated. Then #, #1¢,, since A=A, =A, on comparing entries in
A ®A,=A, DA should ¢, =t,. We may suppose f, >, by symmetry. Comparing
leading #, X?, submatricesin A, @A, =A, ® A, gives A, =A, ® A, where A, is the
leading (#, —1,)X(#, —t,) submatrix of A,. Comparing ?, Xt, submatrices in
A ®A,=A, DA, made up of the last ¢, rows and last #, columns gives
A, ®A,=A,. So we obtain the #, X#, matrix equation A, DA, =A,; D A,. As
t=gcd{t,,t,—1t,} and 1, <f, +1, there is a tXt matrix A with A,=APAD...©A
(t,/t terms)and A; =A@ AD...® A ((t, —1,)/t) terms). On substituting we obtain
A=A, @A, =ADA®...® A (1,/t terms) contrary to the above supposition. So
there is no least integer #, +1, as above, i.e. the matrix A exists.
(d) Suppose f(x)=a,i.e. f(x) is aconstant polynomial over R. Then
fAA®A)=a(A, @A,)=(aA,)D®(aA,)=f(A)D® f(A,).
Let deg f(x)=¢>0 and suppose the equation g(A, ®A,)=g(A,)® g(A,) holds for
all g(x)€ R[x] with deg g(x)<t. Then f(x)=ax'+ g(x) and so
FA®A)=a(A ®A,) +g(A @A) =a(A @A)+ g(A)®g(A,)

as @ respects matrix multiplication. As @ respects matrix addition we obtain

f(A @A) =(aA])® (aA;)+g(A) @ g(A,) =

(aA] +5(A,) ® (aA] + g(A,) = f(A)® f(A,)
which completes the induction and the proof in the case s=2. Suppose s >2 and

inductively we have
JAPA D . QA _)=f(A)Df(A,)D...® f(A,_).

Then using the case s =2 with A, and A, replacedby A, @A, ®...® A,_, and A;
respectively we obtain

fAPA®.OA,_ DA|)=

FA®A®.. @A )®f(A)=f(A)® f(A)®...® (A, )® f(A,)
which completes the proof.
(e) Consider u,ve M and re R. Then

w+v)(a+pB)=u+va+u+v)f=wa+vV)a+w)f+Wv)p=
wa+w)f+ma+m)f=w)a+p)+v)a+p)
showing that &+ [ is additive. Similarly
w+v)(apf)=(u+v)ia)f=((wa+»a)p=
(wa) B+ () =) af) +(v)(epf)
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showing that f is additive. Also
(m)(a+ f)=(m)a+ () =r(v)a)+r((v))=r(Ma+©)f)=r((va+ b))
and so @+ f is R —linear. Finally
(m)(eB) = ((m)a) B =(r(Ma) B=r((v)a)B)=r((v)ap)
and so ff is R —linear. The mapping a« is additive as
u+v)(aa)=a(u+via=auw)a+a(v)a=w)ax)+ v)(ax).
Also () (aa) =a((rv)ax)=ar((v)x)=ra((v)a)=r(a(v)a)=r((v)(ax) as R is
commutative. So a& is R —linear.
Yes, End M isaring. Yes, End M isan R—module.
Suppose B=a"" is R —linear where n>1. By the above " = @f3 is R —linear.

By induction &" is R —linear for all positive integers 7 .
Now the identity 7: M — M is R —linear. Therefore g, is R —linear by the above

theory. Suppose g(&) is R —linear for all g(x)e€ R[x] with deg g(x)<n. This
supposition is true for n=1 as g(x)=a, and g(&)=aq,l in this case. Suppose f(x)
has degree n over R. Then f(x)=a,x" + g(x) where deg g(x)<n. By the
preceding theory a,&" is R —linear and by the inductive hypothesis g(&) is

R —linear. Therefore f(&)=a,&" + g() is R —linear, completing the induction.
Consider f(x)= Zaixi and g(x)= Zbixi in R[x]. Then

>0 i>0
(fD)+g(0Neg =X (a;+b)x e, = (a; +b)a’ .
i>0 i>0

As a; b, ,(v)a' belong to the commutative ring R we obtain

(@ +b)Wea' = a;(v)ar’' + Y b(v)a' forall ve R.

i=0 i=0 i=0

Z(ai +b,')0(i :Zaiai +Zbl~0(i.

i=0 i20 i=0

As Daa' +) ba' = f(a)+ g(a) = (f (x)€, +(g(x))€, we obtain

i>0 i=0
(f () +g(x))gy =(f ()€, +(g(X))E,

showing that €, is additive. Similarly

(f(0)g(x))e, = (aph; +ab,_ +...+ab)x)e, =Y (ab; +ab_ +...+ab)a’

i=0 i20

So

which is the result of collecting together terms involving a/a* where j+k =i inthe
product

S a,a) )3 ba') = f(@)g(@) = (f (x)E,(g(x)e,.

= 0
So (f(x)g(x)€, =(f(x))e,(g(x))E, showing that £, is multiplicative. The
equation (1)€, =1 shows that £, maps the 1—element of R[x] to the 1—element of
End M . Therefore &, is a ring homomorphism.
(f) Let v;,v,,...,v, be the basis B. Consider &, € End,V andlet (@) =A= (aij),
! !

(@)0=A'=(a];). (@)§=A". Then (v)a=Y a,v; and (v)&/ =) d]v; for

= =

tyjJ

1<i<t. Adding these equations together gives
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v)a+a)=v)a+v)a' = Za” ]+Za”] Z(a,j+a IV

for 1<i<t which shows that @+’ has matrix (aij +a;;)= A + A’ relative to B,
We have shown (@ +a)0=A+ A =(a)0+ (/)6 forall & and & in End .V, that

is, @ is additive.

In order to find (@)@, first replace the dummy suffixes i, j in (v,)&’ = Za by

l]]

J.k respectively giving (vj)0/=2a'jkvk for 1< j<t. Then
t
pad =((v)a)e —(Za”v])a Zlaij(vj)a’:

Zal](zajkvk) Z(Zalja]k)vk
k=1 ]_
for 1<i<t¢t Wthh shows that the matrix of @@ relative to B is AA” as its
(i,k)—entry is Zau k- We have shown (@)@ = AA"=(a)8((')@ for all & and

o in End .V and so @ is multiplicative. The 1—element of End V' is the identity
mapping 2:V =V . As (v,)i=v; for 1<i<t wesee (1)§ =1, the t Xt identity matrix
over F, which is the 1 —element of T,(F). So @ is a mapping of rings which

respects addition, multiplication and 1—elements. So @ is a ring homomorphism.
We show that @ is bijective. Consider A= (q; j)e 9N, (F) . Suppose there is an ¢ in

End .V with (@)8=A. Let ve V. There are unique scalars A,,4,,...,4, such that
v=Av, + v, +...+ A4y, Write (4,,4,,...,A4,)A=(U;,l5,...,[,), that is,

t
D Aa;;=p; for 1< j<r. Hence
i=1

(v)az(z/iivi)a Z/i (v)o= Z/i (Za” V)= Z(z/ila,])v Z,ujvj
i=1 J=1

showing that & maps v= Z/iivi to the element z M;v; of V . So there is at most one
i=1 =
o in End;V with (@) =A,ie. 0 is injective.J
Let :V —V be defined by (v)f = Zt:,ujvj where v= Zt:livi and Zt:ﬁiaij =u
= =1 =1
for IS j<t.Is fe End.V? Consiiler v'eV . There are scalars A: (1<i<t) with

t t t
V=Y Alv;. Then (V)B=D uiv; where " Aa;; = for 1< j<t. Then
i=1 f= i=1
t t
vV =Y (4 + A and Y (A +ADay ;= p;+ it for 1< j<t . So
i=1 i=1

3 ! t
(v+v'),[)’=2(,uj+,u})vj =Z,ujvj+z,u}vj =)L+ (V) showing that [ is
Jj=1 J=1 J=1
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t t
additive. Let a€ F . Then av=> aldy, and Y aka;; =ap; which together give
i

(av)B = Za,ujvj = a(z,ujvj) =a((v)p) showing fe End,.V .
7=l J=1

Taking v=v; gives (4,,4,,...,4,) =e; whichis row i of the Xt identity matrix /
over I/ for 1<i<¢. Hence
A Ay s ADA=€,A=(a;,,0; 5, 00;,) = (U yse s fh )
3
and so (vl.),[J’ZZaijvj for 1<i<t. Therefore [ satisfies ()@= A showing that €
=

is surjective. So @ is a ring isomorphism.
! 1
Finally (v;)(a&) =a((v;)&) = a(Zaijvj) = Z(aaij)vj for 1<i<t. So ax has
= =

matrix dA relative to B, i.e. (a)8 =a(()@) showing € to be F —linear.

Solution 3

(a) xe =e1A=(1,0)[O 0

(x+1De, =xe +e =¢ +e =2¢ =(2,0), (x—1e, =xe,—¢,=¢,—¢,=(0,0)=0.

xe, =e,A=(0, 1)((1) 8} =(0,0),

x(x+1)e, =(x+1)xe, = (x+1)(0,0) =(0,0)(A+1)=(0,0),

x(e,+e,)=xe +xe,=¢ +0=¢ =(1,0),

(x—=1)(e, +e,) =xe, +xe,—e,—e,=¢,+0—¢ —e, =—e, =(0,—1) and so

x(x—1)(e +e,)=x(—e,) =—xe, =—0=(0,0). As ¢, #0,(x—1)e; =0 the order of ¢,
in M(A) is x—1. As e, #0, xe, =0 the order of e, in M (A) is x. As

e +e, #0,x(e, +e,) #0, x(x—1)(e, +e,) =0 the order of ¢, +e, in M (A) is
x(x=1). Yes, ¢, +e,,x(e,+e,),ie. (1,1),(1,0), is a basis of Q?. So each element of

1 0
J =(1,0)=¢, and so xzel =x(xe,)=xe, =¢, =(1,0).

M (A) can be expressed a,(e, +e,)+a,x(e +e,)=(a, +a,x)(e +e,) for some
ay,a,€ Q. So each element of M (A) is a polynomial multiple of ¢, +e,, i.e. ¢ +e, is
a generator of M (A).

Let ve (e;). Then v=ae; where a,€ Q. So xv=xa,e, =a,xe, =a,e € e),
showing that (e,) is a submodule of M (A) by (5.15). Let ve{e,). Then v=a,e,
where a,€ Q. So xv=1xa,e, =a,xe, =a,(0,0)=0¢€ (e,), showing that (e,) isa
submodule of M (A) by (5.15). On the other hand x(e, +e,)=¢, & (¢, +e,) and so
(e, +e,) is not a submodule of M (A) by (5.14).

The four submodules of M (A) are 0={(0,0)},{e,),{e,), M (A); in terms of the
generator ¢, +e¢, these submodules have generators

x(x=1(e +e,), x(e, +e,),(x—1)(e +e,), e +e, respectively.

The vectors v, xv, i.e. ae +a,e,, x(a,e +a,e,) =a,e, are linearly independent

a a,

&
a 0

#0. So v is a generator of M (A) & —aa, #0,ie. a,#0 and a, #0.
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4 -2
(b) xv, =\/1A=(1,—1)(5 3

jz(—l,l) =—v, andso (x+1)v, =0. As v, #0 we see
-3
(x=2)v,=0. As v, #0 we see that v, has order x—2 in M (A). Yes, v, and v,

are eigenvectors of A the corresponding eigenvalues being —1 and 2 respectively.
Therefore y,(x)=(x+1)(x—2) as y,(x) is monic of degree 2 with zeros —1 and 2.

S =2\(2 2 0 0
;(A(A)z(A+I)(A—21)=(5 —2}[5 —SJ:(O OJ'

4 2
that v, has order x+1in M (A). xv,=v,A= (5,—2)(5 J: (10,—4) =2v, and so

Now xe, =¢, A= (1,0)(;_l :i] =(4,-2) and so

2
3

So x’e, — xe, =(2,0) = 2e, which rearranges to give (x> —x—2)¢, =0, i.e.

x’e, = x(xe)) =(4,-2)A=(4, —2)(: : ] =(6,-2).

(x+1)(x—2)e, =0. As e, xe, are linearly independent we conclude that e, has order
X,4(x)=(x+1)(x—2) in M(A). Yes, M(A) is cyclic having generator ¢,. The
polynomials arising as orders of elements of M (A) are the monic divisors of ¥ ,(x),

namely 1, x+1, x =2, (x+1)(x—2) which are the orders of 0,v,,v,,e, respectively.

1 0 1 -1
X 2(4 _2] and Y 2(5 _2] are invertible over Q as det X =—2#0 and

1 0)4 2 4 2
Y= . ing th f XA= = ith th
detY =3#0. Comparing the rows o (4 _2](5 _3} (6 5 J with the

rows of X we see 4 =2 = 0 o ,i.e. XA=CX where
6 2 2 1)\4 =2

01
C= (2 J = C(x* —x—2) is the companion matrix of
x? —x—-2=(x+D(x-2)=x,(x).

a-(y ) 26 4
P Y d

i.e. YA=DY where D=diag(—1,2). Yes, C and D are both similar to A by (5.3)

as XAX '=C and YAY'=D.
(c) Let x— A, be the order of ¢, in F[x]—module M (A) for 1<i<t. Then

(x—A4,)e; =0 which gives xe; =¢,A=Ase; for 1<i<t. So A=diag(A,A,,....,4;).
Write v, =¢, +e, +...+¢, andlet x— A be the order of v, in M (A). Then
(x—=A)yv,=0,ie. (4,,4,,....,4,)=vA=xv, = Av, =(4,4,...,4) . Comparing entries
in these elements of F' gives 4. =A for 1<i<t. So A=diag(A,A,....,A)=Al.

Comparing the rows of

with the rows of Y gives
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As B# Al forall A€ F one at least of ¢, e, , ¢ +e, has order of degree 2 in M (B).
Denote one such vector by v. Then v,xv are linearly independent and so v,xv span
F? . ie. M(B) is cyclic with generator v .
(d) Let f,(x), f,(x)e K. Then (v) f{(&)=0 and (v) f,(¥) =0. Adding gives
W(fil)+ f,() =) fi(@)+ V) f,(@)=0+0=0 which shows f(x)+ f,(x)e K .
Also —fi(x)e K as (v)(—=f, (@) =—() f,(@)=—0=0. As 0(x)v =0 we see that the
zero polynomial O(x) belongs to K. Therefore K is a subgroup of the additive group
of thering F[x]. For f(x)e F[x] wehave f(x)f(x)e K as

W f(@fi(@) =) fi(@f(@)=0)f(a)=0.
So K is anideal of F[x] by (4.3).
Suppose V is ¢ —dimensional. Then v,(v)at,(V)&?,...,(v)a' are t+1 vectors of V .
These vectors are linearly dependent and so there are a,,q,,...,a, € I, not all zero, with
ayv+a,(Ma+...+a,v)a' =0,ie. (v)f,(@)=0 where
fo()=a,+ax+...+a,x #0(x) and f,(x)€ K . So K is a non-zero ideal of F[x].
(e) Suppose m =m. Then f(x)— f'(x)=q(x)m(x) for some g(x)e F[x]. So
A= f(A)=qg(Am(A)=qg(A)x0=0,ie. f(A)=f'(A). Therefore
F(x)v=vf(A)=vf(A) = f(x)v showing that the product f(x)v is unambiguously

defined. As M'=F" as sets and addition in M~ is the usual vector addition, we see
that module laws 1,2,3 and 4 (see before (2.19)) are obeyed by M’ . For

f(x), fi(x), f,(x)€ F[x] and v,v;,v,€ M” we have
FE G +v,) =0 +v,) f(A) =, f(A)+v, f(A) = f(x)v, + f()v, and
(i) + L, =(fi(0) + £, =v(f,(A) + [,(A)) =
V(A +v f,(A) = f(x)v+ fo(x)
showing that M’ obeys module law 5. Also
(i) LG))w=fi(0)fL(x0)v=v]i(A)f,(A)=
V(A fi(A) = () (A = [G)(f,(0v)
showing that M~ obeys module law 6. The 1—element of F[x]/{m(x)) is 1(x) and

1(x)v=v1(A)=vI =v forall ve M’ showing that M’ obeys module law 7. We
conclude that M’ is an F[x]/{m(x))—module.
Suppose m(x) irreducible over F and let r =degm(x). Then F’= F[x]/(m(x)) is a

field and so M’ is a vector space over F’. Consider ve M. There are f ; (x)e F[x]
v

for 1< j<t" with V=ij(x)vj as v,V,,...,V, span M over F’. Further we may
7=

r—1

assume deg f;(x) <r. Write f,(x)= Za jixi . Substituting for each f;(x) gives
i=0
y= Zajl.xivjwhere the summation is for 0<i<r, 1< j<t'. As a; € F we see that
iJ
the ¢’ vectors x'v ; span M " over F .

Suppose Za jix'v ; =0. As v,V,,...,V, are linearly independent over F~ we deduce
iJ
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f;(0)=0(x). ie. m(x)‘ f(x). So f;(x)=0(x) for 1< j<t',ie.the rt’ vectors

x'y ; are linearly independent. These vectors form an F —basis of F' and so are ¢ in

number, i.e. =7t and so t/t'=degm(x).

Solution 4
(a) xe, =¢A=(0,2,—1) and so xze1 =x(xe)=(0,2,-1)A=(3,4,-2) . The vectors
e,, xe, are linearly independent, but e,, xe,, x’e, are linearly dependent as
x’e, —2xe, =(3,0,0) =3¢, , i.e. x’¢,—2xe,—3¢,=0. So e, has order
x* —=2x=3=(x+1)(x=3) in M(A). As (x+1)e,; #0 and (x—3)((x+1)e,)=0 we
see that (x+1)e, has order x—3 in M (A).i.e. (x+1)e, =(1,2,—1) is arow
eigenvector of A with eigenvalue 3. In the same way (x—3)e, =(-3,2,—-1)#0
satisfies (x+1)(=3,2,-1)=0,i.e. (3,2,-1)A=—(3,2,—1) which shows that (x—3)e,
is a row eigenvector of A with eigenvalue —1. As
1 2 -1y-3 2 -1 00
(A+I)A-3D)=|2 4 22 0 2|=/0 0
1 2 -1)l1 2 -5 00
we see (x+1)(x—=3)v=v(A+1)(A-31)=0 forall ve M (A). Hence there is no
element v having order of degree 3 in M (A), i.e. there is no ve Q* such that

S O O

v, xv,x%v is a basis of Q>. So M (A) is not cyclic.

As x(1,0,-1)=(1,0,-1)A=(-1,0,1) =—(1,0,—1) we obtain (x+1)(1,0,—1)=0. So
(1,0,—1) has order x+1 in M (A) showing that (1,0,—1) is a row eigenvector of A
with eigenvalue —1. Let

1 2 -1
X=[-3 2 -1
1 0 -1

having row eigenvectors of A as its rows. Then det X =—8 #( showing that the rows
of X are linearly independent, i.e. X is invertible over Q. As XA = DX where

D =diag(3,—1,—1) we see XAX'=D is diagonal.

(b) xe, =e,A=(2,2,1) and so xze1 =x(2,2,1)=(2,2,1)A=(3,4,2). As ¢, xe, are

linearly independent and xze1 —2xe, =(-1,0,0)=—¢,, i.c. (x* =2x+ De, =0, we see

x? =2x+1=(x—1)? is the order of e, in M(A). Now
x(e,+e,)=(1,1L0)A=(1,1,0)=¢, +e,

shows (x—1)(¢, +e,) =0, i.e. the order of e, +e, has order x—1 in M (A). As

1 10
X=[1 0 0] wesee |X|=—1 and so X isinvertible over Q. Then
2 21
1 10 1 0 0 1 10
XA=|2 2 1|whereas|0 0 1|X=|2 2 1],ie. XA=CX where
3 4 2 0 -1 2 3 4 2

C=C(x-1)®C((x—1)*). So XAX ' =C on postmultiplying XA=CX by X'.
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(c) Consider veé N where N ckera. Then (v)a=0€ N showing that N is

o —invariant. Consider v'e N” where ima c N”. Then (v)ar€e ima and so

(vV)are N’ showing that N’ is & —invariant.

Let N’ be an & —invariant subspace of V with N & kerar. So there is vy€ N” with
(vy)a#0. By hypothesis dim(ima) =1. As (v))oe ima we see ima ={(v,)) .
As N’ is an o —invariant subspace we conclude ima ={(v,)a) C N’. So there are no

further ¢ —invariant subspaces.
Suppose that N is & —invariant. For all veé N we have (v)ae N and so

W(a—A)=W)a—A((vV)I)=()ax—Ave N as N is closed under subtraction and
scalar multiplication. Therefore N is (& — A1) —invariant.
Conversely suppose N to be (@ — A1) —invariant. For all vé N we have
() (a—-A1)e N andso V)a=WV)a—Av+Av=W)a— A1)+ Ave N as N is closed
under addition and scalar multiplication. Therefore N is & —invariant.
(d) For v=(qa,,a,,a;)€ F’ we have (v)a=(q,,a,,a;)A=(a,,0,0)=a,e, showing
ima=(e). So rankar=1. Also

kera={ve F’:vA=0}={(0,a,,a;)€ F’}=(e,,e;).
By (c) above each @ —invariant subspace N of F* satisfies either (¢,) C N or
N c(e,.e;).
Suppose F' =Z,. There are four 1—dimensional & — invariant subspaces of Zg
namely (e, ),(e,),{e;),{€, +e;) . There are four 2—dimensional ¢ — invariant
subspaces of Z3 namely {e,,e,).(e,,e;),{e,,e, +¢;),{e,,e;) . The & —invariant
subspaces {0} and Z} complete the list of ten.
(e) For v=(a,,a,,a;)€ F* we have (V)a=(q,,a,,a;)A=(0,a,,0)=a,e, showing
ima=(e,). So ranka=1. Also

kera={ve F’:vA=0}={(0,a,,a;,)€ F’}={(e,,e;).
By (c) above a subspace N of F* is@—invariant < either (e,) = N or
N c(e,,e;).
Suppose F =Z,. There are three 1—dimensional & —invariant subspaces of Z;
namely (e,),{e;).(e, +e;), the 1 —dimensional subspaces of {e,,e;). There are three
2 —dimensional & — invariant subspaces of Z; namely {e,,e,),{(e, +¢;,e,),{(e,,e;) , the
2 —dimensional subspaces containing {e,). The & —invariant subspaces {0} and Z;

complete the list of eight.
(f) From (c) above, with A =—1, the @ —invariant subspaces of Q3 coincide with the

(ot +1) —invariant subspaces of Q. But ¢+ has matrix

1 2 -1
A+I=|2 4 -2
1 2 -1

relative to the standard basis of Q3 where A is the matrix of (a) above. Now

rank (@ +1)=1 and im(a+1)={(1,2,—-1)). Also ker(a+1)={(-3,2,—-1),(1,0,—1))
using the eigenvectors of A with eigenvalue —1. So the & — invariant subspaces of Q°
are all subspaces containing ((1,2,—1)) and all subspaces of {(-3,2,—-1),(1,0,—1)).
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Now let &:Q® — Q° be the linear mapping determined by the matrix A of (b) above.
Then & —1 has matrix

1 2 1
A-T=|-1 =2 -1
12 1

relative to the standard basis of Q3 . From (c) above, with A =1, the & —invariant
subspaces of Q’ coincide with the (& —1)— invariant subspaces of Q’. But these are
all subspaces containing im(a —1) ={(1,2,1)) together with all subspaces of
ker(a—1) =((1,1,0),(1,2,1)) .

Solution 5 Let u,u’e N. Then (v)f=(a,a,,...,a;)€ F*,
W) =(a],d,,...,a;)e F* which means u =a,u, +a,u, +...+au, and
u'=aju, +au, +...+au,. Adding gives
u+u' =(a, +a)u +(a, +a)u, +...+(ag +a;)u, which shows
w+u)f=(a,+a,a, +a,,...,a,+a;)=w)f+W')B,ie. [ isadditive. For ae F
we have au = aau, +aa,u, +...+aasug showing (au)=a((u)f) andso B is
F —linear. Also [ is bijective as u;,U,,...,u  isan F —basisof N. So f:N=F*
is a vector space isomorphism with (u;,)f=e¢; for <i<s.
Write Bz(bij) for 1<i,j<s. Then

(xu)B=(u)a)B=b,u, +b,u, +...+b. u,) =

(bipbiz,- . -,bis) = e,'B = ((ul)ﬁ)B = x((uz)ﬁ)
for 1<i<s. Using the F —linearity of £ we see (xu)f =x((u)f) forall ue N. By
(5.15) with 8= we conclude that £ is F[x]—linear, i.e. f: N =M (B) is an
isomorphism of F[x]— modules.
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Solutions 5.2 (page 245)

Solution 1
(a) The companion matrix

C=C(x*-x)=

S O O

1
0
1

S = O

has characteristic polynomial . (x)= x*—x=x(x—1)(x+1) and so C has
eigenvalues 0,1,—1. The 1X3 matrix equation vC =0 has non-zero solution
v=(1,0,—1) which is a row eigenvector of C with corresponding eigenvalue 0. Also
v(C —1I)=0 has non-zero solution v =(0,1,1) which is a row eigenvector of C with
corresponding eigenvalue 1. Finally v(C + I)=0 has non-zero solution v=(0,1,—1)

which is a row eigenvector of C with corresponding eigenvalue —1. The matrix

1 0 -1
X=01 1
01 -1

having these eigenvectors as its rows is invertible over Q as det X =—2 and satisfies
XCX ' =diag(0,1,-1).
i

0
b) C(f(x)= (—_—LZ——E—E} where I isthe (f—1)X (¢ —1) identity matrix over F' and
0

c=—(a,,a,,...,a,_;) . Expanding | C(f(x)) | along col 1 gives

| CCf @) |= D (=ap)| I =(-1)qy.
The first 1 —1 rows of C(f(x)) are e,,e;,...,e;, which are linearly independent. So
t >rank C(f(x))=t—1. But rank C(f(x))=t < |C(f(x))|#0. Therefore
rank C(f(x))=t or t—1 according as a,#0 or q,=0.

1 1 - -
() sz(o j[o Jz( b a jz—aC—bI and so C*+aC+bl =0.

b —a)\-b —-a ab a*-b
-1
Also|xI—C|= o =x>+ax+b.
b x+a

b —a \(-b -a b*—a’b a’> —2ab
D’ = — =(a®*-2b)D-b*1
(ab a’ —bj{ab a’ —bJ (a3b—2ab2 a* —3a2b+b2j (@ )

andso D? +(2b—a*)D+b*1 =0.
(d) Suppose C(f(x))~ D where D =diag(A,,A,,...,A,). Comparing characteristic
polynomials using (5.5) and (5.26) gives f(x)=(x—A4)(x—A,))---(x=4,).
Suppose A, =ﬂ,j for some pair of integers i, j with 1<i< j<t. Then N =<€,~,€j> is
a non-cyclic submodule of M (D) : for all ve N we have
xw=x(a,e;taje;)=(ae+ae,)D=a;de,+a;Ae;=A(ae+a;e;)=Ay
showing that v does not generate the 2 —dimensional subspace N . But M (D) is
cyclic being isomorphic to the cyclic F[x]—module C(f(x)) by (5.13). So N is
cyclic by (5.28). This contradiction shows A, # A ;- Therefore f(x) has ¢ distinct

zerosin F .
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Conversely suppose f(x) has t distinct zeros A,,4,,...,4, in F. So A,,4,,....4,
are t distinct eigenvalues of C(f(x)) by (5.26). Denote by v; a row eigenvector of
C(f(x)) corresponding to A, for I<i<t. Let X be the Xt matrix with ¢,X =v;
for I<i<t. Then X isinvertible over F (4,,4,,...,4, distinct implies v,,V,,...,V,
linearly independent) and XC(f(x))X ™' = diag (A, A,,..., A4,) ie. C(f(x))~D.
The polynomial x*+x=x(x—1)(x—c)(x—c—1) splits over F, asits zeros are
0,1,c,c+1. So 0,1,c,c+1 are the eigenvalues of

0100

0010
C(x4+x): 000 11

0100

4

Using four corresponding row eigenvectors of C(x~ + x) as the rows of X gives (after

some calculation)

1 0 0 1
o 1 1 1
BES |

0O ¢ c¢+1 1

such that XC(x* +x)X ' =diag(0,1,c,c+1) . In fact there are
3*x4!=81x24=1944 invertible matrices X over F, with XC (x*+x)X " being

diagonal, there being 3 choices for each of the 4 row eigenvectors which can appear as
rows of X in 4! ways.

Solution 2
(@) xe, =¢A=(1,0,1), xze1 =x(xe))=(1,0,)A=(2,1,1). As
e 1 00
xe =1 0 1(=-1#0
xe | (2 1 1

we see that ¢, xe,, )cze1 are linearly independent vectors of Q and so these three
vectors span Q?. Each ve Q7 can be expressed
v=aye, +axe +a,x’e, = (a, +a,x+a,x*)e,
showing that e, generates the Q[x]—module M (A). As
x3e1 = x(xzel) =2,1,1)A=(4,2,2) we see x3el = 2x2.e1 e (X — 2x2)€1 =0.
So x° —2x* =x*(x—2) is the order of e, in M (A). Combining (5.5),(5.26) and
(5.27) gives y,(x)= x*(x=2). Also

e 1 00

X=|xe |=|1 0 1

x’e, 211

is invertible over Q and satisfies XA=C(y,(x))X as

1 0 0)1 0 1 1 01 01 0)1 0O
1 011 1 O0j=/2 1 1|=0 0 11 0 1
21 1)1 10 4 2 2 00 2211
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By (5.23) the vector x(x—2)e, =(2,1,1)—2(1,0,1) =(0,1,—1) has order x in M (A),
i.e. (0,1,—1) is arow eigenvector of A with corresponding eigenvalue 0. In the same
way xze1 =(2,1,1) has order x—2 in M (A),i.e. (2,1,1) is a row eigenvector of A
with corresponding eigenvalue 2. Also (0,1,—1),(2,1,1) are linearly independent.
(b) xe, =(1,0,0)A=(1,0,1),x°¢, = xe, A= (1,0,1)A=(2,0,2) and so x’¢, =2xe, which
gives (x> —2x)e, =0. As e,,xe, are linearly independent vectors of Q° we see that ¢,
has order x* —2x=x(x—2) in M (A).
xe, =(0,1,00A=(1,1,1),x°¢, = xe,A=(1,1,)A=(3,1,3)
and so x’e, —3xe, =(0,—-2,0) =—2e, which rearranges to (x* —=3x+2)e, =0. As
e,,xe, are linearly independent vectors of Q° we see that e, has order
x2=3x+2=(x—1)(x—2) in M(A).
As xe; =(0,0,1)A=(L0,1), xze3 =xe;A=(1,0,1)A=(2,0,2) we see xze3 =2xe,
which gives (x* —2x)e; =0. As e,,xe, are linearly independent vectors of Q° we see
e, has order x> —2x=x(x—2) in M(A). As xe,=(1,1,1)=¢,+e, +e,, by (5.23)
e, +e, +e; has order (x—1)(x—2)/ged{x,(x—D)(x—2)}=(x—1)(x—2) in M(A).
So none of e,,e,,e;,e, +e, +e; generate M (A).
x(e, +e,)=(1,1,00A=(2,1,2) and x*(¢, +e,)=(2,1,2)A=(5,1,5). As
e +e, 110
x(e +e,) |=[2 1 2|=3%#0
x*(e,+e)| |5 15
we see e, +e, generates M (A). Infact x(x—1)(x—2)(e, +e,)=0 and so ¢, +e, has
order x(x—1)(x—2)= x,(x) in M (A). Also

e te, 110
X=| x(e,+e,) |=]2 1 2
x*(e, +e,) 515
is invertible over Q and
0O 1 O
XAX'=C(y,(x)=|0 0 1].
0 -2 3

The eight submodules of M (A) have generators
e, +e,=(LL0), x(e,+e,)=(2,1,2), (x—=1)(¢, +¢,)=(1,0,2),
(x—=2)(e, +e,)=(0,-L2), x(x—1)(e, +e,)=(3,0,3), x(x—2)(e, +e,)=(1-1,1),
(x—=D(x=2)(e, +e,)=(1,0,-1), x(x—1)(x—2)(e, +&,)=(0,0,0)=0
corresponding to the eight monic divisors of ¥, (x).
(c) Does e, generate M (A)? Now xe =(2,2,2), xze1 =(2,2,2)A=(0,0,2) and

e 1 00
X=|xe |=|2 2 2
x’e 0 0 2

is invertible over QQ since det X =4. So ¢ does generate M (A) which is therefore

cyclic. As x° e, =(0,0,2)A=(-2-2-2) we see )c3e1 =—xe,. Therefore ¢, has order
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x’+x in M(A) since (x’ +x)e, =0 and ¢,,xe,,x’e, are linearly independent. So

Xa(x)= X’ +x=x(x*+1) and X above satisfies

0 1 0
XAX'=C(xX*+x)=|0 0 1]|.
0 -1 0

Then (x* + De, =(1,0,2) has order x and xe, /2=(1,1,1) has order x*+1. Let
N, =((1,0,2)) and N, =((1,1,1),x(1,1,1)) =((1,1,1),(0,0,1)) , i.e. N, and N, are the
cyclic submodules of M (A) generated by (1,0,2) and (1,1,1) respectively. As
(1,0,2),(1,1,1),(0,0,1) form a basis of Q° we see N, ® N, =M (A) by (5.18).
(d) Suppose f(x) to be irreducible over F'. Then f(x) has just two monic divisors
over F' namely 1 and f(x). By (5.28) M (C) has just two submodules namely
M(C)=(le;) and {0}=(f(x)e,)={0).
Suppose f(x) isreducible over F'. Then f(x)=(x—c)g(x) where ce F' and g(x)
is a monic polynomial of degree 2 over F'. Suppose g(x) is irreducible over F' .
Then f(x) has exactly 4 monic divisors over F' namely 1, x—c, g(x), f(x). By
(5.28) we see M (C) has exactly 4 submodules namely the cyclic modules generated
by one of e,,(x—c)e;, g(x)e,, f(x)e,.
Suppose g(x) is reducible over F'. Then g(x)=(x—c")(x—c”) where ¢’,c"€ F and
so f(x)=(x—c)(x—c")(x—c"). Consider the case c=c"=c¢”. Then f(x) has
exactly 4 monic divisors over F namely 1, x—c, (x—c)*, (x—c)’. By (5.28)
M (C) has exactly 4 submodules namely the cyclic modules generated by one of
e, (x—c)e,(x—c)e,(x—c)e,.
Suppose two of ¢,c¢’,¢” are equal. We may suppose ¢ #¢’ =c¢”. Then f(x) has
exactly 6 monic divisors over F' namely
Lx—c,x—c,(x=c)(x=¢"),(x=c)*,(x=c)(x=c)>.
By (5.28) M (C) has exactly 6 submodules namely the cyclic modules generated by
one of
e, (x—c)e,(x—ce,(x—c)(x—ce,(x—c) e, (x—c)(x—c")e,.
Finally suppose no two of ¢,c’,¢” are equal. Then f(x) has exactly 8 monic divisors
over F'. By (5.28) M (C) has exactly 8 submodules namely the cyclic modules
generated by one of
e, (x—c)e,(x—ce,(x—c")e,(x—c)(x—c)e,,
(x=c)x—=e,(x =) x—")e,, (x—c)(x— ) x—)e,.

The five lattice diagrams are:

(i) The first lattice diagram cannot occur in the case F' =R as there are no irreducible

polynomials of degree 3 over R .
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(if) The first two lattice diagrams cannot occur in the case F'=C as there are no
irreducible polynomials of degree 3 or 2 over C.
(i17) The last lattice diagram cannot occur in the case F'=Z, as Z, does not contain

three distinct elements ¢,c’,c” .
(e) Working in the F[x]—module M (A) we show

(e,e,,...,65) C (el,xel,...,xs_lel> for 1<s <t by induction on s.
This inclusion is true for s =1. Suppose the above inclusion is true for some s with
1<s<t. Rows of A gives xe; =u+a, e, where uc{e,e,,...,e;). But
e, € (e, xe,,...,x"'e,) implies xe, € (xe,,x’e,,...,x ¢ = {e,,xe,, x’¢,,...,x"¢)). So
xeg,u and hence e, = a;}sﬂ (xe, —u) all belong to (e, xe,,x’e,,...,x ¢,) . Therefore
(e,€,,...,e5,,) C{e,xe,...,x° ) completing the inductive step. We conclude
F'= (e,€y,....6,) = (el,xel,...,xt‘lel> showing that e, generates M (A).
The given matrix A satisfies the condition a, ,,, # 0 for i=1,2,3 and g, I 0 for
j>i+l (e a;=0a,=a,,=0). So ¢ =(1,0,0,0) generates M (A) by the above

paragraph. By (5.27) ¢, has order y,(x) in M(A) and
2

X _1 2 2
=(x*=2)2.
5 (*-2)

Xa(x)=|xI - A|=

As x*—2 is irreducible over Q the Q[x]—module M (A) has exactly three
submodules: M (A), N ,0 corresponding to the three monic divisors of (x* —2)? over
Q namely 1,x* =2, (x*—2)*. A generator of N is
(x> —2)e, =(2,0,1,0)—(2,0,0,0) = (0,0,1,0) =e;..
As e; has order x> —2 each non-zero element of N ={e,) ={e;,xe;) =(e;,e,) isa
generator of N . Each element v of M (A) with v¢& N is a generator of M (A).
(f) Suppose e, generates M (A). Then
e, 1 0 O
xe, |=|0 a b |=alad—-bc)#0.
x’e,| |0 ac ad

a a

b
So a#0 and #0. Conversely suppose a #0 and J #0. Then

C C

e,,xe,,x"e, are linearly independent vectors and so span F*,i.e. ¢, generates M (A).

Solution 3
(a) Write d(x)=gcd{f(x),d(x)}. Then

(d(x)/dy(x)) f (x)v=(f (x)/dy(x))d(x)v = (f (x)/d;(x))0=0
which shows that the monic polynomial d(x)/d,(x) belongs to the order ideal K of
f(x)v in M . So K is non-zero and so has a unique monic generator g(x) by (4.4).
By (5.11) g(x) isthe order of f(x)v in M and g(x)|d(x)/d0(x). On the other
hand g(x)f(x)v=0 which shows that g(x)f(x) belongs to the order ideal {d(x)) of
v in M . Sothereis h(x)e F[x] with g(x)f(x)=h(x)d(x). Dividing through by
dy(x) gives g(X)(f(x)/dy(x)) =h(x)(d(x)/dy(x)). As



128

ged{ f(x)/dy(x),d(x)/dy(x)} =1 we conclude d()c)/d0 (x)| g(x). Therefore
g(x)=d(x)/dy(x),ie. f(x)v hasorder d(x)/gcd{f(x),d(x)} in M .
(b) Use (5.23) throughout. As x° + x> +x+1=(x*+1)(x+1) we see
ged{x* +x,0° +x* + x+1}=x+1 and so (x* + x)v, has order
(P +x+x+D/(x+D)=x>+1in M. As x* +2x* +1= (x> +1)* we see
ged{x* +2x% +1,2° + x> + x+1} = x> +1 and so (x* +2x +1)v, has order
(x> +x2 +x+1)/(x2 +D)=x+1in M. As 2x* +x—1=(x+1D(2x—-1) we see
ged{2x* +x—1,x° + x> + x+1}=x+1 and so (2x* +x—1)v, has order
ged(2x? +x—1LxX +x* +x+1}=x+11in M . As
X =x=x(x*-D=x(x*"-Dx* + D) =x(x=D(x* + x* + x=D(x* +1)
we see (x° — x)v, =0 which has order 1. As
X =x0 4+ —xt=x'(C -+ x-D=x'(x=D(x*+1)
we see ged{x’ —x®+x° —x*, X’ +x* +x+1}=x>+1 and so (x’ —x°+x° —x*),
has order (x° + x? +)c+1)/()c2 +)=x+1in M.
(¢) M is cyclic with generator v, = K +1 of order x* +x=x(x+1)(x*+x+1). By
(5.23) the order of K+x=xv, in M is
(x* +x)/gcd{x,x4 +x} =" +x)/x: 41,
In the same way the order of K +x* =x?v, in M is
(x* +x)/gcd{xz,x4 +x}=(x* +x)/x= ©+1,
the order of K+ 14 x+ x> = (x* +x+T)v0 in M is
(x* +x)/gcd{x2 +x+1,x +x}=(* +x)/(x2 +x+T) =x>+x.
Suppose v=K + f(x) satisfies M = (v) . We may assume deg f(x) <3. Then
ged{ f(x), x(x+ 1)(x*+x+1)}=1. Now deg f(x)#1,2, f(x) has constant term |
and f(x) has an odd number of terms. Therefore f(x)= L +x+ L, +x2+1,
each of which satisfies M ={v).
(d) There is f(x)€ F[x] with v= f(x)v,. By (5.23) the order of v in M is
d(x)=dy(x)/ged{ f(x),dy(x)} and so d(x)|dy(x). Suppose M ={v).
Interchanging the roles of v and v, we obtain do(x)| d(x). So d(x)=d,(x) as d(x)
and d,(x) are both monic and each is a divisor of the other. Conversely suppose
d(x)=d,(x). So ged{f(x),d,(x)}=1. By (4.6) there are a,(x),a,(x)e F[x] with
a,(x) f(x)+a,(x)d,(x)=1. So
Vo =(a,(x) f(x)+a,(x)d,(x)v, =a,(x) f (x)v, +a,(x)d,(x)v, = a,(x)v
as dy(x)v, =0. But v, =a,(x)v gives (v) 2{(v,)=M andso (v)=M .
By the above theory the order of v, in M’ is not monic, i.e. the order of v, in M~ is
zero. So M’ = <v0> is free of rank 1. For example M= Q[x], vy =1, v, =x; both
v, and v, have order 0 in M’, M’ ={v,), but (v} ={f(x)e Q[x]: f(0)=0}#M".
(e) By (4.6) there are a,(x),a,(x)e F[x] with a,(x) f;(x)+a,(x)f,(x)=1. Let
ve M . Thereis f(x)e F[x] with v= f(x)v, and so
v=f(x)(a,(x)fi(x)+a,(x)f,(x)v,=v,+v,€ N+ N,
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where v, = f(x)a,(x) f,(x)v,€ N, and v, = f(x)a,(x) f,(x)v,€ N,. So
M =N,+N,. Suppose v, +v; =0 where v, € N,,v, € N,. There are
b, (x),b,(x)e F[x] with v =b,(x) f,(x)vy,v; =b,(x) f,(x)v,. So
£V, =by(0) £,(0) £, (X, =0 and f,(x)v] =, (x) £, () £, (), =0 as v, has order
fi() fo(x) in M . Hence f,(x)v)= f,(x)v + f,(x)V; = fL(X)(v, +v,) = f;(x)x0=0.
Therefore

Vi =(a,(x) f,(x) + a,(x) f5(x))v] =

a,(x) (), + a,(x) f, (x)v =a,(x) X0+ a, (x)x0=0
and so v, =04V, =v/+v, =0 also. By (2.14) we see N, and N, are independent
showing M =N, ® N, .
Now g,(x)g,(x)v=g,(x)g,(x)(v, +v,) = g,(x)X0+ g,(x)x0=0 since
8 (x)v, =g,(x)v,=0. So v has order d(x) in M where d(x)| g (x)g,(x). As
0=d(x)y=d(x)(v, +v,) =d(x)v, +d(x)v,€ N, + N, we see d(x)v, =d,(x)v, =0
using the independence of N, and N, . Therefore gl(x)| d(x) and g, (x)| d(x). As
2| £,(x) and g,(x)] £,(x) we see ged{g,(0),2,(D}=1. So g (¥)g, ()| d(x).
As g,(x)g,(x) and d(x) are both monic we conclude d(x)=g,(x)g,(x).
Suppose M =<v>. Then v has the same order as v, in M , namely f,(x)f,(x). By
the previous paragraph v, has order f,(x) in M and v, hasorder f,(x) in M . So
N; =<vl.> for i=1,2. Conversely suppose N, =<vl.> for i=1,2. Then v, and
fi(x)v, have the same order in M , namely f,(x). Also v, and f,(x)v, have the
same order in M , namely f,(x). By the previous paragraph v=v, +v, has order
fi(x)fo(x) in M andso M =(v).
(f) As v, has order ¥ +xP=x*(2+1D)in M, by (5.23) we see
(D) x2v0 has order (x* +)c2)/gcd{x2,x4 +x* ) =" +)c2)/)c2 =x>+1inM,
(ii) (x*+1)v, has order (x* +x?)/ged{x? + 1,x* + ¥} =(x* + x})/(x* + 1) = x*
in M. Yes M =N, ®N, by (d) above. As N, =(x*v,,x’v,) isa 2—dimensional
vector space over Z, by (5.29), we see |N | |= 3%. As the order of the generator xv,
of the Z, —module N, is irreducible over Z,, all nonzero vectors v, of N, satisfy
N, ={v,) ; so there are 3> —1=8 such vectors v,. As N, ={(x* +1)v,), by (5.29)
N, has exactly 3 submodules: {0},{x(x* +1)v,) and N, itself, which are vector
spaces over Z, of dimension 0,1,2 respectively. So there are 3> —3' =6 vectors v,
with N, =(v,) , namely the vectors of N, notin {x(x*> +1)v,). The 8x6=48
vectors V=V, +Vv, in M where N, = <V1> and N, = <v2> , and only these vectors, by
(d) above, have order (x*+1)x* in M and satisfy M =<v>.

Solution 4
(a) Consider f(x), f,(x)€ K. Then f,(x)vye N and f,(x)v,e€ N. As N is

closed under addition we see (f;(x)+ f,(x))v, = fi(x)v, + f,(x)v,€ N , i.e.
fix)+ f,(x)€ K, showing K, to be closed under addition. As O(x)v,=0€ N we

see O(x)e K, ,i.e. K, contains the zero polynomial. As N is closed under negation
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we have (—f,(x))v, =—f,(x)v, € N showing that —f,(x)€ K, ,i.e. K, is closed
under negation. As N is closed under polynomial multiplication we obtain

(g(0) fi(x)vy=g(x)(fi(x)vy)e N ,ie. g(x)f(x)e K, showing K, to be closed
under polynomial multiplication. So K, is an ideal (4.3) of F[x]. As
dy(x)v,=0€ N wesee dy(x)e K, and so (d,(x)) S K, .

Suppose K, =(d,(x)) and ve {v,) "N . Then v=f(x)y,€ N for some

f(x)€ F[x]. Therefore f(x)€ K, andso d, (x)| f(x). Hence f(x)v,=0,1ie.
(vy) NN ={0}. Conversely suppose {v,) "N ={0} and consider f(x)€ K, . So
f(x)vye N. As f(x)vye(v,) wesee f(x)v,=0,ie. f(x)€(d,(x)) andso

Ky =(dy ().

Suppose N, € N, and consider f(x)e KN1 . Then f(x)v,€ N, andso f(x)v e N,.
Therefore f(x)e K N, showing K N, S K N, -

Suppose M ={v,) and KN1 c KN2 . Let ve N,. Thereis f(x)e F[x] with

v= f(x)v,. Therefore f(x)e KN1 and so f(x)e KN2 also. This means

f(x)v,e N,,ie.ve N,. So N cN,.

(b) Let u,ve Ny . Thereare f(x),g(x)e K with u= f(x)v,,v=_g(x),. As
f)+gx)e K wesee utv=f(x)v,+g(x)v,=(f(x)+g(x))v, € Ny showing
that N is closed under addition. As O(x)e K we see 0=0(x)v,€ Ny . As
—f(x)e K wesee —u=—(f(x)v)) =(—f(x))vy€ N . Forall h(x)e F[x] we have
h(x)f(x)e K and so h(x)u=h(x) f(x)v,€ N . Therefore N, isa submodule of
M . By (4.4) wesee K is a principal ideal with generator d(x). Then N is cyclic
with generator d(x)v,.

Suppose the ideals K, and K, of F[x] satisfy K, € K, and let ve NK1 . Then
v=f(x)v, where f(x)e K,. As f(x)e K, we see ve NKz. So NK1 gNK2 .
Conversely suppose N K S N K, where K| and K, are ideals of F[x] containing
(d,(x)). By (4.4) there are d,(x) and d,(x) with K, =(d,(x)), K, =(d,(x)).
Also d,(x)]dy (x) and dy(x)|d, (x). Then Ny =(d,(x)vy) and N =(d,(x)v,).
As d (x)v, € (d,(x)v,) thereis g(x)e F[x] with d,(x)v, =q(x)d,(x)v,, i.e.
(d,(x)—q(x)d,(x))v,=0. As v,has order d,(x) in M we see
a’o(x)|(all(x)—q(x)al2 (x)), i.e. there is g'(x)e F[x] with

d,(x)=¢' (x)dy(x) + g(x)d,(x) € {d,(x)) +{d,(x)) =(d,(x)) = K, . Therefore

K, ={d,(x))cK,.

(© As K, ={f(x)e F[x]: f(x)v,€ N} and NKN ={f(x)v,: f(x)e K} wesee

NKN C N . Consider ve N. As M =(v,) thereis g(x)e F[x] with v=g(x),.
So g(x)€ K, and hence ve NKN . Therefore N NKN and so N:NKN .

As Ng ={f(x)v,: f(x)€ K} and KNK ={f(x)e F[x]: f(x)v,€ Ng} we see

K c KNK. Consider f(x)e KNK . Then f(x)vy€ N and so thereis g(x)€ K with
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F(x)v, = g(x)v,. Asabove there is ¢'(x)€ F[x] with f(x)=¢"(x)d,(x)+g(x)e K
as d,(x)e K . Therefore KNK c K andso K :KNK .
N — K, is amapping : L. — L’ as d,(x)e K, since d,(x)vy=0€ N and this

mapping is inclusion-preserving by (a) above. Using the foregoing theory we see that
K — Ny is the inverse mapping " — L and it is inclusion-preserving by (b) above.

So both these mappings are bijections.
(d) The eight submodules N of M have generators

Vo, (X —T)vo,xvo, (x +T)v0, (x> + X)Vy, (x? —T)vo, (x* = X)Vy, (x> - X)Vy
corresponding to the monic generators
Lx—Lxx+1Lx2+x,x> -1, x> —x,x° —x
of the eight ideals K, of Z,[x] with (x*-x)c K v - The lattice diagram of these

submodules is:

(Vo) = Z33

{r=Dvo) ((x+T)v)

(x(x=T)v,) ((x+D)av,)

((x+ D)x(x—T)v,) ={0}

The generators v of M are those elements of M not in any proper (i.e. #M )
submodule N . As a vector space of dimension ¢ over Z, has exactly 3" vectors the

sieve formula gives 3’ —3* —3> —3? +3+3+3—1=8 for the number of v with

M ={v).

(e) Notice x° + x=x(x*+x —T)(x2 —-X —T) is the factorisation of x> —x into monic

irreducible polynomials over Z,. The eight submodules N of M have generators
Vs Xy, (X7 + x—T)vO,(x2 —x—T)vo,(x3 +x2 = x)v,,
(x* +T)v0, (x*—x*— XV, (x> + x)V,

corresponding to the monic generators

Lx, (2 +x=1),(x* —x= 1), + x> = 0),(x* + 1), (x* =% = x),(° +x)
of the eight ideals K, of Z;[x] with (x” +x) € K, . The lattice diagram of these

submodules is:
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(Vo>

<(x2 +x—T)v0> <(x2 —x—T)v())

<(.X3 +_x2 _.X)V()> <(x3 _xz —X)V0>

<(x5 + x)v0>

The generators v of M are those elements of M not in any proper (i.e. #M )
submodule N . As a vector space of dimension ¢ over Z, has exactly 3" vectors, the

sieve formula gives 3° —3* —3*—3% +32 +32 +3-1=128 vectors v with M ={v).

Solution 5
(a) Consider K + g,(x) and K+ g,(x) in N. Now f(x)g,(x)e K, f(x)g,(x)e K
and so f(x)(g,(x)+g,(x)=f(x)g,(x)+ f(x)g,(x)€ K as theideal K is closed
under addition. Therefore

(K+g1(x))+(K+g2(x)) :K+(g1(x)+gz(x))€ N
showing that N is closed under addition. Also —(K + g,(x))=K —g,(x)e N as
fX)(=g(x)=—f(x)g,(x)e K ,i.e. N isclosed under negation as K is closed under
negation. As K contains the zero polynomial we see f(x)x0e K showing
K=K+0€e N ,ie. N contains the O—element K of F[x]/K . So N is an additive
subgroup of the additive group of the quotient ring F[x]/K .
Consider g(x)e F[x]. Then f(x)g(x)g,(x)=g(x)f(x)g,(x)e K by (4.3) and so
gxX)(K+g/(x)=K+g(x)g (x)e N. So N isasubmodule of M by (5.14).
Write N' = <K + q(x)> and so N’ is the submodule of M generated by K + g(x).
Thereis f'(x)e F[x] with f(x)= f’(x)d(x) and so
Fx)q(x)=f(x)qg(x)d(x)=f'(x)d,(x)€ K showing K +g(x)e N . The generator
of the cyclic submodule N’ belongs to the submodule N andso N'C N .
Consider a typical element K + g,(x) of N. By (4.6) there are a(x),b(x)e F|[x]
with a(x) f (x) +b(x)d,(x)=d(x). Multiplying through by g,(x) gives
dy(x)|d(x)g,(x) as dy(x)| f(x)g,(x). So q(x)d(x)|d(x)g,(x). Dividing through
by the monic polynomial d(x) now gives q(x)| 8,(x). Therefore K + g,(x) isa
polynomial multiple of K +¢(x),i.e. N < N’. The conclusionis N=N"andso N is
cyclic with generator K + g(x).

(b) The reader should realise that this question is a module-isomorphic version of (a)
above. As N is the kernel of the linear mapping of F' in which v —v f(A) for all
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ve F', we see that N is asubspace of F'. So (N,+) is a subspace of (F',+). Let
g(x)€ Flxl. Then f(x)g(x)=g(x)f(x) andso f(A)g(A)=g(A)f(A). Suppose
ve N . Working in the F[x]—module M (A) we have
g(X)Vf (A) =vg(A)f (A)=vf (A)g(A)=0x g(A)=0

showing g(x)ve N . From (5.14) we conclude that N is a submodule of M (A).
Write N’={g(x)v,) . Thereis f’(x)e F[x] with f(x)=f"(x)d(x). So

@V f(A) = F(X)q0vy = [ (x)d(x)q(x)vo = ()2, (v = £/ (0)x0=0
showing that the generator g(x)v, of N belongs to N . Therefore N'C N .
Conversely suppose ve N . As v, generates M (A) there is g(x)e F[x] with
v=2g(x)v,. So f(x)g(x)vy=vf(A)=0 andso ¥, (x)| f(x)g(x).ie.
q(x)d(x)| f’(x)d(x)g(x). Cancelling the monic polynomial d(x) gives
g(0)| f(x)g(x). As ged{f"(x),q(x)}=1 we conclude g(x)| g(x). So v=_g(x)y, is
a polynomial multiple of the generator g(x)v, of N”. Therefore N € N’. As above
the conclusionis N =N’ and so N is cyclic with generator g(x)v,.
As q(x)v, has order d(x) in M (A) we see dimN =dim N’ =degd(x) by (5.29).
As dim N =t —rank f(A) we conclude rankf(A) =t—degd(x).

0 1 0
@AsC={0 0 1|weseeC—1I= -1 1 which has rank 2. As
1 -1 1 -1 0
0 0 1 1 01
C*=[1 -1 1|weobtain C*+I=|1 0 1| whichhasrank1. As
1 0 O 1 01

Xe(x)= (x* +1)(x—1) and ged{x'",(x* +1)(x—1)} =1, on taking

A=C, f(x)=x"" in (b) above, we see f(C)=C"'" hasrank t —degd(x)=3-0=3.

Now let f(x)=x'""—x"=x"x"~-1). As

1 —1=0,but I -1=(i*)* =1=(=1)* =1=-2#0 we see that x—1 is a factor of
f(x) but x*+1 is not a factor of f(x). Therefore ged{ f(x), ¥-(x)}=x—1 and
f(C)=C"" —~C* hasrank 3—1=2.

Now take f(x)=x'C+x"=x"(x"+1). As

1 +1£0,but *°+1=(*)* +1=(=1)* +1=—-1+1=0 we see that x—1 is not a

factor of f(x) but x*+1 is a factor of f(x) . Therefore ged{f (%), x-(x)}= x2+1

and f(C)=C"" +C* hasrank 3—2=1.

Lastly let f(x)=x'" —x?=x?(x"-1). As 1" -1=0 and
®_1=(=1)*-1=1-1=0 we see that both x—1 and x*+1 are factors of f(x). So
ged{f(x), ¥-(x)}= (x> +1)(x—=1). In this case Xc (x)| f(x) and f(C)=0 has

rank 3—3=0.

Solution 6
(a) Using (5.31) the matrix



is invertible over F' and satisfies

1 -2 1)(0 1 O 0O 0 0)1 -2 1
0O 1 0|0 O 1|=/0 0 10 1 0},
0 0 1){0 -1 2 0 -1 2/0 0 1
ie. Y,C(x(x—1)*)=(C(x)® C((x—1)*))Y;, and so
YCx(x—1D)Y ! =(C0) @ C((x—1))).
Using (5.31) again, the matrix
1 210
Y, = 01 21
0010
0 0 01
satisfies
1 21 0y01 0 O 01 2 1) (01 0 0O0)1 210
6121460 1 04|00 0 O |00 O0 Of0T1T 21
001000 O 1||0O0O 1/(00O0 1(00T1°0
00 O01)J0 0 -1 2 00 -1 =2 00 -1 -2){0 0 0 1
ie. Y,C(x*(x+1)*)=(C(x*)®C((x+1)*))Y, and so
Y,C(x*(x+ 1Y, =(C(x*)®C(x+1)?)).
(b) Write f(x)=x"+ax*+bx+c. Then
1 —-r 0 O 1 —r O 0
3 ) 01 = 0 |0 1 -r B
R(x—r,x’ +ax +bx+c)—0 o 1 —r7lo o 1 0 =f(r)
1 a b c 1 a b f(r)
on applying the ecos ¢, + ;’3cl,c4 + rzcz,c4 +rc; and expanding along col 4 .
1 a b O
01 awnl | 7
R(x*+ax+b,x* +cx+d)= =lc—a d-b 0
1 ¢ d O ! e d
01 ¢ d

on performing the ero r, —r and expanding along col 1. Expanding along row 2 gives
R(x*+ax+b,x* +cx+d)=(d -b)* —(c—a)(ad —bc).

01
(c) Write S = (}-w:*-oi} ,i.e. § isthe partitioned (s+1)X(s+¢) matrix over F' where

L
I, is the sXs identity matrix over F' and I, is the X7 identity matrix over F* with

zero entries elsewhere. From the matrices underlying the resultants we obtain
R(f(x),g(x))= | S|R(g(x), f(x)) on taking determinants. Now S is changed into

L0
b';*}; =1y



135

rs+j A4 rs+j—1’rs+j—
j=12,....,t. Therefore |S|=(=1)"" and so R(f(x),g(x))=(-D* R(g(x), f(x)).
(d) The formula det7 = (=1)’ =1/2 holds for £=1. Take £>2 and suppose
inductively that the X7 matrix
0!1
-

is such that det7” = (-1)~DU¢ “2/2 Then

detT — (_1)1—1 detT/ — (_1)1—1 (_ 1)(t—1)(l—2)/2 — (_ l)t—1+(l—1)(l—2)/2 — (_1)l (l-l)/z
which completes the inductive step.

on applying the st eros | sl O for
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Solutions 6.1 (page 267)

Solution 1
(a) ()
x-1 1 -1 _ I x-1 1 =
x-A=| 1 x-1 1 " x-1 1 —1 |e-(x=Dq
2 2 x42)17 2 2 xv2) -q
1 0 0 = 1 0 0 = 1 0 0
x=1 2x—x> —x|n—(x-Dr |0 2x—x* —x|c, ¢3¢, |0 x 2x—x
2 -2x x r,—2r 0 -2x x -, (0 —x —2x
B 1 0 O = (1 0 0

Therefore A has invariant factor sequence (x,x”), the non-constant diagonal entries in

S(xI —A). Applying the eros used above in sequence to I gives
1 00 = 0O 1 O = 0 1 0 0 1 0

01 0| rnern 1 1-x 0|n-2r|1 1-x O —_r I 1-x 0 |=P(x).
00 1)rn-(x-Dr,{0 0 1)r+r |1 —-1-x 1) *|-1 I+x -1
Applying the conjugates of the ecos used above in sequence to I gives
1 00 = I x-1 1 = I x-1 1
01 0|rn+(x-Dr, |0 1 O|rer|0 0 -1
0 01 1+, o o 1) - (O 1 O

_ (1 x-1 p(%)
- 0 2—x -1|=0(x)= :
n-=2n T o) /Zzgg
3
Then
I x-1 1
P(x)(xI-A)=|0 2x—x* —x|=S(xI-A)Q0(x).
0 x? 0

Also det P(x)=detQ(x) =1 showing that P(x),Q(x) are invertible over Q[x]. Using
the evaluation homomorphism &, :Q[x]® = M (A) we obtain
(L ())8, =(L,x-11)0,=¢, +(x—De, +e;=¢,+e,(A-1)+e;=0
as e,(A—1)=(=1,0—1). In the same way
(P, ()8, =(0,2—x,-1DO, =(2—x)e, —e;=¢,(2I = A)—e; =(1,1,0) =y,
has order x in M (A) by (6.5). Also (p0;(x))8, =(0,1,0)8, =(0,1,0) =v, has order
x> in M(A) and M(A)= <v1> @ <v2> (internal direct sum). Construct
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as xv, =v,A=(=1,1,-1). Then X is invertible over Q and

0/0 0
XAX'=C(x)®C(x*)= 6-:[_0"T which is the rcf of A.
0,0 0
(if)
x—-1 -1 1 _ I x+1 -1 =
XI-A=| 1 x+1 -1 | — |x=1 -1 1 |c,—(x+1q
2 2 x42)17% 2 2 xe2) o+e
1 0 O = I 0 O = 1 0 0
x=1 =x* x|rn—-(x-Dr|0 —x* x|, ¢ |0 x 0
-2 2x x) n+2r 0 2x x)c;+xe, (0 x x(x+2)
_ (1 0 0
"0 x 0 |=S(I-A).

=
0 0 x(x+2)

The invariant factor sequence of A is therefore (x,x(x+2)). Applying the above eros
to the identity matrix I gives

1 00 = 0O 1 O = 0 1 0

01 0| rnern I I-x O|rn+2r| 1 1-x 0|=P(x).

00 1)rn-(x-Dr\0 0 1)rn-r, (-1 x+1 1
Applying the conjugates of the above ecos to I gives

1 00 = I x+1 -1 = I x+1 -1 P,(x)
01 0|rn+(x+Dr, |0 1 0|nen|0 —x 1 (=0(x)=| p,x) |
0 01 n =, 0O 0 1)r-xnb0 1 O P5(x)
As det P(x) =det Q(x) =—1 the matrices P(x), Q(x) are invertible over Q[x]. Also
1 x+1 -1
P(x)(xI-A)=|0 —x* x |=85xl—-A)Q0((x).
0 x*+2x 0

Using the evaluation homomorphism 6, :Q[x]® = M (A) we obtain

(o (8, =1, x+1,-1)6, =(1,1,-D+(0,1,00)A=(L1,-D+(-1,-1,1)=0.
Also (p,(x))8, =(0,—x,D0, =—e,A+e;=(1,1,0)=v, and
(p;(x)8, =(0,1,0)6, =(0,1,0)=v, .

Construct

xv, -1 -1 1
Then det X =1 and so X is invertible over Q. Also

0 0 O
XA=|-1 -1 1 [=(Cx)@C(x(x+2))X
2 2 =2

giving XAX ™' =C(x) ® C(x(x+2)) which is the rcf of A.
(i)
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x-1 -1 1 _ I -1 x-1 =
xI-A=| -1 «x 1 - 1 x -1 ¢, ¢
5 3 x44) 79 114 3 =5 e~ (a-D)q,
1 0 0 = 1 0 0 =
I x+1 —X = 0 x+1 —X c,+¢
x+4 x+1 —x*-3x-1)n—(x+4r, (0 x+1 —x*-3x-1) —q,
1 0 0 = 1 0 0
0 1 X ¢y — XC, 0 1 0 [=S(xI-A).
0 —x*=2x xX*+43x+1)r+x(x+2)r, (0 0 (x+1)

So the invariant factor sequence of A is ((x+1)?). Applying the above eros to I gives

1 00 = 1 00

010 r—h -1 1 0

0 0 1)n-(x+4r (—~(x+4) 0 1
1 0 0

-1 1 0 [=P(x).
—x*=3x-4 x(x+2) 1
Applying the conjugates of the above ecos to I gives

r+x(x+2)r,

1 00 = 0 -1 1 = x—1 -1 1
01 0lrhen|0 1 Ol+(x=Dry O 1 O
001 n-rb\1 0 O r,—T, I -10
= (x-1 -1 1 £, (x)
-1 —x x+1 0|=0x)=| p,(x) |.
rt+axr | —1 I 0 P;(x)
As det P(x) =detQ(x) =1 we see P(x) and Q(x) are invertible over Q[x] and
x—1 -1 1
Px)(xI —A)= —X x+1 0|=S(xI-A)0(x).

—(x+1D* (x+1D* 0
Using the evaluation homomorphism 6, :Q[x]® = M (A) we obtain
(p ()8, =(x-1,-11)0, =¢ A+(-1,-1,1)=0 and
(P, ()0, =(—x,x+1,0)8, =—¢ A+e,A+e, =0. Also
(p;(x)8, =(-1,1,0)8, =(=1,1,0) = v, has order (x+1)° in M(A). So
M((A)= <V1> ,i.e. M (A) is cyclic with generator v,. Construct
2 2 -1 1 0
X=|xv|=| A |=/0 -1 0
x*v, nA)A -1 0 1
which is invertible over Q and satisfies
0 -1 0 0O 1 O0Y)-1 1 O
XA=|-1 0 1(={0 0 10 -1 0|=C((x+D)HX.
4 2 3 -1 -3 3){-1 0 1
So XAX ' =C((x+1)*) which is the rcf of A.
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(b) Rank C(d;(x))2degd ;(x)—1 as the first degd ;(x) —1 rows of C(d;(x)) are
linearly independent. Let C denote the rcf of A. Then
N S M
rank A =rank C =Z{rank C(d ;(x)) > Z{(degdj(x)—l) =Z{degdj(x)—s =1-5s.
Jj= Jj= J=
Suppose rank A=1. Then 0<r—s<I1.
Suppose t —s5s=0,i.e. s=t. Then dj(x)zx—a for some a€ F and 1< j<t as

degd;(x)=1 and d,; (x)‘ d,(x).So A=al whichhasrank O or ¢ according as a =0
ora#0. As t>2 we see that s =t is impossible. So r—s=1,i.e. s=¢—1.
Therefore deg dj (x)=1 for 1< j<r-2 and degd,_,(x)=2. As rank C(d,_,(x)) 21
and rank A=1 we conclude rank C(d, ;(x)) =1 and rank C(d,;(x))=0 for
1£j<t-2. So dj(x)zx for 1< j<t—-2 and d,_,(x)=x(x—Db). As

trace C(x(x—b))=b we see trace C=b also. So b=trace A.

(¢) Taking determinants of the equation P(x)(xI —A)=S(xI —A)Q(x) gives

det P(x) x,(x) =det S(xl — A)det O(x) . Now det P(x) and detQ(x) are non-zero
constant polynomials since P(x) and Q(x) are invertible over F[x]. Also y,(x) and
detS(xI —A)=d,(x)d,(x)---ds(x), the product of the invariant factors of A, are
monic. So equating coefficients of x’ gives det P(x)=detQ(x) and

Xa(0)=d,(x)d,(x)---dy(x).

Solution 2
(a) Replacing x in P(x)(xI —A)=diag(,1,...,1,d,(x),d,(x),...,d;(x))Q(x) by
x+ A gives

P(x+A)((x+ DI - A)=diag(L1,....1,d,(x+ A),d,(x+ A),....d (x+ 1) O(x+ 1).
Now det P(x+ A)=det P(x), since det P(x) is a constant polynomial ( x is not
involved) as P(x) is invertible over F[x] and so P(x+ A) is also invertible over
F[x]. For the same reason Q(x+ A) is invertible over F[x]. Therefore the Smith
normal form of (x+ A)[—A=xI —(A—AI) is

diag(L1,....1,d,(x+ A),d,(x+ A),....ds(x+ 1)),

i.e. the invariant factor sequence of A— A1 is (d,(x+A),d,(x+ A),...,d;(x+1)).
(b) (i) The matrix A of Question1(a)(i) above has invariant factor sequence (x, x?).
The matrix here is A+ which, by (a) above with 4 =—1, has invariant factor
sequence (x—1,(x—1)%).
(if) The matrix A of Question1(a)(if) above has invariant factor sequence
(x,x(x+2)). The matrix here is A+2I which, by (a) above with 4 =-2 has
invariant factor sequence (x—2,(x—2)x).
(iii) The matrix A of Question1(a)(iii) above has invariant factor sequence ((x+1)*).
The matrix here is A+ 51 which, by (a) above with A =—5, has invariant factor
sequence ((x—4)%).
(¢) Write d(x)=a, +a,x+...+a, x"" +x™ and suppose vC(d(x))=0 where
v=(b,b,,...,b, ). Comparing entries gives v=>b,(qa,,qa,,...,a,,_,,1) where a,b,, =0.
Therefore a, #0 = b,, =0=v=0= nullity C(d(x))=0 and
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a, =0=> nullity C(d(x))=1 . As a,=d(0) the theory above and (4.2)(i) together

show nullity C(d(x))=1 < d(0)=0 < x| d(x).

As A~Cd(x)®C(d,(x)®...®@C(dy(x)) we see

n=nullity A = nullity (C(d,(x)) @ C(d,(x))®...® C(ds(x))) = Zs:nullity C(d;(x)).
=

By the preceding paragraph x|dl~ (x) for n integers i with 1<i<s. So n<s. As
d j(x)|di(x) for j<i, the n integers i with x|dl~ (x) are the last n integers in the

above range, i.e. s—n+l,s—n+2,...,5,ie. s—n<i<s.

(d)

c2=

S O O

1 0
0 1
0 0

S O O O

0 0O

as (Cg)2 =0. So Cg has two invariant

[S)

has nullity 2 and minimum polynomial x

factors, the second invariant factor is x* and their product is x* (it must be a power of
x by (6.11) and being the characteristic polynomial of a 4X4 matrix it has degree 4 ).
So CO2 has invariant factor sequence (x*,x%).

As

S O O
S O O
S O O
S O -

c=

0 0O

we see that C; has 3=nullity C; invariant factors, the last is x> and the product of all

)

three is x*. Therefore (x, x, x*) is the invariant factor sequence of CO3 .

As CO4 is the zero 4X4 matrix its invariant factor sequence is (X, x,x,x).

01 0 O 1 0 1 O
0 1 O 0 1 0 1
As C, = we obtain C;* +1 =
0 0 0 1 -1 0 -1 O
-1 0 -2 0 0 -1 0 -1

As (e + 63)(C12 +1)=(e, + 64)(C12 +1)=0 we see nullity C12 +1=2. Also

(C12 +1)* =0 by the Cayley-Hamilton theorem as C, has characteristic polynomial

(x* +1)? by (5.26). Therefore Cl2 + 1 has minimum polynomial x* and two invariant
factors. So C12 + 1 has invariant factor sequence (x7,x?).

Since C; and C? + 1 have equal invariant factor sequences these matrices are similar.
The vectors e,,e, € F* both have order x* in the F[x]—module M (C;). Also
N,={e,x’¢,) and N, =(e,,x’e,) are submodules of M (C;) with
M(C})=N,®N,. Soin F[x]—module M(C,), the matrix
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1 00O
100 10
xe, | |01 00
xe 0 001
is invertible over F' and satisfies X OCgX 0 '=C(x*)® C(x?) inrcf. The matrix

1 00O

1 010
| xe | |01 00

(x* +1)xe, 01 01

is invertible over F' and satisfies XI(C12 + I)Xl_1 =C(x*)®C(x?*) in rcf.
For 0<i<m,0< j<n the mn monic polynomials x'd(x)’ have mn different
degrees mj +i accounting for all integers in the range 0<mj+i<mn. As e, has order
d(x)" in the F[x]— module M (C) we see that the mn vectors x'd(x)’ e, are
linearly independent and so are the elements of a basis of F'"". In particular

e...d(x)e,

d(x)e.,,,...,d(x)" e, are linearly independent for 0<i<m as

e, = xiel. From d(x)"e,,, =0 we deduce that e,,, has order x" in the

i+1
F[x]—module M (d(C)) for 0<i<m. Let N,,, be the cyclic submodule of
M (d(C)) generated by ¢;,, for 0<i<m. Then N,,, has F —basis
d(x)’e,...,d(x)" e, and

M@d(C)=N,®N,®...®N,,.
Construct the invertible mnXmn matrix X over F having the above F —bases of
N|,N,,...,N,, asitsrows. Then

XdOX'=C(xX")®C(x")®...®C(x") (m terms)
is in rcf on combining (5.2), (5.20) and (5.27). As the rcf of d(C) is independent of

the particular monic polynomial d(x) of degree m over F , all such matrices d(C) are

e d(x)e,,

similar. Since d,(x)=x" is monic of degree m over F' we see
d(C)~dy(C)=C" =(C(x™ )"

(e) By using the n vectors of the standard basis B, of F'", suitably ordered, as the
rows of X we obtain XC"™X " inrcf. As e, has order x" in the F[x]— module

M (C), the vectors of B, can be expressed )cjm“Lie1 =e for

JjmA+i+l
0<jm+i<n,0<i<m,0< j<gq. Let N,,_; be the submodule of the
F[x]—module M(C™) generated by e;,, for 0<i<m. Then N,,_; has F —basis

i+l

m 2m qm . qm —
€y> X €y X e s X e for 0Si<r (as x™e;, =€, #0 but
x@me =0 since mq+i+1<n<(q+1)m, we see e;,, has order x?*' in M(C™)).
_ . m 2m (g—Hm .
In the same way N, _; has F —basis ¢, ,x"¢;, ,x7"€, ,....,x e, for r<i<m

(as x47"e, = ey—pymein1 70 but x™e;, =0 since (g—Dm+i+1<n<qgm+i, we
has order x? in M(C™)). Then M(C")=N,®N,®...®N,,. We

construct the invertible nXn matrix X over F by taking the above F —bases of

see ¢,
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N,,N,,...,N,, (in that order) as its rows. Then XC"X s in ref being the direct sum
of m—r companion matrices C(x?) followed by r companion matrices C(x?*").
(f) In the F[x]—module M (C?) the element e, has order x> +x+1 since e, and
xzel = e, are linearly independent but (x*+x*+ I)e, =0 in the F[x]—module M (C).
In the same way e, and x262 =e, are linearly independent and (x*+x* + De, =0,
showing that e, also has order x*+x+1in M(C?). So
M (C*)=(e,,e;) D{e,,e,)=(e,) ®{e,) . Then
e 1 00O
x=|Xa| |00 10
e, 01 0O
x’e,) (0 0 0 1
satisfies XC2X ' =C(x* +x+1)® C(x* + x+1) by (6.5).
More generally write C = C(d(x*)). The element e, of the F[x]—module M (C 2)

has order d(x) since el,xzel,x4el,...,x2(t_l)

e, are linearly independent (they are
€,,3,6s,...,¢,,, in F*)and d(x)e, =¢,d(C*)=0 in M (C*) by (5.26). In the

same way e, has order d(x) inthe F[x]—module M (C %) since

2=D¢ are linearly independent (they are e,,e,,é,...,e,, in F')

e,,x°e,,x'e,,...,x
and d(x)e, =e,d(C*)=0 by (5.26). So
M(C?*)= (€,85,....6y_1) D(ey,,,....05) = <€1> ® <ez> )

Let X bethe 27X 2t matrix having e, e;,...,€,,_,,€,,€,,...,6,, in that order as its
rows. Then X C*X ' =C(d(x))® C(d(x)) by (6.5).
Write C, = C(d(x*)). Then Cg ~C(d(x*))® C(d(x*)) by the preceding theory with
x* in place of x. So

Cy =(C3)* ~ (C(d(x*)) @ C(d(x*)))* = C(d(x*))* ® C(d(x*))*.
As C(d(x*))* ~ C(d(x)) @ C(d(x)) we conclude that
Cd(x)®C(d(x))® C(d(x))® C(d(x)) is the rcf of C(d(x*))*.

Solution 3

(a) Write g(x)= (—1)deg S f(=x). Then g(x) is monic and working in the
F[x]-module M (—A) we have g(x)v=vg(-A)= (=18 @y, £(4)=0 as
vf(A)=0. So v has order g’(x) in M (—A) and g'(x)| g(x). As vg’(-A)=0
working in the F[x]—module M (A) we see g'(—x)v=vg'(-A)=0 giving

g'(—x)| f(x). Therefore g'(x)| f(=x) onreplacing —x by x. So g'(x)| g(x) and
hence g’(x)=g(x),i.e. v has order (~1)%8/ ™ £(—x) in M(-A).

Replacing x by —x in P(x)(xI —A)=diag(L1L,...,1,d,(x),d,(x),...,d;(x))0(x)

gives

—P(—x)(xI + A) = P(—x)(—xI — A) =
diag(1,1,...,1,d,(=x),d,(=x),...,d ;(—x))Q(~x)
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showing xI + A = diag(l,1,...,1,d,(=x),d,(=x),...,d;(—x)) as —P(—x) and Q(—x)

deg d j (x)

are invertible over F[x]. Write d; x)=(-1 d j (—x) for 1< j<s. The

polynomials d; (x) are monic for 1< j <y and satisfy d/(x)#1, d;- (x) d;-H(x) for
1< j<s. Applying the eros —r; for i=t—s+ j, degd ;(x) odd, to
diag(L,1,...,1,d,(=x),d,(=x),...,d;(—x)) shows

xl —(—A)=xI+ A = diag(,1,...,1,d](x),d;(x),...,d;(x)) = S(x[ + A).
Therefore (d;(x),d;(x),...,d;(x)) is the invariant factor sequence of —A where

&) =(=1" 4 (x) for 1< j <55,

A necessary and sufficient condition for —A ~ A (—A similarto A) is d;- (x)=d j (x),
1.e. each invariant factor d j (x) of A is either an even or an odd polynomial (d j (x)
either consists exclusively of even powers of x (d j (x)=d j (—x) ) or exclusively of odd
powers of x (dj (x)= —dj (=x))).

b) y,(x)=x(x-3)(x+3)= x® —9x (start the factorisation of | xI-A | by performing
the row operation 7, —(r, —r;) ). Being the product of distinct irreducible factors we see

U, (x)=x,(x) by (6.11). So x° —9x is the single invariant factor of A and being

odd we deduce —A ~ A from (a) above.
(c) The statement is true. Suppose —A ~ A. Then —A and A have equal traces and
equal determinants. But trace (— A) =—trace A and so 2(trace A)=0 giving

trace A=0 as y(F)#2. As A has an odd number of rows, changing the sign of each
row gives |—A|=—|A| and so |—A|=|A| gives 2|A|=O,i.e. |A|=0 as Y(F)#2.
Conversely suppose | A | =0 and trace A=0. Then y,(x)= x° +ax as the coefficient
of x* and the constant term in } (x) are both zero (being respectively —trace A and
—| A | ). For a#0 the quadratic x>+ a either has equal and opposite zeros (distinct as
X(F)#2)in F oritis irreducible over F ;in both cases ¥ ,(x)=,(x) and so
—A~ A asin (b) above. So suppose a =0 in which case y,(x)= x°. The invariant

factor sequence of A is one of (x,x,x),(x,x%),(x’) and in each case each individual
invariant factor is either an even or an odd polynomial (none have a mix of odd and even
powers of x). So —A ~ A by (a) above.

Solution 4
(a) Transposing P(x)(xI —A)=S(xI — A)Q(x) gives

(xI —ATYP(x)" =Q(x)" S(xI — A) since (xI —A)" =xI — A" and

S(xI —A)" =S(xI — A) as S(xI —A) is symmetric being a diagonal X¢ matrix. So
QX)) xI=AT)Y=S(xI — A)(P(x)")". Now (P(x)")™" and (Q(x)")™" are
invertible over F[x], their inverses being P(x)" and Q(x)" respectively. So we see
S(xI—AT)=S(xI —A),ie. xI —A" and xI — A have the same Smith normal form.

So A~ AT as A and A” have the same sequence of invariant factors, namely the non-
constant diagonal entries in S(x/ —A).

(b)
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a a, a; 1) 0O 1 0 O -a, 0 0 O
a, a; 1 0] 0 O 1 0 0 a a5 1

R.C — 2 3 — 2 3
fCUE= 0 000 0 o0 0 a 1 0
1 0 0 ON-a, —a -—a, —a, 0O 1 00

which is symmetric. As R is invertible and symmetric we obtain
R, C(f(x)=(R,C(f(x)) =C(f(x)'R,” =C(f(x)) R,
and so RfC(f(x))R}Z1 =C(f(x))".
Let f(x)=a,+a,x+a,x*+...+a,  x'"+a,x" where a,=1. Let R, denote the

tXt matrix over F' with (i, j) —entry a for 1<i+ j—1<t and (i, j)—entry O

i+j-1
for i+ j—1>t. Write g(x)=(f(x)—a,)/x=aq, +az)c+...+at_1xt_2 +a,xt_1 . Then
al 1) 01
R, CU@=\ 1T | 2ot a
| |
where a =(qa,,qa,,...,a,_;), 0 is the 1X(# —1) zero matrix and I is the (t—1)x(r—1)
identity matrix. Therefore
—-a, ! 0
R, C(f(x)= _()_T_ji_é;
on multiplying out the indicated partitioned matrices. So R g C(f(x) is symmetric as
Rg
invertible and so RfC(f()c))R]Z1 =C(f(x))" as before.

is symmetric. As detR I (—l)t(’_l)/ 2 (use induction on 7 here) we see that R 7 is

(©)
a 10 00O 110 O0Y) (-q 0/ 0 O
| | |
re=|1. 010 O)f=a —a O 01 | 0 1,0 0
0 0ip 1|0 010 1 0 0i-h O
|

0 0{1 00 0= -5) (0 00 1
ie. RC=(R, ®R, )NC(d,(x)®C(d,(x)) =R, C(d,(x))® R, C(dy(x)) which

is symmetric. Transposing gives RC =(RC)" =C"R" =C"R as R is symmetric. As
detR=detR, detR,; =(-1)(-1)=1 we see R is invertible over F' and so
1 2

RCR'=C".
Write C=C(d,(x))®C(d,(x))®...®C(d;(x)) and
R= Rdl(x) @ Rdz(x) ®D...® Rds(x)‘ Then R is symmetric and invertible over F as

each R ;. ) is symmetric and invertible over F' for 1< j<s. As
J
Cld;(x)=C(d, (x)" Rdj ) for 1< j<s we obtain

C(d,(x))®R

Rio

RC=R Cld,(x)®...0R,; ,C(d(x))=

d,(x) d,(x) d g (x)
Cd (D) Ry (y ®Cdy () Ry () ®...OCd, ()R,

and so RCR'=CT.

_ T
)—CR
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(d) The matrix ¥ = X" RX is invertible over F , being the product of invertible
matrices over F , where XAX ' =C isinrcfand RCR'=C", R symmetric. Then
Y =(X"RX)" =X"R"(X") =X"RX =Y ,ie. Y is symmetric. Also
YAY ' =(XTRX)(X'CX)(X"RX)' =
X"RCR'(X")'=X"Cc"(X "Y' =(X"'cx)" = A"

since (X )" =(X")™! on transposing XX '=X"'X=1.
(e) From Question 1(a)(i) above

1 1 0 I -1 1
X=|0 1 0| satisfies XAX'=C=C(x)®C(x*) where A=|-1 1 -1]|.
-1 1 -1 -2 2 2
110 0 I 0 O
In this case R = 6-:[_()"T and Y=X"RX=|0 3 -1/ isinvertible over Q and
0;1 0 0 -1 0

symmetric with YAY ' = AT
(f) Let N be a submodule of M (A). Then N and N are subspaces of F'’ and using

the theory of homogeneous linear equations we know dim/N° =¢t—dim N . Consider
ve N°. Then for ue N we have uAe N andso uAv’ =0, i.e. u(vA")=0 which

means VA" =0. So N is a submodule of M (A”) by (5.15).

Let N’ be a submodule of M (A”). Then N’ and (N")y are subspaces of F'.
Consider ue (N")y. Then u=vY where ve N'. So uA=vYA=vA"Y e (N")y since
vA" € N’. Therefore (N")y is a submodule of M (A) by (5.15). Taking N'=N?°,
as in the preceding paragraph, we see (N °)y is a submodule of M (A).

(i) A typical element of (N)y " is uY ™" where ue N . Such an element is
‘orthogonal’ to all elements vY of (N?)y=(N)x (here ve N ) since

uY 'Y =uY 'YV =uY "W =uv” =0 using Y =Y. So
(N)y'<((N°)p)°. Let s=dimN . Then s=dim (N)y™" and

dim (N°)y)° =t—(t—s)=s and so in fact (N)y"' =((N°)y)°. Therefore
N=(((N)P)7.ie N=(N)z>.

(ii) Suppose N, € N,. Then directly we have ve Ny =ve N/ ,ie. Ny C N . As
¥, being a vector space isomorphism, is inclusion-preserving we obtain
(NYy<(N)y,ie (N, xr < (N,)x. Suppose (N,)7x < (N,)x. Applying 7 and
using the immediately foregoing theory we obtain (N,)7* < (N,)z*,ie. N,C N,

by (i). So N, € N, & (N,)x < (N,)7r showing that 7 is inclusion-reversing.

Solution 5

(a) Write g(x)=h, +bx+b,x* +...+b_ x*" +x* where b, #0. Then

g(x)" =(x"/by)g(1/x)=1/b, + (by_y /b)x+...+ (bl/bo)xs_1 + x* . The polynomial
f(x)g(x) is monic of degree ¢+ s with constant term a,b,. Also replacing x in
f(x)g(x) by 1/x produces f(1/x)g(l/x). Therefore
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(f(0g ()" = (" /laghy)) f (/)8 (1) =
(&' [ay) f A/ )((x* [by) g (1] x)) = [ (x)" g (x)".
The polynomial f(x)* is monic of degree ¢ and has constant term 1/a, . So
FOOT =(F X)) =(apx [apx") f (1 x)) = £ ().
Suppose f(x)=f(x)" and g(x)=g(x)",i.e. suppose that f(x) and g(x) are
palindromic. Then (f(x)g(x))" = f(x)*g(x)" = f(x)g(x) showing that the product
f(x)g(x) of palindromic polynomials is palindromic.

Suppose now that g(x) is a monic polynomial of positive degree over F with
g(0)#0. Then

(8(x)g(x)") =g(x)" g(x)"" =g(x)" g(x)=g(x) g(x)*
shows that g(x) g(x)" is palindromic.
Let f(x) be palindromic. Comparing constant terms in f (x)= f(x)" gives a, =a; !
and so a, ==*1. Suppose q, =1; comparing coefficients of x! in f(x)= f(x)" for
0<i<t gives a,=a,_;/a,=a,_;. Suppose a, =—1; comparing coefficients of x'in
fx)=f(x)" for 0<i<r gives a,=a,_;/a,=—a
The palindromic polynomials of degrees 1,2,3 over Z, ={-1,0,1} are:

t—i*

x+Lx=1LxX2+L x> +x+L 2 —x+L, x> =1L, X +1, ¥+ x2 +x+1,

x4+, L+ —x-1, =X +x—1.

(b) Comparing rows 1 and 2 in C(f(x))Z =1 where Z =(zl-j) is 3X3 over F gives

21 R 3 —a,/a, -a,/a, —l/a,
Z=|1 0 O |andso C(f(x))'=Z= 1 0 0
O 1 0 0 1 0

Working in the F[x]—module M (C(f(x))™") we see xe;=e,, xze3 =xe, = ¢, and
s0 e, generates this module as e,, xe,, X e, is a basis (actually the standard basis in
reverse order) of F>. Also X’e; =(=1/ay)(a;,a,,1) = (=1/a,)(a,x’e; + a,xe;, +¢;) and
so (/ay+(ay/ay)x+(a,/a,)x* +x’)e; =0, ie. f(x)"e;=0. So e; has order f(x)"
in M(C(f(x))™") as 63,xe3,xze3 are linearly independent. So by (5.27)

e, 0 01
X=|xe |=|0 1 0
x’e, 1 00

is invertible over F and satisfies X C(f(x))"' X' =C(f(x)").
(¢) Write f(x)=a,+a,x+a,x*+...+a,_x" +x'. Then

-a,/a, -a,/a, - —a,_,la, —a,_[a, —1/a,
1 0 e 0 0 0
1 ...
C(f(x)™" = 0 . ? 0 0
0 0 1 0 0
0 0 0 1 0
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as the product of this matrix with C(f(x)) is the Xt identity matrix / . Working in
the F[x]—module M (C(f(x))") wesee xe, =e, ,,x’¢,=e,_,,...,x' 'e, =¢, and so
e, generates this module; in fact e,,xe,,xzet,. . .,xHet is the standard basis of F'’ in
reverse order. Also
x'e, = xe, = (—1/ay)a,,ay,...,a,_,,1) =(=1/ay)(@,x ™ + a,x' 7 +...+ a,_x+1)e,
and so
(I/ay +(a,_y /ag)x+ (at_z/ao)x2 +oot(a/ay)x ™ +x")e, =0,

ie. f(x)"e,=0. So e, hasorder f(x)" in M(C(f(x))"). Taking
vo=¢ , A=C(f (x))"in (5.27) we see that f(x)" is the characteristic polynomial
of C(f(x))™" and X with e, X =xi_let =e,,,_; for 1<i<t isinvertible over F' and
satisfies X C(f(x))"' X '=C(f(x)").
@) 7,(0)=|0I-A|=|-A|=(=D"| A|#0. As g, (x)=d,(x)d,(x)---d(x) we see
d;(0)#0 for 1< j<s. There is an invertible #X7 matrix X over F with

XAX 7' =C(d,(x)) ®C(d,(x))®...® C(d(x)).
Inverting this equation gives X 'A7'X = C(a’l()c))_1 ®Cd, ())'®...®Cd(x)"
which shows A~ ~ C(a’l()c))_1 ®Cd, ()" ®...®C(dy(x))"". From (c) above we
know C(d, (X))~ C(d;(x)") for 1< j<s. Therefore

AT~ C(d,(x)")®C(d,(x)")®...® C(ds(x)")
which is in rcf since dj (x) de (x),i.e. dj (x) q; (x) :dj+1(x) for g, (x)e F[x] and
so d ()" q;(0)" =d ()", ie. d;(x)"|d;y, (1) for 1< j<s. So A™! has invariant
factor sequence (d,(x)",d,(x)",...,d(x)"). By the discussion following (6.8)
A~A" & dj (x)= dj (x)" for 1< j<s,ie. A~ A" < each invariant factor dj (x)

of A is palindromic.
(e) The 12 sequences of invariant factors of 3X3 matrices A over Z, such that

A~A"" are:
(x=1L,x=1,x=1),(x+Lx+Lx+1),(x=1L(x=1?), (x=1,x* =1),
(x+1Lx*=1), (x+1,(x+1?), (x> =1), (x> =x* +x=1), (X’ + x> —x 1),
C+D, (P + X2+ x4+, (=2 —x+1).
(f) In case (i) x,(x)= x° + x+1 which is not palindromic. As the product of
palindromic polynomials is palindromic we see that the invariant factors of A cannot all
be palindromic. So A~ A~ is false. In case (ii) Xa(0)=(x— D*(x+1) which is
palindromic and further all monic non-constant divisors of ¥, (x) are palindromic. So

all the invariant factors of A are palindromic and therefore A~ A™" is true.

Solution 6

(a) Suppose i, (x)= tz(x)=x—c forsome ce F'. Then u,(A)=0 gives
A—cl=0,ie. A=cl . Inthe same way i,(B)=0 gives B=cl andso A~ B as

A =B in this case. Suppose f,(x)=lz(x)#x—c forany ce F'. As ,uA(x)‘;(A(x)
and deg 7, (x)=2 we see ,(x)=x,(x). By (6.10) there is v, having order

i, (x) in M(A). So M(A)={v,) and A~ C(u,(x)) by (5.27). For the same
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reason B~ C(z(x)) andso A~ B as C(u,(x))=C(ug(x)), ~ being an
equivalence relation.

Consider A=C(x)®C(x(x+1)) and B=C(x+1)® C(x(x+1)) over Q (or indeed
any field F'). As both the 3X3 matrices A and B are in rcf we see A and B are not
similar by (6.7). But 4, (x)=x(x+1)= 5 (x).

Over ]Fq there are ¢ polynomials x—c and g* polynomials x*+ax+b. These are
the possible minimum polynomials £, (x) of 2X2 matrices A over ]Fq . By (6.10)
and the first part of this question A~ B < 1, (x)= Uz (x) where A,Be M,(F,). So
there are g* +¢ similarity classes of 2X2 matrices over ]Fq .

(b) Suppose A~ B. Then A and B have the same sequence of invariant factors
(d,(x),d,(x),...,ds(x)) by (6.6). Then y,(x)=d,(x)d,(x) - ds(x) = yp(x) by
(6.5). Also 1, (x)=ds(x)=ptg(x) by (6.10).

Conversely suppose A and B are 3X3 matrices over I with ¥, (x)= ¥z (x) and
M, (x)=ptp(x). Let degur,(x)=1;then y,(x)=x—c and A=B=cl andso
A~B. Let degu,(x)=3. Then u,(x)=y,(x) and A~C(y,(x)) by (5.27) and
(6.10) . For the same reason B ~ C(¥5(x)) andso A~ B as C(y,(x))=C(x5(x)).
Suppose deg £,(x) =2 and so (x—c)t,(x) =y, (x) for some c€ F as

XA (x)/,uA(x) is monic of degree 1. By (6.11) we see (x—c)‘ M, (x) as

(x— c)‘ X 4(x) and the invariant factor sequence of A is

C N NENEIVNCIIINCINTNENE
So A and B have the same invariant factor sequence, i.e. A~ B. The answer to the
question is therefore: Yes!
(c) Applying the first isomorphism theorem for rings (Exercises 2.3, Question 3(b) ) to

the ring homomorphism &, : F[x]— 9, (F) of (5.8) gives

&, Flxl/{u,(x)=ime,.
(d) Let f(x)=x"+c,_x"" +...4¢x+c, be a monic polynomial of degree m over
F with f(A)=0 and m<n. Then f(A)=A"+c, A" +...+¢A+c,] =0

contrary to the linear independence of 1, A,A%,...,A" ', So there is no such

m—1

polynomial f(x). As [ JALAZ L AT AT are linearly dependent there are scalars
by,b,,...,b,_,,b, , not all zero, with byl +bA+...+b,_ A" +b,A" =0. Is it possible

n—1>On

for b, =07 If sothen by=b, =...=b,_, =0 by the linear independence of
I,A,A%,...,A" ! Therefore b, #0. Write q; =—bl./bn for 0<i<n. Then the above
matrix equation gives A" =a I +a,A+a,A> +...+a, [ A" andso

U (x)=x"-a, x"" -
U, (A)=0,ie. u,(x) satisfies the conditions of (6.9) and so is the minimum

...—a;x—a, is monic of degree n over I’ and satisfies

polynomial of A .
3 2 2
2

A" =| -4 3 —4|=24-1
2 2 3
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and so 4, (x)= x?=2x+1=(x—1)* as I, A are linearly independent. As M, (x) and
X 4(x) have the same irreducible factors by (6.11) we see y,(x)=(x— 1)* and A has

invariant factor sequence (x—1,(x—1)%).
(e) Write I(x)=lcm{u A, (x), u A, (x)}. There are g;(x)e F[x] with

I(x)=q;(x)u, i (x) for i =1,2. Using the evaluation homomorphisms & 4, We see
1(A) =U()e,, =g (i, (D)E, =q: (A, (A)=0 for i=12 as

My (A;)=0. Using the theory following (5.17) we obtain
I(ADA)=IA)PI(A)=0®0=0 and so Hapoa, (x)| [(x) . Conversely suppose
f(A ®A,)=0 where f(x)e F[x]. Then f(A,)® f(A,)=0 which means
f(A;))=0 fori=12. So My, (x)| f(x) for i=1,2 showing that f(x) is a common
multiple of Hy, (x) and Hy, (x). Therefore l(x)| f(x). As Hpoa, (A, ®A,)=0 we

may take f(x)=u 4,04, (x) obtaining I(x)| 1 4,04, (x). We conclude

l(x)=u 4,04, (x) as each of these monic polynomials is a divisor of the other.

Solution 7
(a) There are ¢° monic polynomials of degree 3 over ]Fq as there are g choices for

each of the three coefficients a; in a, +a,x+a,x* +x’ = f(x). So there are g’
similarity classes of 3X3 matrices A over I, having a single invariant factor f(x) .
There are g similarity classes of 3X3 scalar matrices A over IFq, namely those with
invariant factor sequence (x—a,x—a,x—a) for a€ F, . The remaining classes have
quadratic minimum polynomial d,(x) , which must be reducible over F, as d,(x) isa
factor of degree 1. There are ¢ choices for d,(x) =x—a, and having chosen d,(x)
there are ¢ remaining choices for d,(x)/d,(x)=x—b where a,be F,. So there are
g* similarity classes with invariant factor sequence
(d,(x),d,(x))=(x—a,(x—a)(x—D)).
In all there are q3 + qz + g similarity classes of 3X3 matrices over IF'q.

As above, with minor modifications, there are q4 similarity classes of 4X4 matrices
over ]Fq with a single invariant factor, which must be monic of degree 4 over IFq. Also

there are g similarity classes of 4x4 scalar matrices A over I, . There are q

invariant factor sequences ((x—a),(x—a) f(x)) and g invariant factor sequences
(f(x), f(x)) where f(x) is monic quadratic. Also there are invariant factor sequences
of length 3, namely ¢g* of type (x—a,x—a,(x—a)(x—b)) where a,be F, and a=b
is allowed. So there are ¢* +¢° +2¢* + g similarity classes of 4x4 matrices over F,.
More generally consider an nXn matrix A over ]Fq having minimum polynomial of
degree m . Let (d,(x),d,(x),...,d;(x)) be the sequence of invariant factors of A and
write 7; =degdj(x) for 1< j<s. By (6.5) and (6.10) the sequence (t,,t,,...,ty) is

a partition of n with largest part £, =m . How many invariant factor sequences
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(d,(x),d,(x),...,ds(x)) give rise to the same partition (f,,,,...,Z;) ? There are qtl
choices for d,(x), namely any monic polynomial over ]Fq of degree f,. Assuming

s =2, having chosen d,(x) there remain qtz_t1 choices for d,(x)/d,(x), namely any
monic polynomial of degree , —#, over IFq. So in all there are qt1 X qtz_tl = qt2
choices for the pair (d,(x),d,(x)) as d,(x)=d,(x)x(d,(x)/d, (x)). Assuming
inductively that there are qtj choices for (d,(x),d,(x),...,d j (x)) where 1< j<s we
T

see that there are qt choices for d ;,,(x) / d ;(x) , namely any monic polynomial of

degree ;,, —1; over F,. Hence there are qtj X qt M q’f“ choices for
d,(x),d,(x),....d i+ (x)) thereby completing the induction. So g™ invariant factor
sequences (d,(x),d,(x),...,dy(x)) give rise to each of the P(n,m) partitions
(t,t5,...,t;) of n with largest part m . By the discussion following (6.8) we see that
there are P(n,m)q™ similarity classes of nXn matrices over ]Fq with minimum

polynomial of degree m .
Remember A€ GL,(F) < A isinvertible over the field ' < 1,(0)=d(0)#0.

The number of monic polynomials f(x) over F, with f(0)#0 is
N(deg f(x)) = qdegf (x)_l(q —1) as there are g choices for the coefficient of x' in such

a polynomial for 0 <i<deg f(x) and g—1 choices for the constant term (any non-zero
element). Consider a partition (;,.. .,tl') of n in which there are m; parts ¢, for
1<i<l and £/ <) <...< tl', tl' =m ; we have adopted a change of notation here as the
number of parts in (,...,1;) is s=m,+m,+...+m,. There are P(n,m,l) such
partitions. Taking repetitions into account we write

(d,(x),d,(x),...,d;(x)) = (d](x),...,d](x))
for the sequence of invariant factors of a matrix in GL, (F,). How many satisfy
(degd{(x),...,degd;(x))=(t{,...,/)? Such a sequence has m; factors equal d;(x)
for 1<i </ where 1<degd/(x) <degd;(x)<...<degd,(x) and is specified by the [
non-constant monic polynomials d;(x),d;(x)/d{(x),d;(x)/d;(x),....d/(x)/d;_, (x)

none of which vanish (take the value 0) at 0. The number of such sequences is
therefore
N@)XN(t, —t) )X N(t;—t,)X---XN(t, —t,_)=

" g-1g" " g-Dg" " g -1-g" T (g=1) =q" " (g-1)

as f; =m. So the number of conjugacy (similarity) classes in GL,(F,) is

3 (3 P m D" (g -1)').

m=1 1=1
The partitions contributing to P(8,3) are
(1,1,1,1,1,3),(1,1,1,2,3),(1,2,2,3),(1,1,3,3),(2,3,3) . So P(8,3)=5, P(8,3,1)=0,
P(8,3,2)=3 and P(8,3,3)=2. Therefore the number of conjugacy classes of
elements of GL;(Zs) having cubic mimimum polynomial is

0x5*x(5=1D'+3x5'%x(5-1)? +2x5"%(5-1)° =368.
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(b) As A? =0 the last invariant factor My (x) of A, being also the minimum
polynomial of A, is a (monic, non-constant) divisor of x*. So My (x)=x or

My (x)= x*. The characteristic polynomial 4(x) of A isapowerof x and of degree
t;50 y,(x)= x' is the product of the invariant factors of A. Now

U, (x)=x & A=0 and the zero #X7 matrix has invariant factor sequence
(x,x,...,x)€ F[x]". In the case i ()= x? the invariant factor sequence of A is
(x,X,...,x,x*,x%,...,x*) where there are r invariant factors x> for 1<r < LI/ZJ ;in
fact r =rank A on comparing A with its rcf. So there are 1+ \_t/ ZJ similarity classes
of tXt matrices A over F satisfying A>=0 corresponding to the 1+\_t/ ZJ possible

values of rank A .
Let A be a tXt matrix over Z,. Then A?>—=I1=(A-1)* and so

A’=1=(A-1)*=0. Also A~B < A—1~B—1. By the above paragraph there
are Lt/ ZJ similarity classes of #X¢ involutions A over Z, corresponding to the Lt/ ZJ
values of r =rank(A—1),ie. 1<r<[1/2].

Suppose Z, is replaced by a field F' of characteristic 2. The answer is unchanged as
the theory of the above paragraph applies equally well to F': the group GL,(F’) has
|_t/ ZJ conjugacy classes of involutions.

(c) Split the set of N(#) sequences (d,(x),d,(x),...,d(x)) of invariant factors of the
txt matrix A satisfying A’ =0 into two subsets: the first with d () # x° and the
second with d(x)=x’. By (b) above there are Lt/ ZJ +1= L(t +2)/ ZJ sequences in

the first subset as ds(x)‘ x> andso A>=0. There are N (t —3) sequences

d,(x),d,(x),.. .,ds_l(x),x3) in the second subset as they are precisely those with
(d,(x),d,(x),...,d,_,(x)) being the invariant factor sequence of a
(t—3)x(t—3)matrix B over F with B> =0. Counting sequences gives
N(t) =|_(t+2)/2J+N(t—3) )
The sequences for £ =1,2,3 are (x); (x,x),(x?); (x,x,x),(x,x%),(x*) and so
N(1)=1,N(2)=2,N(3)=3. Using the above formula: N(4)=3+1=4,
N(5)=3+2=5, N(6)=4+3=7, N(7)=4+4=8, N(8)=5+5=10,
NO)=5+7=12, N10)=6+8=14.
Suppose ¢ to be odd. Then t—3 is even. Write t =2u+1 and so Lt/ZJ =u,
(t—3)/2=u—1. Therefore

N (@) -N(@t-3)=1/2)u+D@+2)-1/2)u-Du=u+1
as the second terms in N’(¢) and N’(t —3) are equal (and so cancel out). As
|_(t+2)/2j =|_(2u+3)/2j =Lu+1+1/2j=u +1 we see
N'(t)= L(l + 2)/2J + N’(t —3) for todd.
Suppose t to be even. Then t—3 is odd. Write ¢ =2u and so
L(I—S)/ZJ =|_u —3/2J =u-2, |_t/6J =\_u/3J, L(t—6)/6J = \_u/S—lJ =\_u/3J—1.
Therefore N'(t) = (u +1)(u+ 2)/2 — (\_u/SJ +1)(u— (3/2)|_u/3j) and
N(@t-3)=w—-Du/2—- Lu/3J u—-3- (3/2)(Lu/3j —1)). Subtracting gives
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N (@)—N'(t-3)=2u+1-u=u+1= (t/2)+1=(t+2)/2=L(t+2)/2J as the terms
involving |_u/3J cancel. So N'(1)= L(l + 2)/2J + N’(t—3) for t even.
As L(1—3)/6J =—1 we obtain N'(I)=1-0=1. Also N'(2)=3-1=2 and
N’'(3)=3-0=3. So N'(t)=N(t) for t=1,2,3. Let >3 and assume inductively
that N'(t—=3)=N(t—3). Then

N'()=|(t+2)/2|+N'(t=3)=| (t+2)/2|+ Nt -3)=N()
completing the induction, i.e. N'(t)=N(z) for r>1.
Let B be a tXt matrix over Z, (or any field of characteristic 3). Write B—1=A.
Then B#1 < A#0 andas A*=(B—1)’=B*-3B>+3B—-1=B> -1 we see
B*=1< A*=0. Also B~ B < A~ A’ where B’ be a tXt matrix over Z, and
B’—1=A". So the number of conjugacy classes of elements of order 3 in GL,(Z) is
N(t)—1, the number of similarity classes of #X¢ matrices A over Z, satisfying

A#0,A’=0. So there are N(100)—1=883 conjugacy classes of elements of order 3
in GL,,,(Z,) .

Solution 8

(a) The proof is by induction on 7. First consider =1. Submodules K of

F[x]' = F[x] are precisely ideals K of F[x]. By (4.4) thereis d(x) in K with

K ={d(x)). By convention the empty set & is regarded as being an F[x]— basis of
K ={0(x)), thatis, K ={0(x)} is free of rank s =0. For K #{0(x)} the single non-
zero polynomial d(x) is an F[x]—basis of K and so s=1.

Now suppose ¢ >1. It is convenient to regard F[x]"™" as being the submodule of
F[x]" consisting of 7 —tuples of polynomials having last entry zero, that is,

FIx]"™ ={(f,(x), £,(x),..., f,,(x),0(x))€ F[x]"}. Let K be a submodule of F[x]’
and consider K" ={f,(x):(f,(x), f,(x),..., f;(x))€ K}, thatis, K" consists of those
polynomials f;(x) which occur in the last place of —tuplesin K. Then K’ is an ideal
of F[x]". By (4.4) thereis d(x) in F[x] with K’={d(x)). The intersection

K N F[x]"" is a submodule of F[x]"" and so by inductive hypothesis K M F[x] -
has an F[x]—basis z,(x),2,(x),...,Z,_,(x) where s<t. If d(x)=0(x) then

K c F[x]"" and K=K N F[x]"" has F[x]— basis as above; so K is free of rank
s—1<t. If d(x)#0(x) thereis a r—tuple z,(x) in K having last entry d(x). We
finish the proof by showing that z,(x), z,(x),..., Z,_;(x), Z;(x) is an F[x]—basis of K .

Let k€ K . The last entry in the 7 —tuple k belongs to K’ and sois g(x)d(x) for
some g(x) in F[x]. Hence k —¢g(x) z,(x) has last entry zero. As z,(x) belongs to
K so also does k —q(x)z;(x). Therefore

k—q(x)zs(x)e KN F[x] == ( 2(%),2,(Xx),.., 24 (x)) . Hence there are

f1(x0), f,(x),..., fy_(x) in F[x] such that

k=f(x)z,(x0)+ f,(x) 2y (X) + ... fo_ (X)) 24, (x) + g(x) z5(x) . So

K =<z1(x),z2 (%), 24 (), 24 (x)) ,thatis, z,(x),z,(x),...,2,_,(x),z,(x) generate
K according to (2.19)(i).
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We now show that z,(x),z,(x),...,2,_,(x),z,(x) are F[x]—independent. So suppose
there are f,(x), f,(X),..., fo_(x), f5(x) in F[x] with

J1(0z, () + ()2, () + .4 o ()25, () + [ (X)z,(x) =0(x) . Comparing last
entries gives f(x)d(x)=0(x) as the last entry in each of z,(x), z,(x),...,Z,_;(x) is the
zero polynomial and z,(x) has last entry d(x). Since d(x)#0(x) we deduce
fs(x)=0(x). This leaves f,(x)z,(x)+ f5(x)z,(x) +...+ fo_;(xX)z_ (x)=0(x) . As
7,(X),2,(X),..., 7,_;(x) form a F[x]—basis of K N F[x]'" they are
F[x]—independent (2.19) and so f,(x)= f,(x)=...= f,_;(x)=0(x) . Hence
7,(x),2,(x),..., 24 ;(x),z4(x) are indeed F[x]— independent and so form an
F[x]—basis of K. The induction is now complete as rank K =s <t .

(b) Consider the ¢ —tuples v(x) = (f,(x), f5(x),..., f;(x))€ F[x]" and

V(x)=(f(%), f5(x),..., f{(x))€ F[x]" and let f(x)€ F[x]. Then 8, is additive as

)+ ()8, =D (f;(0)+ f[{(x)e =D f;(x0)e; + D fl(x)e = w(x)0, + (V' (x))6,,
i=1 i=l1 i=1
using the module laws which hold in M (A) by (5.7) and (5.8). For the same reason

(f v(x)8, = i(f(x)fi(x))e,- = f(x)(if,-(x)ei) = f((v(x))8,)
and so €, is F[x]— line;:rl. .
(c) Take d(x)=d,(x) and consider the isomorphism a’l :M(d,) = M(/dl) .
(F[x]/(di(x)))(dl(x)) = F[x]/{d,(x)) since ged{d,(x),d;(x)}=d,(x) for 1<i<s.
From M = F[x]/{(d,(x)) ® F[x]/{d,(x)) ®...® F[x]/{d,(x)) we deduce
M (v = FIxIdi(0)) g () @ (FIXIKd () )y (1 -+ @ (FIXId (D) g (1)

= F[x]/{d,(x)) ® F[x]/{(d,(x)) ®...® F[x]/{d,(x)) = (F[x]/{d,(x)))".
The F[x]— module M (d(x) is therefore isomorphic to the free F[x]/{d,(x)) —module

(F[x]/{d,(x)))’ of rank s. By (2.25) both M

Then

and M’/

(d,(x)) are free

(d,(x))
F[x]— modules of rank s . Combining

(FLX/d{0)) g (o = Flal/(ged{d, ().d{(x))) for 1<i <5 and
M’ = F[x]/{d/(x)) @ F[x]/{d; (x))®...®@ F[x]/{d(x)) gives

s
M('dl(x)) = @; F[x]/{gcd{d,(x),d/(x)}) showing that M('dl(x)) is the direct sum of

s” cyclic submodules and so is generated by s” of its elements. From (2.20) we
deduce s">s. As & ' :M’=M the preceding theory ‘works’ with M and

M’ interchanged. Using a’_l‘ M| sy =M the F[x]/{d|(x))—module M| 1)

(di(x)
is seen to be isomorphic to the free F[x]/{d,(x)) — module (F[x]/{d, (0)))* of

rank s~. Hence
S
Mgy = ® FLx)/Ceed(d;(2).d;5))

is a free F[x]/(d,(x)) —module of rank s” and is generated by s of its elements.
Therefore s >s" by (2.20) and so s=s". From (2.18) and (2.21) the s generators
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of M(/dl(x)) form an F[x]/(d,(x))—basis of the F[x]/{d,(x))—module M(,dlu))

(Exercises 2.3, Question 7 (b) ). Therefore each of these s generators has order ideal

{0} = {(d,(x))} in the F[x]/{d,(x))—module M(/dl(x)) and order d,(x) in the

F[x]—module M (' d,(x) From the first of these generators we deduce

ged{d,(x),d;(x)} =d,(x) showing dl(x)| d/(x) . Interchanging M and M’ gives
d{(x)|d,(x) and so d,(x)=d/(x).
Let m, denote the number of i with d;(x)=d,(x) and let mi denote the number of i
with d](x)=d,(x). As

dy (X)(F[x]/{d;(x))) = F[x]/{d;(x)/ ged{d, (x),d;(x) }) = F[x]/{d;(x)/d, (x))

we obtain

d()M = Y @F[x]/{d;(x)/d(x)).

m<i<s

So d,(x)M is the direct sum of s —m, non-trivial cyclic submodules. As
d;(x)/d, (x)‘ d; (x)/al1 (x) for m; <i< j<s this decomposition of d,(x)M is again

as in (6.6) . In the same way

di(0M’= > @F[x]/{d](x)/d,(x))

m<i<s
which is a decomposition of d,(x)M” into s"—m/ non-trivial cyclic submodules as in
(6.6). As O!I :d,(x)M = d,(x)M’ the proof can be completed by induction on the
number, r say, of different polynomials among d,(x),d,(x),...,d¢(x). Take r=1.
Then m, =s and d,(x)M is trivial. So d,(x)M" is also trivial and m;| =s. Therefore
d;(x)=d,(x)=d](x) for 1<i<s. Now take r>1. There are r—1 different
polynomials among dm1+l(x)/dl(x), dm1+2 (x)/dl(x),..., ds(x)/d,(x) and so the
:d,(x)M =d,(x)M’, that is,
s—m, =s—m] (showing m,; =mj) and also d,(x)/d,(x)=d;(x)/d,(x) for
m, <i<s. Therefore s=5", d;(x)=d,(x)=d/(x) for 1<i<m,=m] and

conclusion of (6.6) holds on replacing a@: M =M’ by |

d;(x)=d](x) for m; <i<s" on multiplying by d,(x). The induction is now complete.
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Solutions 6.2 (page 299)

Solution 1
(a) () One way of reducing x/ — A to its Smith normal form S(x/ — A) is set out

below:

x—1 1 -2 _ 1 -1 x+2 =
xI-A=| -1 x+1 =2 | ~ | -1 x+1 =2 e+
11 x+2) 175 xm1 1 2 e -t
1 O 0 = 1 0 0 = 1 0 0
-1 x X nt+r 0 x X c—¢c, |0 x 0
x=1 x —x(x+1)) p—(x-Dr, (0 x —x(x+1)) ,—r, |0 0 —x(x+2)
_ (1 0 0
0 x 0 |=S(I-A).
510 0 x(x+2)
Applying the above eros to I we obtain P(x):
1 00 B 0 01 = 00 1 = 0 01
I=0 1 0 - 010 nA+r 0 1 1 n—=n|0 1 1|=Pk).
00 1)T7% 1 0 0)rn-G-Drl1 0 —x+1) =, =1 1 x

Applying the conjugates of the above ecos to I produces Q(x):
1 00 = I -1 x+2 I -1 x+2

I=0 1 0| r-n 01 0 1011 =00,
00 1)r+x+2rl0 0 1 )2 %0 o 1

Then P(x) and Q(x) are invertible over Q[ x] and satisfy

P(x)(xI —A)=S(xI —A)Q(x),i.e. P(x)(xI —A)Q(x)" =diag(l,x,x(x+2)) isin
Smith normal form. As usual write p;(x)=e;Q(x) for i=1,2,3. Using the linear
mapping 6, :Q[x]®? > M (A)and (6.5), (p,(x))8, =0, the vector

v, =(p,(x))8, =(0,1,1) has order x in M (A) and generates the submodule N,, and
v, =(p;(x))8, =(0,0,1) has order x(x+2) and generates the submodule N, where
M(A)=N,®N,. So

) (11 =2

is invertible over QQ asdet X =—1 and satisfies

010 0
XAX "' =C(x) ®C(x(x+2))=010 1
0;0 -2

which is the rcf of A. Now M (A), has Q—basis v;,(x+2)v,,ie. (0,L1),(-=11,0).
Also M (A),,, has Q—basis xv, =(—1,1,—2). Using these bases as the rows of ¥

gives
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v 0 1 1
Y=|(x+2yv, |=-1 1 O
xv, -1 1 =2

which is invertible over Q as detY =—2 and
YAY ' =C(x)® C(x) ® C(x+2)=diag(0,0,-2) is in pcf.
(if) Reducing xI — A to its Smith normal form S(x/ —A):

x+1 -1 -1 _ 1 -1 x-1 =
x[-A=| -1 x+2 1 -1 x+2 1 c, ¢
hen
1 -1 x-1 x+1 -1 =1 )¢ —(x—1)
1 0 0 = 1 0 0 = 1 0 0
-1 x+1 «x r+ 0 x+1 x | ¢;—¢; |0 1 0
x+1 x =) r-G+Dr (0 x  —x*) -xc, (0 X¥*4+x —(x+2)x°
= 10 0
ry— (x* + xr |0 1 0 =S(xl —A).
- 0 0 (x+2)x?
Calculating P(x):
1 00 B 0 01 =
I=[0 1 0 |01 0 nr+n
hen
0 01 1 0 0) ,—(x+Dp
0 0 1 = 0 0 1
01 1 rp,—x(x+Dr, | O 1 1 = P(x).
1 0 —x-1 -r, -1 x(x+1) (x+1)

Calculating Q(x):
1 00 = I -1 x-1 = I -1 x-1
I=|0 1 0 =, 01 0 | nrp+r, |0 x+1 x |=0(x).
0 01)rn+(x-Drb (0 O 1 Jr+xr |0 1 1
Then |P(x)|=| Q(x)|=1 and so P(x) and Q(x) are invertible over Q[x]. As
P(x)(xI —A)=S(xI —A)Q(x) we deduce P(x)(xI —A)Q(x)™" =diag(1,1,(x+2)x?)
is in Smith normal form. In this case M (A) is cyclic with generator
v =(p5(x)8, =(0,L1) of order (x+ 2)x*. The matrix
12 0 1 1
X=lxy|=|0 -1 0
x%v, -1 2 1
is invertible over Q and satisfies XA=C((x+2)x*)X . So XAX ' =C((x+2)x?)
which is in ref. The vector (x+2)v, =(0,—1,0)+(0,2,2) =(0,1,2) has order x% and
generates the submodule M (A), . So the vectors (x+2)v,, x(x+2)v,, that is,
(0,1,2), (-1,0,1) form a Q— basis of M (A),. The vector xzv1 =(-1,2,1) has order
x+2 andsoisa Q- basis of M(A) ,,. As Q*=M(A), ® M (A) ., we see that



157

(x+2), 0 1 2
Y=|x(x+2), |=|-1 0 1

is invertible over Q (its determinant is —4) and satisfies YA=(C(x*)® C(x+2))Y .
So YAY ' =C(x*)® C(x+2) is in pcf.
(iii) Reducing xI — A to its Smith normal form S(x/ —A):

x+3 -1 =2 _ 1 -1 x
x[-A=| 1  x+1 2| 1 x+1 =2
YRR T I AT (M S R |
= 1 0 0 = 1 0 0
c, ¢ I x+2 —x=2 = 0 x+2 —-x—2
c;—xc (x+3 x+2 —x*=3x-2 —(x+3)r (0 x+2 —(x+D(x+2)
(1 0 0 = (1 0 0
o0 x+2 0 n—r|0 x+2 0 |=SxI-A).

+
ST 0 x42 —x(x+2)) -5 (0 0 x(x+2)

Calculating P(x):

100y _ (001 = 00 1
I=l01 0/ ~ 010 nr-r |01 -l
00 1)T775%1 0 0)r-(x+3r (1 0 —x=3
= (0 0 1
n=rn|0 1 =1 |=P).
-, \-1 1 x+2
Calculating Q(x):
1 00 = 1 -1 x B 1 -1 «x
I={0 1 0| r=r, [0 1 0] ~ |0 1 —-1|=0®).

00 1)r+x 0 0 1)2 50 0 1
Then |P(x)|=| Q(x)|=l and so P(x) and Q(x) are invertible over Q[x]. As
P(x)(xI —A)=S(xI — A)Q(x) we deduce
P(x)(xI —A)Q(x)" =diag(l,x+2,x(x+2))
is in Smith normal form. Using row 2 of @, the vector v, =(0,1,-1)8, =(0,1,—1) has
order x+2 inthe Q[x]—module M (A),i.e. v, is a row eigenvector of A

corresponding to the eigenvalue —2. Using row 3 of Q the vector
v, =(0,0,1)¢, =(0,0,1) has order x(x+2) in M(A). So

is invertible over Q and satisfies
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210 0
XAX "' =C(x+2)®C(x(x+2))=| 0 10 1
00 -2

inrcf. So M (A), hasbasis (x+2)v, =(=1,1,0)+2(0,0,1) =(-L1L2) . Also

M(A),,, hasbasis v, xv,,ie. (0,1,—1),(=11,0). Using these bases we construct
(x+2)v, -11 2
Y= 2 =0 1 -1
xv, -1'1 0

which is invertible over Q as detY =2 and satisfies YAY ' =diag(0,—2,—2) in pcf.
(iv) Reducing xI — A to its Smith normal form S(xI —A):

x+1 -1 -1 _ 1 I x+3 =
xI-A= -1 x -1 - -1 x -1 C,— ¢
11 x43) T ka1 21 ) e = (x4 )
1 0 0 = 1 0 0 =
-1 x+1 x+2 nt+r 0 x+1 x+2 | —q
x+1 —x=2 —(x+2)*) n=(x+Dr (0 —(x+2) —(x+2)*) -c,
1 0 0 = 10 0
0 1 x+2 o, —(x+2)c, 01 0 =S(xI - A).
0 —(x+D(x+2) —(x+2)* +x+Dx+2)r, (0 0 x(x+ 2)?

Calculating P(x) using the eros in the above reduction:

1 00y = (0 01 = 0 0 1

I=|0 1 0|rneon|0 1 1| r-(x+hr |0 1 1 |=Pw).

0 01 rn+ty (1 0 O) p+(x+D(x+2) (1 (x+D(x+2) (x+1)?

Calculating Q(x) using the conjugates of the ecos in the above reduction:

1 00 = 1 1 x+3 = 1 1 x+3
I=|0 1 0 n+r, 01 O |r+r|0 -1 O
0 0 1)r+(x+3), (0 O 1 -, (0 1 1
B 1 1 x+3
B 0 x+1 x+2|= )
B2 | xl xl Q)

Then |P(x)|=| Q(x)|=—l and so P(x) and Q(x) are invertible over Q[x]. As
P(x)(xI — A)=S(xI — A)Q(x) we deduce P(x)(xI —A)Q(x)" =diag(1,1,x(x+2)?)
is in Smith normal form. Using row 3 of Q(x) we see that M (A) is cyclic with

generator v, =(0,1,1) of order x(x+ 2)? . Therefore

v 0 1 1
X=|xy |=|0 -1 2
x*n I 2 5

is invertible over Q and satisfies
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0 1 0
XAX'=C(x(x+2)")=|0 0 1
0 4 —4

inrcf. A basis of M (A), is the single vector
(x+2)%v, = (x> +4x+ 4, =(1,2,5) +4(0,—1,-2) +4(0,1,1) = (1,2,1)

and so (1,2,1) is a row eigenvector of A corresponding to the eigenvalue 0. A basis of
M(A),,, is xv, xzvl, ie. (0,—1,-2),(1,2,5). Using the vectors in these bases we

construct

00 0
YAY'=C()@®C((x+2")=|01 0 1
0|4 —4

The invariant factor sequences of the above four matrices A are
(x,x(x+2)),(x* (x+2)),(x+2,x(x+2)),(x(x+2)%).
No two of these sequences are equal. By the theory following (6.8) no two of the

matrices A are similar.
(b) Let p(x) be an irreducible factor of ¥, (x). Then p(x) is an irreducible factor of

i, (x) by (6.11). So u,(x)= p(x)gq(x) for g(x)€ F[x] and evaluating this
polynomial equality at A gives 0=, (A) = p(A)q(A). Is det p(A)#0 possible? If
so then the matrix p(A) is invertible over F and hence g(A)= p(A)"'x0=0. This is
contrary to 4, (x) being the minimum polynomial (6.9) of A as g(x) is monic and
degqg(x)<degu,(x). So det p(A)=0.

Conversely suppose det p(A) =0 where p(x) is irreducible over F'. We suppose
p(x) is not a divisor of ¥, (x) and (as above) aim for a contradiction. As
ged{p(x), ¥ ,(x)} =1, by (4.6) there are a(x), b(x)e€ F[x] with
a(x)p(x)+b(x)x,(x)=1. Evaluation at A gives a(A)p(A)+b(A)y,(A)=1,ie.
a(A)p(A)=1I as y,(A)=0 by (6.11), showing p(A) to be an invertible matrix over
F as p(A)™' =a(A). Therefore det p(A)#0 contrary to hypothesis. So p(x) isa
divisor of ¥ ,(x).

(c)
21 -1yy2 1 -1 3 0 2 4 0 -2
A’=|1 0 -1||1 0 =1|=|0 =1 O |andso A*+I=|0 0 O
2 2 —-1)2 2 -1 4 0 -3 4 0 -2

So det(A*+1)=0 and (x> + 1)‘ X4 (x) by (b) above. The coefficient of x% in Xa(X)

is —trace A=—1 which is enough to find the factorisation ¥, (x)=(x— D(x*+1). By
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inspection e, =(0,1,0)e M (A)x2+ | and xe, =(1,0,—1) is not proportional to e,. So
e,, xe, is a basis of M(A)x2+1. By the Cayley-Hamilton theorem (A*+1)(A—1)=0

and so the non-zero rows of A>+1 are eigenvectors of A associated with the
eigenvalue 1. So v, =(2,0,—1) is such an eigenvector and is a basis of M (A),_,.

Therefore
Vo 2 0 -1
Y=|e |=|0 1 0
xe, 1 0 -1
is invertible over Q and
110 0
YAY ' =C(x-D®C(x*+1)=|01 0 1 |isin pef.
0;-10

Solution 2
(@) Write N; = {ve M(A): pj(x)tsjv =0}. By (6.10) and (6.11) we see

létsj <n;. Therefore pj(x)t”v:O = pj(x)njvzo showing N ; gM(A)pj(x).

Consider now ve M (A) Then pj(x)njv=0 and i, (x)v=vu,(A)=vx0=0.

D (x)"
The order (5.11) of v in M (A) is therefore a divisor of both p ; (x)nj and f,(x), and

so is a divisor of ged{p; (x)" My (0} =p; (x)tsj . So p; (x)t“j v =0 and hence
ve N; showing M(A)pj(x) C N;. The conclusion is:

M (A) N;={ve M(A): p,(x)*/v=0}.

Pj(x) -
(b) The Xt matrix A has ¢ different eigenvalues 4,,4,,...,4,€ F . So
(x—/lj)‘;(A (x) for 1< j<t and hence ¥, (x)=(x—A4)(x—4,)---(x—4,) isthe
factorisation of ¥, (x) into irreducible polynomials p j (x)= x—/?,j over F'. The

primary component M (A)p () (the row eigenspace of A associated with the
J

eigenvalue ﬂ,j) has dimension 1 by (6.13) and so thereis v; € F " with

M(A) =(v;) for 1< j<r. By (6.12) the eigenvectors v,v,,...,v, form a basis

p;(x)
of F' and so, using (6.13) with k =7 and 1X1 matrices Aj = (ﬂj) , are the rows of an
invertible #X¢ matrix X over F with XAX ' =diag(4,,4,,...,4,), which is in pcf.
As t,(x) and x,(x) have the same irreducible factors by (6.11) we see

M, (x)=x,(x). So M(A) is cyclic (in fact v, +v, +...+V, generates M (A)).
Suppose A~ D where D=diag(A,,A,,...,A4,). We suppose (as we may) that the first
n, diagonal entries in D are A,, the next n, diagonal entries in D are A, ,..., the last

n, diagonal entries in D are A4, where A;,4,,...,4, are distinct and

n+n,+...+n =t. Assimilar matrices have equal characteristic polynomials

X4()=gp(x)=det(x] —=D)=(x—A)" (x—2,)"++-(x—A,)"* showing that
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AisAys.. A, are the eigenvalues of A. Also 1, (x)= i, (x) by (6.12). The
irreducible factors over F of y,(x) are x—A,,x=A4,,...,x— ﬂk and these k
polynomials are divisors of £, (x) by (6.11). So their product
f)=(x—=A)(x—4,)---(x—4,) is also a divisor of 1, (x), that is, f(x)‘ My (X).
The matrix f(D)=(D—A1)(D—A,I)---(D—A,I) is itself diagonal, being a product
of diagonal matrices. For 1<i<¢ the (i,i)—entryin D is A ; for some j with

1< j<k. Thenthe (i,i)—entryin f(D) is (4; =4, )(A; —4,)--+(4; —4;) which s
zero for 1<i <t since one of the factors in this product is zero. So f(D)=0 and

therefore f(x)€ K, =(,,(x)) the annihilator ideal (6.10) of D . This means
,uA(x)| f(x) as w,(x)=p,(x). So u,(x)=f(x) as g£,(x) and f(x) are monic

polynomials, each being a divisor of the other. Therefore
,UA(X) = (x_/11)(x_/12)"'(x_/1k)
as we wanted to show.
Conversely suppose L, (x)=(x—A)(x—A,)---(x—4,) where 4,,4,,...,4, are k

different elements of F'. Write p;(x)= x—/ij for 1< j<k. Then
n n n
ZA(X):(x_ﬂq) l(x_lz) 2 "'(X—lk) k.
By (a) above and (6.13)
M(A) _; ={ve M(A):(x—4;)v=0}={ve F':Av=4,v}
J
which is the (row) eigenspace associated with the eigenvalue A4 ; of A and

dimM (A)x_ 2. =01 The primary components of M (A) are the eigenspaces of A .
J
Asin (6.13) let B=8B,U B, U...U Bk be a basis of F' where Bj is a basis of

M (A)Pj ) for 1< j<k. The vectors in BB are linearly independent eigenvectors

of A. Let X be the invertible Xt matrix over F' having the vectors in B as its rows.
Then XAX ! is diagonal, there being n, entries /11, n, entries /12 N entries /1k
on the diagonal. So A is similar to a diagonal matrix over F .

Statement (i) is true. Suppose A is similar to a diagonal matrix over F'. By (a) above
each elementary divisor (x—A i )tij of A is adivisor of
fy()=(x=A)(x—4,)-++(x—4;) and so #;; =1. Conversely suppose the
elementary divisors are x— /?,j and n; in number for 1< j<k. Then each

M(A)x—/lj ={ve F':(x— ﬂ,j )v=0} is the n; — dimensional eigenspace of A
associated with the eigenvalue /1J-. So F' has a basis consisting of eigenvectors of A

and so A is similar to a diagonal matrix over F .
Statement (iZ) is also true. Suppose A is similar to a diagonal matrix over F . Each

invariant factor d,(x) is the product of k; elementary divisors at most one from each
primary component. By (i) above d,(x) is the product of k; distinct factors x—/ij.

Conversely suppose each invariant factor of A splits into distinct factors of degree 1.
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The minimum polynomial 4, (x) is an invariant factor of A by (6.10). So g, (x)

splits into distinct factors of degree 1. By the earlier part of the question, A is similar to
a diagonal matrix over F'.

(¢) (0,0,3)x=(0,0,1,1,1), (0,1,2)x=(0,1,0,1,1), (0,2,Hex=(0,1,1,0,1),
0,3,0)ar=(0,1,1,1,0), (1,0,2)x=(1,0,0,1,1), (1,1,H)ex=(1,0,1,0,1),
1,2,0)0=(1,0,1,1,0), (2,0,Dex=(1,1,0,0,1), (2,1,0)r=(1,1,0,1,0) ,
(3,0,0)ar=(1,1,1,0,0) .

As (I,L,,....l[y)0e=(m;,m,,....m,, ) is asequence of s+¢—1 zeros and ones with
g7 =t showing ([,1,,....[)ace M (s,t). So
a:L(s,t) > M(s,t), thatis, & maps L(s,t) to M(s,t).

Consider (m,,m,,...,my,, ;)€ M (s,t). This sequence of s+7—1 zeros and ones

s—1 zeros, we see m, +m, +...+m

satisfies m, +m, +...+m,,,_, =t and so there are s—1 zeros in the sequence. Let the
zeros occur in the j; —position for 1<i<s where 0< j, < j, <...< j,_,. Bearingin
mind that we are trying to construct o' M(s,t) > L(s,t), we write L =j -1,
L=j,—j—1,..0l =js = Js_,—1. Then [,L,,...,[;_, are non-negative integers
satisfying [, +1, +...+[; = j, —i for ISi<s. So
0<l+L+...4l,_,=j,,—(s=1)<t. Finally write [, =s+t—1—j,_,. Then [ is
non-negative and [, +1, +...+1[; =t . Therefore (/,L,,...,I;)€ L(s,t). Put
(0. .\l ) =(m;,m,,...,m.., ). Then f:M(s,t) = L(s,t). As the zeros in
(my,m,,...,mg,,_,) occur in positions [, +1, +...+ [, +i=j. for I<i<s, we see S
is the identity mapping of M (s,t). As the zeros in ([},,,...,l; )¢ occur in positions
L+L+...+1,+i=j, for 1<i<s, wesee af is the identity mapping of L(s,t). The
conclusionis: B=a'. So a:L(s,t) — M(s,t) is a bijection and |L(s,t)| =|M(s,t)| .

The number of ways of choosing ¢ things from s+4¢—1 things is the binomial

o s+r—1 s+r—1 . . . )
coefficient , . So |M (s,t)| = , , the ¢ things being the positions in

+r—1
(m,m,,...,mg,, )€ M(s,t) withentry 1. Therefore |L(s,t)|:[s . J

(d) As f(A)=0 wesee f(x)e K, the annihilator ideal (6.10) of A. But
K,={u,(x)) and so u, (x)| f(x). As f(x) is aproduct of distinct factors of

degree 1 over F' the same is true of £, (x). By (b) above A is similar to a diagonal
matrix over F .

Write [; =dimU ; where U; ={ve F' :vA=c;v}. Suppose (x—cj)‘,uA(x). Then
M(A) r—c; = Uj by (a) above with t =1, i.e. the zero ¢, of f(x) isan eigenvalue of

A and the primary component M (A) ,_. . is the corresponding (row) eigenspace of A .
J

So [;>0. Conversely suppose /; >0. Then c; is an eigenvalue of A and so
(x—cj)‘ X4(x). By (6.11) we see (x—cj)‘ U, (x) . Therefore the polynomial x—c;
appears [ ; times in the list of elementary divisors of A for 1< j<s.By (6.12) we see

F'=U,®U,®...®U, where the non-zero terms in this decomposition are the
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primary components of M (A). Comparing dimensions gives #=1[ +1, +...+[;. From
the theory following (6.13) the similarity classes of #X¢ matrices A over F with
f(A)=0 correspond to the elements (/,,l,,...,I;)€ L(s,t) of (a) above. So there are

s+r=1)y . .
|L(s,t)| =( J similarity classes of such matrices.
t
(e) (i) Take s=2 and f(x)=(x—1)(x+1) in (d) above. Then A’=] & f(A)=0.
+r—1
So there are ( ] =t+1 similarity classes of #X¢ matrices A over a given field
t

F of characteristic # 2 satisfying A*=1 .
(ii) Take s=3 and f(x)=x(x—1)(x+1) in (d) above. Then A*=A & f(A)=0.

3+1—-1
So there are ( ] =(t+2)(t+1)/2 similarity classes of X matrices A over a
t

given field F of characteristic # 2 satisfying A’ = A.
(f) Suppose that x* + x+1 is irreducible over Z p- As x* +x+1=(x—1)* over Z, we

see p#3 andso p Z0(mod3) as p isprime. So p=%t1(mod 3). In the case
p=1(mod 3) the multiplicative group Z, of non-zero elements of Z, is cyclic with
generator ¢ by (3.17) and so d =c'”™/3 is an element of Z , satisfying
d*=1,d#1. So 0=d*—-1=(d -1)(d* +d +1) from which we deduce
d?>+d+1=0. Therefore x> + x+1 is not irreducible over Zp by (4.8)(i) as

x*+x+1 haszero d in Z p- So p=—1(mod 3) as the other possibilities have been

ruled out.
Conversely assume p =—1(mod 3). We aim for a contradiction by supposing that

x> + x+1 is reducible over Z,. By (4.8)(ii) thereisazero d of x> +x+1in Z,.
Then d #1 as 17 +1+1#0 since p = 0(mod3). But d° =1 as

d®>—1=(d -1)(d* +d +1)=0 showing that H ={1,d,d*} is a subgroup of Z; . The
multiplicative group Z; of order p—1 has a subgroup H of order 3. By Lagrange’s
theorem 3| (p—1), thatis p=1(mod 3) contrary to our hypothesis. Therefore

x* 4+ x+1 is irreducible over Z 'y

Suppose p=1(mod3). Then x*+x+1 has zero d in Z, . Another zero is 1/d and
d #1/d . Also the zeros 1,d, 1/d of x> —1 are distinct. By (d) above, with s =3, the

number of similarity classes of Xt matrices A over Z p With A’=1 is

3+r-1
( , }:a+ma+bﬂ.
Suppose p =—1(mod 3). The possible elementary divisors of #X¢ matrices A over
Zp satisfying A* =1 are x—1 and x* +x+1 as ,uA(x)‘ (x*=1). So
Xa(x)=(x— D" (x*+x+1)" where n, and n, are non-negative integers with
n,+2n,=t. Thereare | t/2|+1 such pairs (n,,n,) as 0<n, <|#/2] and

n,=t—2n, 20 for n, in the above interval. So there are Lt/ ZJ +1 similarity classes
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of tXt matrices A over Z p With A® =1, namely those with n, elementary divisors
x—1 and n, elementary divisors x> +x+1 for n,=0,12,.. .,LI/ZJ .
Notice that the case p =3 is covered in Exercises 6.1, Question 7(c). There are N(¢)

similarity classes of Xt matrices A over Z, with A> =1 .

(g) By the multiplicative version of the | G | —lemma, all g—1 elements A€ ]F:]k satisfy
A% =1 the 1-element of F,. Soall g elements A of F, satisfy 49=4. Hence the
diagonal matrix D =diag(A,,A,,...,A,) over I, satisfies D% =D since

DY =diag(A,,A,,...., A) =diag(Al,A,...,Al)=diag(4,,A,,....,.4,)=D.
Suppose A to be similar to D . There is an invertible #X¢ matrix X over ]Fq with
XAX'=D. Taking f(x)=x%—x in (5.12) we obtain

X f(AX "= f(D)=D?—D=0 the tXt zero matrix over IF,. Therefore
f(A)=X"'0X=0,thatis, A7—A=0 andso AY=A.

Conversely suppose the X7 matrix A over F, satisfies A9=A. Then

My (x)‘ (x?—x). Asthe g elements A of I, are zeros of the polynomial x?—x of

degree g over IF'q we see x7 —x= B (x—A) and so we may apply (d) above: taking
Ky

+r—1
s =gq there are (q J similarity classes of #X¢ matrices A over F, with A9 =A.
t

+4-1
(i) Representatives of the L 4 J:S similarity classes of 4X4 matrices A over

Z, with A>=A are:
diag(0,0,0,0), diag(1,0,0,0), diag(1,1,0,0), diag(1,1,1,0), diag(1,1,1,1).

iy : +2-1 NP .
(i) Representatives of the 5 =10 similarity classes of 2X2 matrices A over

F, ={0,1,c,c’:1+1=0,c* +c+1=0} with A*=A are:
0 0)(1 0Y(c O0Y(c® 0)(1 OY(1 OY(1 O)(c O\(c O)(c* O
o oo oo ol oflo Do cHo 2JG A6 2o &)
Solution 3
(a) Write N =M(A)p(x). Consider u,ve N . Then p(x)"u=0 and p(x)"v=0.
Using the distributive law (which holds in the F[x]— module M (A)) we have
p(xX)"(w+v)= p(x)"u+ p(x)"v=0+0=0 showing u+ve N. Also —ve N as
p(x)"(—v)=—p(x)"v=—0=0. The zero row vector 0 in F’ belongsto N as
p(x)"0=0 and so N is a subgroup of the additive group (F’,+). For f(x)€ F[x]
p)"(f (X)) =(p(x)" f))v=(f(x)p(x)")v=f(x)(p(x)"v)=f(x)0=0
showing that f(x)ve N . By (2.26) we conclude that N is a submodule of M (A).
Suppose N ={0} and look for a contradiction. By the Cayley-Hamilton theorem

P(x)"(q(x)v)=(p(x)"g(x)v= (¥, (x)v=vx,(A)=v0=0 forall ve M(A). So
qg(x)ve N ,ie. g(x)v=0, forall ve M (A). Therefore ¢;,q(A)=¢g(x)e; =0 for
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1<i <t showing that all the rows of the Xt matrix g(A) are zero. So g(A)=0
which means (x)| q(x) by (6.10). But p(x)‘ M,(x) as y,(x) and i, (x) have
the same irreducible factors by (6.11). So p(x)| q(x) which is contrary to

ged{ p(x),q(x)} =1. We conclude: N #{0}, i.e. the primary components of M (A)
are non-trivial.
(b) Suppose M =M (C(p(x)")) has submodules N, and N, suchthat M =N, ® N, .

Then M is cyclic with generator e, the first element of the standard basis of F'' where
t=deg p(x)", by (5.26). The monic divisors of p(x)" are the n+1 polynomials
p(x)" for 0Sm<n. By (5.28) the submodules N, and N, are themselves cyclic

with generators p(x)""' e, and p(x)"? e, respectively, where we may assume

0<m,<m,<n. So N, € N, as the generator p(x)">e, of N, isa polynomial

multiple (namely p()c)m2_m1 ) of the generator p(x)" 'e, of N,. As M =N, ®N, we
know N, and N, are independent, i.e. (N,,+) and (N,,+) are independent subgroups
(2.14) of (M ,+). So NN N, ={0}. But NNNN,=N, as N, N, and so

N, ={0}. As M is non-zero we see that M is indecomposable.

Let N be an indecomposable submodule of M (A). As N #{0} by

Exercises 5.1, Question 5 there is an sX s matrix B over F' with N =M (B). So

M (B) is indecomposable.

Should (x) be divisible by two or more irreducible polynomials over F' the primary
decomposition (6.12) of M (B) would contradict its indecomposability by (a) above.
So xp(x)=p(x)" where p(x) is a monic irreducible polynomial over F' and n is a
positive integer. Also M (B) has only one invariant factor, since otherwise the invariant
factor decomposition (6.5) of M (B) would contradict its indecomposability. So

M (B) is cyclic. By (5.27) we conclude N =M (C(p(x)")).

(¢) As dim N, 21 for 1< j <r, on comparing dimensions of subspaces we obtain
t=dimF’'=dimM (A)=dim(N,® N, ®...® N,)=dimN, +dimN, +...+ N, >r
showing r<t.

Consider a decomposition M (A)=N,® N, ®...® N, into a direct sum of r non-zero

submodules N ; with r as large as possible (as 7 is bounded above by ¢ there is such

an r). Suppose N, is decomposable and so N, = N/ @ N, where N, and N, are non-
zero. Then

M(A)=N®N/®N,®...®N,
is a decomposition with 7 +1 summands (terms) contrary to the choice of . So N, is
indecomposable and in the same way we see that each N j is indecomposable for
1< j<r. Therefore N; = M(C(pj (x)nj )) where Pj (x) is monic and irreducible
over F' and n; is a positive integer by (b) above. From (5.20) we conclude
A~C(p, ()" ®C(p,(1)"™)®...0 C(p, (1))
showing that the polynomials p; (x)"7 for 1< j<r are the elementary divisors of A .

So r is the number of elementary divisors of A.
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k
(d) Write m; () =x,(%) / P; (x)nj = H pi(x)ni which is a monic polynomial of
i=1,i#%]
degree f—n; deg Pj (x) over F. Then lem{m, (x),m,(x),...,m, (x)}=yx,(x) and
(more to the point) ged{m, (x),m,(x),...,m, (x)}=1 as Pj (x) is not a divisor of
m; (x) for 1< j<k,i.e. the polynomials m,(x),m,(x),...,m, (x) have no common
irreducible divisor. By (4.6) there are a j (x)e F[x] for 1< j <k such that

a,(x)my(x) +a,(x)m,(x) +...+a, (x)m, (x) =1. We are now ready to prove (6.12).

J=1
where v; =aj(x)mj(x)v for 1< j<k. Now vjeM(A)

k k k
Consider ve M (A). Then v=1v= (Zaj (X)ym;(x))v = Zaj (x)ym;(x)v= Zvj
= =

Pj(x) as

p;®)" v =p;(0)"Ya;(x)m;x)v;=a;(x)x,(x)v=a;x)vr,(A)=a,;(x)0=0
for 1< j<k. Therefore each vector v in M (A) is expressible as a sum of vectors v;

each belonging to the primary component M (A)p () ie.
J

M(A)=M(A) +M(A) +...+M(A)

P (x) pz(x) Py (x)°
Finally we show that the above sum of primary components is direct using (2.15) .

Suppose v, +v, +...+v, =0 where v, € M (A) for 1< j<k. We concentrate on

P.,'(x)

one particular term v;. For i# j, I<i<k we have m;(x)v; =0 as pi(x)ni ‘ m; (x)

and pi(x)nivi =0. Inserting k —1 zero terms m ; (x)v; =0 produces

k k k
mj(x)vj =mj(x)vj + Z mj(x)vi =ij(x)vi =mj(x)(2vi) =mj(x)0=0.
i=1,1#j =) i=1
The polynomial
k
l—a;(x)m;(x)= Z a;(x)m;(x)
i=1i#j

is divisible by p j(x)nj since p j(x)nj
d;(x)=(1=a;(x)m;(x))/ p,(x0)"

is a polynomial over F'. Then
v; =1vj = (aj(x)mj(x)+(1—aj(x)mj(x)))vj = aj(x)mj(x)vj +(1—aj(x)mj(x))vj

m;(x) fori#j,1<i<k. So

a;(xym;(x)v; +a;(x)p;(x)’'v;=a;(x)0+a’(x)0=0 for 1< j<k.

So v +v, +...+v, =0 implies v, =v, =...=v, =0. Therefore the primary
components of M (A) are independent (2.14). By (2.15)
M(A)= M(A)pl(x) ®M(A)p2(x) ®... @M(A)pk (x)’

i.e. M (A) is the internal direct sum of its primary components.

Solution 4

(a) Consider X,Yeime,. As XY =YX by the binomial theorem
p

(X +Y)p=(X +Y)" = Z(‘_’

=0

jxp—"yf =XP+YP =(X)p+(¥)p

1
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p

since p is a divisor of the binomial coefficient (
1

j for 0<i< p and pZ =0 for all

Zeimeg, . So ¢ isadditive. Also (XY)p=(XY)? =X"Y"=(X)p(Y)p and
(I¢=1" =1. Therefore ¢ is a ring endomorphism of imé&, ,i.e. ¢ is aring
homomorphism between imé&, and itself. As a’ =a forall ae Z p We obtain
(@X)@=((a)X)p=(al)¢ (X)p=(al)(X)p=a((X)p)

since (al)p=(al)’ =a’I=al . So ¢ is Z, —linear.
Write 11, (x)=ay+a;x+...+a,_;x"" +x" for the minimum polynomial of A.
Applying @ to the matrix equation /£, (A)=0,ie. a,] +aA+...4+a, [ A" +A" =0,
gives

(agl +a,A+...+a, A+ ANp=a,] +a,A” +...+a, AP + AP =(0)p=0
showing £, (A”)=0. We have shown that £, (x) belongs to the annihilator ideal
K, (6.10) of A”. As K, =(#,p(x)) we conclude Hyp (x)‘,uA(x).
Suppose now that £, (x) is irreducible over Z, . By (6.10) the s invariant factors of
A are non-constant monic divisors of £, (x). So the invariant factors of A are all
equal £, (x). Incidentally we see ¥ ,(x)=(,(x))" and f=rs on comparing degrees.
But x,, (x)‘ ty(x) gives i, (x)=1,(x) and so A” also has s invariant factors
M, (x). Therefore A” ~A as A” and A have the same sequence of invariant factors.
As kere, =(H,(x)) weobtain €, :7Z, [x]/(,uA (x)) =imé, by the first isomorphism
theorem for rings Exercises 2.3, Question 3(b) . In this case im & ', 1s a finite field of
order p". Write K =(4,(x)). Then (K + f(x))8=K + f(x)? for all
f(xX)€Z,[x]. So (K+ f(x))0E, = f(A)? whereas

(K+ f(x)E o=(f(A)p=f(A".

Therefore 08, =&,¢ . Also ¢=(&,)' @&, is an automorphism of ime, .
In the case of A=C(x* +x+1)® C(x* +x+1) over Z, we see ,uA(x)zxz +x+1
which is irreducible over Z,. Therefore A? ~ A by the preceding theory.
In the case of B=C((x* +x+1)?*)=C(x* +x*+1) wesee B*+B*+1=0 by

(5.26). So (B*)*+B*+1=0 showing x*+x+1e K _,,i.e. x> +x+1 belongs to

B2’
the annihilator ideal of B?. Therefore My ()| (x> +x+1) and so
My, (x)=x*+x+1. As B and B* have different minimum polynomials we conclude
B> +B.
(b) Suppose 1<m<p. Then u,(A)=0 gives p,(A)" =0. Multiplication by
Do (A)P™™ produces p,(A)’ =0. So
Po(A?) = py((A)@) = (py(A)@=(p,(A)” =0
as @ is an algebra homomorphism (¢ is a homomorphism of the ring imé€, and a
linear mapping of the vector space imé&, over Z ») by (a) above. Therefore
Hyp (x)| Do(x) on applying (6.10) to A”. As p,(x) is irreducible we see
Hyp (X)=py(x). As i, (x)# f1,(x) we conclude AP+ A.
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More generally let k be the positive integer with p*™' <m < p*. As above i 4(A)=0

gives p,(A)" =0. Multiplication by p,(A)” £-m gives p,(A)’ “=0. Using @ asin
(a) above gives

e = k- k- k
Po(AP)? = py (D) =(py(A)P P=(py(A) ) = py(A) =0

which shows «, (x)| (po ()c))"’k_1 . As deg p, ()c)"’k_1 =np* < mn we see

My (X)# 1, (x) as deg i, (x) <mn=deg 1, (x). Therefore A” + A.

01 11
A:(l J and so Azz[l OJ' As (A2 +A*+T1=A+A>+1=0 we see

M, (x) is a non-constant divisor of the irreducible polynomial x>+ x+1 over Z, by
(6.10) . Therefore i 42 (x)=x>+x+1 and so A? has the single invariant factor

x*+x+1. As A also has the single invariant factor x* + x+1 we deduce A% ~ A.

0 1
Alternatively A® = XAX ™' where X = [1 OJ .

010 0 0 1
B=/0 0 1|andso B’=|1 1 0]. As (B*)’+B*+I=(B*+B+1)*=0,
1 10 01 1

since B> +B+1=0 by (5.26), we see 1 52 (x) is a non-constant divisor of the
irreducible polynomial x’ +x+1 over Z, by (6.10) . Therefore Mo (X)= X +x+1

and so B? has the single invariant factor x° +x+1. As B also has the single invariant
factor x° + x+1 we deduce B*> ~ B .
More generally by (5.26) with d(x)= f(x) we obtain f(A)=0. Write

p=(&, ) 'OE - Being a composition of isomorphisms ¢ is an automorphism of the

field ime, . For X e imég, thereis ye F[x]/{(f(x)) with ()&, =X . As

(y)8=y" and &, respects multiplication we obtain

(X)9=(1E, ()08, =(1)0F, =(y")E, = (NE,)" = X".
So (X)@=X? forall X eimg, and in particular (al)@ = (al)? =a”I=al for all
a€,. So
(aX)p=@aIX)p=(a)p(X)p=alX" =aX?.

Let f(x)=a,+ax+...+a, x'" +x' where q; € Z, for 0<i<t. Then
0=(0)p=(f(A)@=(a,] +aA+...+a, A"+ A")p=
(a,D@+(a,A)p+...+(a, A )p+(A)p=
agl +a, AP +...+a,_ AUVP + AT = f(AP),

ie. f(A?)=0. By (6.10) the minimum polynomial My p (x) of A? is a monic and

non-constant divisor of f(x). As f(x) is monic and irreducible over Z » We see

M, p(x)=f(x). Both A and A” have single invariant factor f(x) andso A~ A”.

By (5.26) we see (A>+A+1)*=0,ie. (A*)*+A>+1=0. By (6.10) the

minimum polynomial 4 42 (x) of A? is a monic and non-constant divisor of the

irreducible polynomial x>+ x+1 over Z,. Therefore 4 42 (X)=x>+x+1. As
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My (x)= (x> +x+1)* we see A+ A? since similar matrices have equal minimum
polynomials.

By (5.26) we see (B*+B+1)*=0 andso (B*+B+1)*=0. The last equation can
be expressed (B?)* +(B*)*+1=0 showing My (x)‘ (x*+x*+1). Certainly
,qu(x) # 1, (x)= (x* +x+1)° andso A+ A*%.

(¢) Factorise x,(x)= p, ()c)n1 D> (x)n2 2 (x)nk into powers of distinct monic
irreducible polynomials p;(x) over Z, for 1< j<k. Asin the proof of (6.13) there
is an invertible #x¢ matrix X with XAX '=A, ®A, ®...® A, where

)(A_(x)zpj(x)nj for 1< j<k. Then XAPX ' =(XAX P =Al @AY (-D...(-DA,f
J
using properties of the direct sum (5.17) of square matrices. As U N ()| 4, (x) by
J J

(a) above, we see 1, ,(x) is a power of p;(x) and so M(Ap)pj(x) = M(Af) for
J

1< j<k. Therefore ZA,,(x)zpj(x)nj as A? isan n;xXn; matrix for 1< j<k and
J

50 7,p ()= p(0)" Py ()2 p (1) K = 7, (x).
Suppose A~ A”. Then M (A)=M (A?) by (5.13). Taking B= A" in the theory

following (6.12) we obtain M(A)p(x) = M(Ap)p‘(x) andso M(A;) = M(AJ’-’) ,i.e.
J J

A; ~ AP for 1< j<k. By (b) above i, (x)=p;(x) asotherwise A; + A? for
J

1< j<k. Therefore i,(x)= p,(x)p,(x)--- p, (x) is a product of distinct monic

irreducible polynomials over Z » by Exercise 6.1, Question 6(e) .

Conversely suppose ,(x) = p,(x)p,(x):-- p,(x). Then ,uAj (x)= Pj (x) and so
A; ~ A? by (a) above for 1< j<k. Therefore

ABPA,D. QA =A'OA®..®A) andso A~ A",

Solution 5
(a) Using the partition function p(n) of (3.13), there are

p(3)p(4) p(5) =4x5%x7 =140 similarity classes of 12x12 matrices A over Q with
X0 =(x=1D) %" (x+1)°. As g, (x)=(x—=1)"x/ (x+1)* where 1<i<3, 1< j<4,
1<k <5 by (6.11) there are 3xX4X5=60 different minimum polynomials £, (x)

among these classes.
(i) A iscyclic & the partitions of 3,4,5 are (3),(4),(5), i.e. each of these partitions

has one part only and ,(x) =y ,(x).

(if) A is diagonalizable < the partitions of 3,4,5 are (1,1,1),(1,1,1,1),(1,1,1,1,1) , i.e.
all the parts in these partitions are 1 and £, (x) =(x—Dx(x+1).

The table of the isomorphism class of M (A) is
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=M(A) | x-1 x x+1
d,(x) 0O 0 1
d,(x) 0O 0 1
d;(x) 1 1 1
d,(x) 2 3 2

and so the invariant factor sequence of A is

(d,(x),d,(x),d;(x),d,(x)) = (x+1,x+1,(x—Dx(x+1),(x—1)>x* (x +1)?).
Therefore 4, (x)=(x— 1)?x*(x+1)* and the rcf and pcf of A are
Cx+D@®Cx+D)DC(x—Dx(x+1))®C(x—=1*x*(x+1)*) and
Cx-1D®C(x-DHPCx)DC(XHPC(x+D)DC(x+D)@C(x+1)®C((x+1)?)
respectively.
(b) Since x—1, x> +1, x+1 are irreducible over Q, using the partition function p(7)
of (3.13), there are p(5)p(4) p(5) =7%x5XT =245 similarity classes of 18x18
matrices A over Q with y,(x)=(x— 1)’ (x* +1)*(x+1)°. The isomorphism class of
M (A,) has table

=M(A,)) | x—1 x*+1 x+1
d,(x) 1 1 1
d,(x) 2 1 1
d.(x) 2 2 3
and so the invariant factor sequence of A, is
(d,(x),d,(x),d;(x)) = ((x=1D)(x* +D(x+1),(x =1)* (x> + D(x+1),(x=1)*(x* +1)*(x +1)°).
The invariant factors of —A, are
d,(—x)=(—x+1)((=x)* +D(x+1) =d, (x),
—d)(=x) =—(=x = D*((=x)* + D(=x +1) # d, (),
—dy(—x) =—(—x—1)*((—x)* + D*(—x +1)* # —d,(x)
by Exercises 6.1, Question 2(a). The table of =M (—A,)) is therefore
=M(-A,) | x—1 x*+1 x+1
d,(—x) 1 1 1
—d,(—x) 1 1 2
—d(—X) 3 2 2
and —A, + A, as the invariant factors of A, and —A,, are different. By

Exercises. 6.1, Question 2(a) we see —A ~ A if and only if the (x—1)— column equals
the (x+1)—column in the table of = M (A). So there are p(5)X p(4)=T7x5=35
similarity classes of matrices A as above with —A ~ A, as the exponent of x+1 must
partition in the same way as the exponent of x—1 forsuch A. As x—1Lx*+1,x+1 are

all palindromic, we see A~ A™' for all 245 similarity classes as above by
Exercises 6.1, Question 5(d).

(c) There are p(5)p(5) p(6) p(6) =TXxTx11x11=5929 similarity classes of 22x22
matrices A over the rational field Q with y,(x)=(x— D’(x+1D)’(x=2)°%(x— 1/2)6 .
As y () =x,(—x0)=(x— D’ (x+1)°(x+2)°(x + 1/2)6 # ) ,(x) none of these
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similarity classes satisfy —A ~ A by (5.5). Using the terminology and notation of
Exercises 6.1, Question 5(d) the polynomials x—1 and x+1 are palindromic whereas
(x—2)"=x-1/2 and (x—1/2)" =x—2. So A~ A" if and only if the partition of the
exponent 6 of x—2 in ¥, (x) is equal to the partition of the exponent 6 of x—1/2 in
X 4(x) . Therefore there are p(5)p(5) p(6)=Tx7Tx11=539 similarity classes of
matrices A over Q with ¥ ,(x) as above and A ~ A,

Solution 6

(a) Working in the F[x]—module M (A) we have xe, =e¢,A=a,,e +a,,e, and

x’e, =(a, e, +a,e,) A=V, +a,,a,,e, where v, € {e,,e,). Using induction on i we
obtain x'e, =V, +a,,a,,+-a;,,,e,,, where v, € (e, e,,...,e;) for I<i<t. Let X be
the X7 matrix with ¢, X = x’._le1 for 1<i<t. Then X is alower triangular matrix,
i.e. the (i, j)—entries in X are all zero for i< j. Also the (I,1)—entryin X is 1 and
the (i,i)—entryin X is a,a,;--+a;_;; for 1<i<t. As det X is the product of the

entries on the main diagonal of X we obtain det X =a!3 a7 - a’,, a,_,,. Now e,

generates M (A) if and only if the rows e, xe,, xze1 e X! _lel of X are linearly
independent, i.e. if and only if detX #0 & a;;,, #0 for 1<i<¢. Incidentally when
this is the case XAX ' = C(x,(x) by (5.27).

(b) Taking f(x)=x+1,n=1,1=3, F=Q in (6.16) we obtain the 3X3 matrix

e 1 00
Z,=| (x+De, |=|1 1 O
(x+1)2 e 1 21
which is invertible over Q. Now
-1 1 O
J(x+1,3)={ 0 -1 1
0 0 -1

and Z, satisfies Z,C((x+1)’)=J(x+1,3)Z, by (6.16) ,i..
ZC(x+DHZ 1 =J(x+1,3).
Taking f(x)=x*+1,n=2,1=2,F =Q in (6.16) we obtain the 4x4 matrix

e 1 000
7 = xe, 0100
2 (T +De 1010
x(x* +1)e, 0101
which is invertible over QQ as detZ, =1. Now
0 110 0
J(xX+1,2)= :}__Q_i_l__(_)
0 010 1
0 0;-10

and Z, satisfies ZZC((XZ +1)2)Zz_1 =J(x*+1,2) by (6.16).
The 7x7 matrix Z=Z, ® Z, is invertible over Q andas Z™' =Z;' ® Z;' we see



172

Z(IC(x+DHY®C(X*+1)*NZ7"' = Z,C((x+ 1)3)Zl_1 @ ZZC((XZ + 1)2)22_1 =
J(x+1,3)® J(x* +1,2)
which is in Inf by (6.15) as x+1 and x* +1 are monic and irreducible over Q.
(¢) Taking f(x)=(x+1)* and [=3 in (6.16) gives
C((x+D°)=C((x+1)*)") ~ J((x+1)*.3).
All the matrices in the list are similar as each is similar as above to C((x+1)®). The
matrix J(x+1,6) isinJnfas x+1 is irreducible over F'.
(d) Using the method of (5.31) we construct

(x+1)’¢ 1 2100
x(x+1)2e1 01 210

Y= x*(x+1)’¢ [=|0 0 1 2 1
X | |00 010

x'e, 0 00O01

which is invertible over F' as detY =1 and satisfies
YAY ' =Y C(P(x+ DY ' =C(x*) @ C((x+1)?)
in pcf. As C(x*)=J(x,3) the first three rows of Z can be taken to be the first three

-1
rows of Y. As (1 OJ( 01 J(l OJ :(_1 _lJzJ(x+1,2) by (6.16) we see

I T){-1 =2){1 1 0
1 2100
1 00 01 210
Z=Y(|0 1 O (-DG (1)])= 9__(2__1___2__1
0 01 00O0T1PO
00 O0T11

satisfies ZAZ ' =ZC (X (x+1)H)Z ' =J(x,3)® J(x+1,2) in Jnf.
Now ZA’Z™ ' =(ZAZ7')Y? =J(x,3)* ® J(x+1,2)>. Also
0 01 0 0O | -
J(x,3)*=|0 0 0|~J(x,)®J(x,2)=|0 0 1] and J(x+1,2)2=(0 1)
0 0O 0 0O
Therefore in the case y(F)=2 wesee J(x,)®@ J(x,2)DJ(x—1)® J(x—1) is the
Infof A%. Inthe case y(F)#2,as

-2 0Y(1 =2)(=2 0\_(1 1)_,
[o 1}(0 1}(0 1}‘(0 J‘ (x=12),

the Jnf of A% is J(x,1)®J(x,2)® J(x—1,2).
Now Z(A+AZ'=(J(x,3)+J(x,3)) ®(J(x+1,2) + J(x+1,2)*). But

010 1 -1 0
X, (J(x3)+J(x3)HX ' =[0 0 1|=J(x,3) where X,=|0 1 0]. Also
000 0 0 1

0 -1 =10
x2<J<x+1,2>+J<x+1,2>2>Xz‘1:XZ(O oJX;:J(X’Z) where XZZ(O lj'

Therefore (X, ® X,)Z(A+ AZ)Z_l(X1 @ Xz)_1 =J(x,3)® J(x,2) which is in Inf.
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(e) Suppose that A has s invariant factors d,(x),d,(x),...,dy(x). From

dj(x)‘ X4 (x) we deduce d;(x) = (x=A)"" where 1<, <t,<...<t, as

d ()|, () for 1< j <5 As d(0d,(x)+dy(x)= 2, (x) = (x=A) we see
t,+t,+...+t; =t and so (f,,t,,...,t;) is a partition (3.13) of ¢ with s parts. All
partitions of ¢ arise in this way and so each partition (,,?,,...,t;) of ¢ corresponds to a
similarity class of #X¢ matrices A, namely those having invariant factor sequence
(x=A)",(x=A)",....,(x—=A)'*). So the number p(r) of partitions of 7 is the
number of similarity classes of 7X¢ matrices A over F' with y,(x)=(x— .
(@)

Cx-ADDCx—-AD)DCx-A)BC(x—-A)DC(x—A)=A1,
Cx-ABCx-AD@C(x-D)DC((x—A)%),
Cx=-AD)®DCx-AD)DC(x-1)*),

C(x—A)®C((x—)*)®C((x= 1)),

C(x=A)®C(x—=A)"),

C((x=)H®C(x= 1)),

C((x=A)).

(i)

Jx=-ADDJ(x-ADDJI(x-A4,D)DJ(x—-A,1D)DJ(x—A,1),
Jx=ADDJ(x-A,DDJ(x-A4,1)DJ(x—1,2),
Jx=ADDJ(x-A,D)DJ(x—4,3),

J(x=ADDJ(x-1,2)DJ(x—41,2),

J(x=A,D)DJ(x—4,4),

J(x—A4,2)® J(x—4,3),

J(x=A1,5).

As J(x—/i,tj)—/ll = C(xtj) we see rank (J(x—A,t;)—Al)=t; —1. Therefore

rank (J — A1) :rank(ZS:(B(J(x—l,tj)—lI):
=

irank(](x—ﬂ,tj)—/il)zzsl(tj —1)=Zs:tj —s=t—s.
j=l Jj=1 J=1

As B*=(I+C)*=1+2C+C? where C=C(x") we see
X () =| X =1 =2C=C?|=(x =)'

since 2C — C? is strictly upper triangular (its (i, j) — entries are zero for i > j).

S
Therefore the Jnf of B? is Z@J(x—l,tj) for some partition (f,,%,,...,t;) of . By
7=
the preceding part of the question rank(B*—1I)=t—s. But directly B> —1=2C+C?
has rank 7#—1 in the case y(F)#?2 andrank f—2 inthe case y(F)=2.
Suppose B~ B*. Then B—I1 ~ B> —1 and so
t—1=rank(B—1)=rank(B* —1). Therefore y(F)#2.
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Conversely suppose (F)#2. Then rank(B*—1I)=t—1=t—s showing s=1 and so
B> ~J(x-1,1)=B.

Suppose y(F)=2. Then B*=1+C?. By Exercises 6.1, Question 2(e) the rcf of
C?is C(x"*)® C(x"*) for t even and C(x(’_l)/z)@C(x(m)/z) for t odd. Hence
the Jnf of B* is J(x—1,¢/2)® J(x—1,¢/2) for ¢ even and

J(x—=1,t-1)/2)® J(x—1,(t+1)/2) for t odd.

Solution 7
(a) (i) The coefficient of x'in f(x)+ g(x) is a, +b, where q; = bj =0 for
i>m, j>n. The coefficient of x™in ( f(x)+g(x)) is therefore i(a; +b,) for
i>0. As the coefficient of x'™" in f’(x)+ g'(x) is ia, +ib; for i >0 by (6.20) we
conclude (f(x)+g(x))" = f"(x)+g"(x). (We write (f(x)+g(x)) and (f(x)g(x))’
rather than (f + g)’(x) and (fg)'(x).)
The coefficient of x'™ in ¢ f’(x) equals the coefficient of x'™ in (c f(x)) as
cia; =ica; for i>0. Therefore (¢ f(x)) =cf'(x).
(if) The coefficient of x" in f’(x)g(x) is
a,b,_+2a,b; ,+...+(i—1a, b, +ia;b,
and the coefficient of x'™' in f(x)g’(x) is
ayib; +a,(i—-1)b,  +...+a; |b,.
The sum of these coefficients is
i(ab, +ab; | +...+a;, b, +ab,)
which is the coefficient of x™™ in (f(x)g(x))’ for i >0. Therefore
(f(D)gx) = f(x)g(x)=f(x)g"(x).
Putting i =1 in (g(x)') =ig(x)"" g’(x) gives g'(x)=g'(x) as g(x)"=1. Suppose
inductively i >1 and (g(x)"™")'=(@i—1)g(x)>g’(x). From (ii) above
(80 =(g(x) " g(x) =(g(0)™Yg(x)+g(x) " g'(x).
So
(g(0))'=(-Dg(0) &' (x) g(x)+ g (1) g"(x)=
(i—Dg)™ g’ (x)+g () g’ () =ig(x)™ ¢'(x)
completing the inductive step. Therefore (g(x)") =ig(x)' ™ g’(x) for i >1.

m .
Now f(g(x))zZaig(x)' . Using (i) and (ii) above we obtain
=0

FROY =Y a(g(0)) =3 ia g0 'g/(x) = F(g(x)g'(x) as (g(x)°) =0.
i=0 =1
Therefore f(g(x))' = f'(g(x)g'(x).

(b) The binomial coefficient (p

j is divisible by the prime p for 0<i< p
1
(see Exercises 2.3, Question 5(a) ). By the binomial theorem
(x—c)f =x"+ (=)’ =xP + ()PP =x" -y
as (—1)” =—1(mod p) for all primes p . Therefore x” — y has the factorisation

(x—c¢)? into irreducible polynomials over E. Let p(x) and g(x) be monic
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irreducible factors of x” —y over F . Then p(x)=(x—c)' and g(x)=(x—c)™ for
positive integers [,m . So either p(x)| q(x) or q(x)| p(x). As p(x) and g(x) are
irreducible over F we see p(x)=g(x) and so x” —y = p(x)* where p=kdeg p(x).
As p is prime either deg p(x) =1 or (as we wish to show) k=1 and x” —y= p(x) is
irreducible over F . So suppose deg p(x)=1 andso p(x)=x—c" where ¢’e F .
Then x” —y=(x—c")” and also x” — y=(x—c)”. As the resolution of x” —y into
monic irreducible factors over E is unique we see ¢’=c¢. So c¢= f(y)/g(y) is azero
of x” —y where f(y),g(y)eZ,lyl, g(y)#0. So ¢” =y which gives

f(y)? =yg(y)?. This last equation is impossible as deg f(y)” =0 (mod p) and
deg yg(y)” =1(mod p). So x? —y isirreducible over F .

Yes, x” —y is inseparable over F . The above reasoning uses the fact that Z pisa
field of characteristic p but nothing further. On replacing Z » by any field F, of
characteristic p the properties of x” — y are unchanged: it is irreducible and
inseparable over the field of fractions F = F,(y) of Fy[x].

(¢) Let g(x)=b,x" +b, ,x"" +bx+b, be apolynomial over F and let ce F . For

i < j<n the coefficients of x/™ in H;(f(x)+g(x)) andin H,(f(x))+H,;(g(x))
are equal as (a; +bj)(g =a, [J] +b; (Jj . Therefore

H(f(x)+g(x)=H;(f(x)+H;(g(x)). Also cH;(f(x))=H,(cf(x)) as the
J

JforiSan. So
i

coefficient of X/ in both these polynomials is ca; [

f(x)— H,(f(x)) is alinear mapping of the (infinite dimensional) vector space F[x]
over F .

With f(x)=x’ wehave f”(x)=0 for 0< j<2 and f”(x)= j(j—1)x' for j>2.
As j(j—1) iseven wesee f”(x)=0 forall j>0 in the case F =Z,. Applying

part (a) (i) above twice in succession, we conclude: f”(x)=0 forall f(x)e Z,[x].

Now Hz(xj)ZO for 0< j<2 and Hz(xj)z(;jxj_z for j=2. Also

[;Jz Jj(j—1)/2 is even if and only if either j=0(mod4) or j=1(mod4). So
f(x)=a,x"+a, x""'+ax+a,e Z,[x]

satisties H,(f(x))=0 ifand onlyif a; =0 for j=2(mod4) and a; =0 for

Jj=3(mod4). In other words ker H, =(Lx,x*,x>,x%,x°,..) and

imH, =(Lx,x*,x>,x%,x%,...) and so ker H, =im H,. Hence sz =0, ie.

H,(H,(f(x))) is the zero polynomial for all f(x)e Z,[x].

As i![]_J:j!/(j—i)! we see i!H,;(x))= j(j—1)(j—2)---(j—i+1)x/™" which is the
i

result of formally differentiating i times the polynomial x/ for Jj2i. Asboth i!H;

and formally differentiating i times are linear mappings of F[x] with x/ in their
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kernels for 0< j <i, we conclude i!Hi(f(x))zf(i) (x) forall f(x)e F[x]. As
(j—i)(]_jz(iﬂ)(_] jwededuce
i i+1

’ i . il J isicl ;
H/(x))=(j- )( ij =i +1)(i+1}xj P=(i +DH,, (x)
for all j. Asabove we conclude H/(f(x))=(i+1)H, (f(x)) forall f(x)e F[x].
Suppose ¥ (F) is notadivisor of i!,i.e. i!#0 in F . Dividing the equation
i'H.(f(x))=fP(x) through by i! gives H,(f(x))=f P (x)/i!.
Suppose ¥ (F) isnotadivisor of i+1. Then i+1#0 in F . Dividing the equation

Hi'(f(x))z(i+l)Hi+1(f(x)) through by i+1 gives Hm(f(x)):Hi(f(x))/(i+1)
for all f(x)e F[x].

(d)
Bi1,0}0 B*|2B| 1|0
——t——t——t-— ———l————J-———-t———
|0iBi1]0 , | 0 1B*{2B| I
A TsBD= g T | Ve SsBYE G  Trap )
0101018 0101018
B*|3B> | 3B | I B* | 4B’ | 6B* | 4B
0 B 38| 3B O F TaE 6
Jo (B4 =| =~ ——c=---> | and J(B,4)* =| —- =~ - .
S 0! 0 ! B 3B S 0! 0 ! B 14B°
01010 !B 01010 B

i=0

. l_l 1 s o~ .
Let f(x)=a,x" +a, X" +ax+a,. As J¢(B,l)) =) (]JB] 'N', on multiplying

this equation by a; and summing over j we obtain

._.

n -

FU(BD)= Za I (BT =3 a;( (JJBHN"):

Jj=0 =0 l

Il n

>3 [ ]Bf 0N =3 B
where

H/(f(B)=H,(f(B®B®...® B)=H,(f(B)® H,(f(B)®...® H,(f(B)),
the direct sum of / matrices H,(f(B))=(H;(f(x)))€y. Sothe (k,i+k)—entries in
the partitioned matrices f(J¢(B,l)) and H;(f (B))N I are both equal to the nXn
matrix H,(f(B)) for 1<k<[/-i,0<i</.
Let ISk <k’<I. The (k,k")—entry in the [ X/ partitioned matrix ¥, (J¢(B,])) is
therefore (H,,_, (¥3(x)))€p on taking i = k’—k . In particular the (i,i)—entries are
(Hy(xg(0))eg =X ()€ = x5(B)=0 by (6.11) and the (i,i +1)— entries are
(H, (25 (x))eg = (15 (X = 23 (B).

Solution 8
(a) Note C2=0 and N'=0. Write C = C(x?). Using the binomial expansion we see
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0j--101d=nCi 1
-1 -1 Oj-eiei 0 1U-DC
AH=(C+1\7)H=(I 2JCNI‘2+(I JNH: O i) 0 _|#0,
— — T T Tt T T T T T T ——
M | | | N
S DR R D o
Of-i101iC
0 | | I I | 0
P I Yooy, |7a--r-—a-—-t-—
Al=(C+N) = CN™” =} | | |:
-1 I
P D U P EUN
Oi-eetoetet O
| | | |

and A™"'=0. As C#0 wesee A'=0 <:>,1’(F)|l. As ,’L’A(X)Z)CZI from (6.11) we

deduce p,(x)=x" where m is the least integer with A™ =0. Therefore m=1 or

m=1[+1 according as }(F') is or is not a divisor of /.

A

By inspection the first 2/ —2 rows of A are linearly independent. As e,,

and e,,A=0 we see rank A=2/—2. So nullity A=2 which is the number of

A=e,
invariant factors of A. We conclude that the rcf of A is either C (xl) ®@C (xl) or
cxMHecixh according as ¥ (F’) is or is not a divisor of /.

(b) Consider first the 1x1 matrices A=(a) and A"=(a’) over F . Then

a 110 0 a 011 0
0 al0 0 0 a0 1
J(AD)DJ (A2)=| =——-t-——-=|and J(ABD A, 2)=| ———-—-————
s<)s(>001:a1ans( )OOiaO
0 0,0 & 0 0,0 &
1 000
Let X = 0010 . Then
01 00O
0 0 01
al 0 O
0 0 a 1
X(J(A2)DJ (A,2)= =J (A®A, DX .
(J5(A,2)D I (A,2)) 04 0 0 s )
00 0 d
Now consider the case n,n” arbitrary, [ =3. The 3(n+n")X3(n+n’) matrices
AL, 10107070
0/A11,]07070
e L A0 0TT
sAIOIGAI= G50 a1, o
—_—te— e —_— = ——
000101 A I,
D R I e
0/01010!0 4

and



AlO1Z, 101010

01A 10,1010

DA 0101AI01/,10
75 ’)_0:0:0:A’:0:1n,
B B T N S
0/0/0/0AO

——t et
01010/010/A

can be conveniently viewed as 6 X6 partitioned matrices, their entries being as indicated
(I, denotes the nXn identity matrix, /,, denotes the n’xn’ identity matrix and O

denotes zero matrices of the appropriate size: nxXn,n’xn’,nxn’,n’xn).
Write

L, ;010,070,0
0101017,1010
NTT T AT AT A T
xo| Ot 0ny 01010107
041010101010
0945191910
O'O'O'O'Oiln,

As X can be changed into the 3(n+n")x3(n+n’) identity matrix by applying

2nn’+nn’ elementary column operations of the type C;_ > C; we see

det X =(=1)>". So X isinvertible over F . Also

AIL,10O1010!0
0101014 1,10
) 01AIL,101010 ,
XUgADOI(A )= gt titg ot [=/saeadX.
919101094 1y
[01A[ 01010
B Ei e e e s
0:0:0:0! 0

Now consider the general case. The [(n+n")xI(n+n") matrices J((A,1)® J((A',])
and JG(AD® A’,l) over F are 2Ix 2l partitioned matrices with entries A,I,,A’,I v
and nxXn,n’xXn’,nxn’,n’Xn zero matrices 0. In fact the 2/ X2/ partitioned matrix
J(AD®Jg (A’,]) has (k,k)—entry A for 1<k <1, (k,k+1)—entry I, for
1<k<l, (k+1Lk+Il)—entry A" for 1<k <, (k+1,k+1+1)—entry I, for

1<k <1, all other entries being zero matrices. The 2/ X2l partitioned matrix
Jg(AD A’l) has (2k—1,2k —1)—entry A and (2k,2k)—entry A" for 1<k <[,
(2k 1,2k +1)—entry I,, and (2k,2k +2)—entry I,, for 1<k <[, all other entries

being zero matrices.
Denote by X the 2/ X2/ partitioned matrix with (2k —1,k)—entry I, and

(2k,k +1)—entry I,, for 1<k <[, all other entries being zero matrices. For
1<j<n",1<k <l column In+(k—1)n"+ j of X can be moved to column
kn+(k—1)n"+ j using (I —k)n interchanges of consecutive columns. Carrying out
this operation, starting with column /n+1 and ending with column /(n +n"), changes
X into the [(n+n")xI(n+n") identity matrix I and uses
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(-1+1-24...42+1+0)nn"=1(l —1)nn’/2 column interchanges. Hence

det X =(— l)l(l_l)’m// 2 showing that X is invertible over F'.

The 2/X 2l partitioned matrices X and J(A,))® J, (A’,]) are compatible, i.e.

X(Jg(A DD (A’,])) is a 2Ix2l partitioned matrix and has (2k —1,k) —entry A

and (2k,k+1)—entry A" for 1<k <I, (2k—1,k+1)—entry I, and

(2k,k +1+1)—entry I,, for 1<k <[, all other entries being zero matrices. In the same

way the 2/x 2] partitioned matrices J((A® A’,l) and X are compatible, i.c.

Jg(A@ A 1)X isa 2Ix2] partitioned matrix. On comparing matrix entries we obtain
X(UGgAD®JG(AD))=J,(A®A DX .

The InxIn matrices J¢(A,l), J¢(B,l) and X over F partition into /X[ matrices

over the ring 91, (F) of nXn matrices over F'. The /X[ partitioned matrix

JS(A,Z))Z has (k,k)—entry AX for 1<k <[, (k,k+1)—entry X for 1<k </, all
other entries being zero matrices. In the same way the /X[ partitioned matrix

X J¢(B,l) has (k,k)—entry XB for 1<k <[, (k,k+1)—entry X for 1<k <[, all
other entries being zero matrices. As AX = XB we deduce J (ADX =X J¢(B,1).

As det X =(det X)' #0 we conclude JG(A D)~ J(B,l) as X is invertible over F .

As ged{ f(x),g(x)}=1 we know C(f(x)g(x))~C(f(x)DC(g(x)) by (5.31). So
J(C(f(x)g(x)),)) ~ J(C(f(x))®C(g(x)),]) using the preceding paragraph. By
the first part of (b) above

Jg(C(f(x)®C(g(x)),1) ~ I (C(f (x)),)) D J;(C(g(x)),1).
Therefore

S (C(f(0)g(x)),1) ~ J s (C(f (x)),) ® T (C(g(x)),]) for ged{ f(x),g(x)}=1.

Solution 9
(a) The composition @f of the additive mappings & and /[ is itself additive by

Exercises 2.1, Question 4(d). As & and [ are semi-linear there are 8,¢€ Aut R with
(av)a=(a)0(v)x and (bw) = (b)p(w)p forall a,pe R and v,we M . Setting
b=(a)d, w=(v)x gives

(an)aff = ((av)a) f = (@) ()a) = (bw) = D)p(w) B = (a)0p(v)of

forall ae R,ve M showing that @f is semilinear as 8p€ Aut R by

Exercises 2.3, Question 3(d).

Let & be bijective. Then o' is additive by Exercises 2.1, Question 4(d) . For

ae R,ve M wesee ave M and so thereis we M with (w)&=av . By

Exercises 2.3, Question 3(d) we know 6'e Aut R. Also

()6 WM Ha=((a)87'60)(v)ar @) =av = (w)a. Therefore

(@) =w=(a)8'(v)ar’" showing that &' is semi-linear.

Denote two elements of R’ by v={(a,,a,,...,a,) and w=(b,b,,....,b,). As 0 is
additive we have (a; +b,)8 =(a,;)0+ (b;)0 for 1<i<t showing that the ith entries in
v+ w)é and (v)é + (w)é are equal. So (v+ w)é = (v)é + (w)é for all v,we R’
showing 0 to be additive. For ae R we have (aa;)0 =(a)f(a;)0 showing that the
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ith entries in (av)é and (a)@(v)é are equal for 1<i <t . Therefore

(av)é = (a)@(v)é forall ae R,ve R' showing 6 semi-linear.

(b) Applying the eros 1, —r;, , for I<i<[ over E to Y followed by (c —c)7'r; for
1<i <[ andfinally r,, , —cr; for 1<i<[ produces the matrix Zg with rows

eZs=v ;. e, ,Zg=V,; for 1<i<l. Comparing determinants gives

detY =(c—¢") detZg. For i=1,2,...,0 inturn we apply the [ —i+1 eros F> T
to Z; for j=Il+i,l+i—1,...,2i which produces Z. Therefore

detZ; = (—1)l(l+l)/2 detZ, aseachof these [ +/—1+[-2+...+2+1=I(l+1)/2 eros
gives a sign change in the determinant. So detY = (—1)1(”1)/ 2(c —c')l detZg .

(c) The quadratic polynomial p,(x)= x? —2x+2 is irreducible over R as it has no

real zeros. As J(R)=0 and p,(x) isirreducible over R we see that p,(x) is
separable over R . The zerosin C of p,(x) are c=1+i and ¢’=1—i. The element
e, of the R[x]—module M =M (C(p, (x)*)) has order Do (x)® and so
w=(x—c")’e,=(x+c—2)¢, has order (x—c)’ in M . Also
w=((c—-2)*,3(c—2)*,3(c—2),1,0,0) = (2¢,—6¢ + 6,3c — 6,1,0,0)

using ¢ =2c—2. So

w 2¢c —6¢c+6 3c—-6 1 0 0
xw |=| 0 2¢ —6¢c+6 3c-6 1 0
x*w 0 0 2c —6¢c+6 3c—-6 1
and
w 2c —6c+6 3c-6 1 0 0 Vip TCVyy

(x—cw |=|-4c+4 8c—-12 —6¢c+12 2c¢-6 I 0 |=] vy +evy
(x—c)’*w 4c—-8 —8c+20 8c—-24 —4c+16 c-6 1 Vg +CVy,

on using ¢* =2c¢—2 again. Therefore

Vio 0 6 -6 1 0 0

Vi 2 -6 3 0 0 0

5 |Vl 4 -12 12 -6 1 0
S lv,| |4 8 -6 2 0 0
vo| |8 20 24 16 —6 1

v, 4 -8 8 —4 1 0

Now

0 1 0 0 0 0

0 0 1 0 0 0

0O 0 0 1 0 0
CeM= 0 0 o o 1 ol
0O 0 0 0 0 1

-8 24 -36 32 -18 6




0 —2'1 0'0 0
1 210 110 0
12,0100
emera- 01
0010 00 2
0 0!0 0!1 2
and so
0O O 6 -6 1 O
o 2 -6 3 0 O
o=l o Y TR T e vz,
-8 16 -16 8 -2 0
0O 4 -8 8 41

A calculation shows detZ; =—64#0 and so Z, is invertible over Q. Therefore

ZSC(Po(x)3)Z§1 =J (C(py(x))",3). The rotation matrix R, (1/\/_)[ 1 J is

1 2
such that C(x* —2x+2)" is similar to J2 2R, /43S Z, (1 OJ is invertible over QQ

and satisfies Z, ((1) _2]2( I IJZO. Also

2 -1 1
1 11 00 0
-1 110 110 0
-1110 1100
156 I=l 0 ol L 1l
00001
0 000 0!-11

is in real Jordan form (6.24) . Let

Z=(Z,®Z,®Z,)Z =

-8 20 24 16 -6 1

Then detZ =512 and so Z is invertible over Q and over R . Further
0O 4 -6 0 1

)

ZC(x* =2x+2)") = =Js(V2R ,.3)

-8 24 32 24 -10 2
-8 16 -16 8 -2 0

and so ZC((x* -2x+2))Z7 = J (V2R ,.3)
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Solutions 6.3 (page 332)

Solution 1
(a)
1 1 -2 21 1 =2 2) (=2 -1 2 =2
-5 -2 6 —4||-5 -2 6 -4 5 1 -6 4
A2 — = = —A - I
2 1 -4 342 1 -4 3| (-2 -1 3 -3
31 -5 3403 1 -5 3) (-3 -1 5 4
So ,(x) is a monic and non-constant divisor of x*+x+1 by (6.11) since
A+ A+1=0. As x> +x+1 is irreducible over Q we deduce ,uA(x):xz +x+1.
Also y,(x) is of degree 4 and is a power of x* 4+ x+1 by (6.11). Therefore
Xa(0)= (x> +x+1)*. The invariant factors of A are x* +x+1, x>+ x+1. Construct
X with XAX ™" in rcf by taking e, =(1,0,0,0) as its first row. Then its second row

must be ¢ A=(1,1,-2,2). Any vector in Q4 but not in the 2 —dimensional subspace
(e;,€,A) can be taken as the third row of X , for example e, =(0,1,0,0) . The fourth
row of X isthen e,A=(-5,-2,6,—4). So

1 0 0 O
¥ = 1 1 -2 2
0O 1 0 O
-5 -2 6 -4
is invertible over Q as
-2 2
det X =— =4,
© ‘6 4
Also X satisfies XAX '=C(x*+x+1)®C(x* +x+1).

(b)
a,+ia, b,+ib a,+ia, b, +ib/
Consider B'Z( 0 b lj nd B”z( 0 b

¢, +ic, d,+id, cp+ic, dy+id]

J in M, (Q()) .

Then
., a,+a,+i(a +a)) b,+b +i(b+b
(B'+Bp="" 7 @ )) o G Q Q=
¢y tcytile,+c) dy+d;+i(d, +d))

a,+a, a+a b,+b, b +b a, a by b ay, a by b
—a,—a; a,+a, —b—b by+b, |=a a, —b b, N —a; a; —b| b
cotcy ¢ +c  dy+dy d+d] B ¢ ¢ d, d, ¢y ¢ dy d;
—c,—c cytey, —d—d d,+d; -¢, ¢, —d, d, -, ¢y —d] d;
=(BYo+ (B¢

showing @ to be additive. Also



ayay —a,a; +bycy —byc +
i(aya; + a,a) +byc) +bcy)
Coly — €, +dycy —dc +
i(coa +cay +dyc, +d,cy)

(B/B//)¢ —

ay,a, —a,a; +
bycy —bic/
—aya; — a,a,
—byc —bic;
Cody —Ca; +
dycy —dic|
—Coty — €,
—dc/ - dyc;
a, a b
-a, a, —b
& ¢ d
¢ ¢ —d,

aya; +a,a; +
byc; + b
ay,a, — a,a; +
bycy —bic|
Cod) +cjap +
dyc, +dc;
Coly —C,a; +
dycy —dyc

b\ a a
by || —a
d, || <
d()

=

’
ay

(=)

’
G

4
Co
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ayby —ab +byd; —bd] +
i(a,b) +a,by +b,d, +bd,)
coby — b +d,dy —d,d; +
i(cob + by +dyd; +d,dy)

ayby —ab/+  a,b+aby+
byd; —bd, b,d/+bd,
—a,b —a,b, aby —ab +
_bOdl, _b1d6 bod(; - bldl, _
coby — b + cob! +c,by +
d,d;—dd/ d,d/+dd;
—c,b —¢,b; coby — b+
_dodl’ - dld(; dodé - dldl,

b, b

dlzl Z(i, =(B)p(B )¢

—d; d;

showing @ to be multiplicative. As (/,)@=1,,i.e. the image of the 2X2 identity

matrix over Q by @ is the 4Xx4 identity matrix over QQ, and so @ respects
I—elements. So @:91,(Q(i)) = M ,(Q) is a ring homomorphism.

Suppose B’e ker@. Then (B)@ =0, the 4X4 zero matrix over Q. On comparing
entries we obtain B’=0, the 2X2 zero matrix over Q, i.e. ker@=0.
Consider an arbitrary matrix

a, a by b
B= a, a; b, b
¢ ¢ d, d,
¢ ¢ d, dy

in 91,(Q). Suppose Be Z(A) where A=C(xX*+1)®C(x*+1). So BA=AB,ie.

giving a, =—a,,a,=a,,b, ==b,,by;=b,,c, =—c,,c; =

showing B€ im¢@ . Therefore Z(A) Cim¢@

a, —b b a, 4
a, —b; b, | T4 4
¢ —d; d, - G G
¢, —dy d, ¢ G

a by, b
a, —b b,
a dy 4
¢ —dy d,

b, b,

_bo _bl

d, d
_do _dl
¢,,d,=—d,,d;=d, and so

. Conversely suppose Be im¢@ . The

preceding steps can be reversed to give Be Z(A). So im@ < Z(A) and therefore

Z(A)=img.
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¢, +ic, d,+id,
det B’ =a,d, —a,d, —byc, + b, +i(a,d, +a,d,—byc, —b,c,)

, [(ay,+ia, b,+ib
For B' = we see

and so | det B’ |2 =(ayd, —a,d, —byc, +b,c,)* +(ayd, + a,d, —byc, —b,c,)*. On
multiplying out the squares 16 +16 =32 terms are obtained, but 8 of these cancel
(—2a,d,a,d, +2ayd,a,d, =0 and -2b,c,b,c, +2b,c,b,c, =0) to leave the 24 terms
(a +a?)(dg +di)+ (b5 +b7)(cy +c]) +
2a,(b,c,d, —bycyd, —byc,d, —bic,d,) +2a,(byc,d, —b,c,d, —b,c,d, —byc,d,)
of det(B")@. Therefore det(B )@= | det B’
(¢) As x* +1 is irreducible over R we see that ¢ is even and A has t/2 invariant
factors x*+1 by (6.26). Write B=r(A)=aA+bl . Then
B*—2bB+(a* +b*)I =(aA+bl)* =2b(aA+bl) + (a* +b*) =
a’A* +2abA+b*I —2abA-2b* 1 +a* 1 +b*1 =a*(A* + 1) =0.
The polynomial x> —2bx +a”* +b? is irreducible over R as (=2b)* < 4(a* +b?)

2
. There must be a better way!

since a #0 and so the above calculation shows (£, (x) = x? —2bx+a*+b*. Applying
(6.26) with B in place of A, we see that B has t/2 invariant factors
Hp(x)= x? =2bx+a*+b*. Inthe case a =0 the scalar matrix 7(A)=bI has ¢

invariant factors x—b.
By (4.1) there are polynomials g(x) and r(x)=ax+b over R with

) =g +1)+r(x).
Then f(A)=q(A)NA*+1)+r(A)=qg(A)x0+r(A)=r(A). So the invariant factors
of f(A)=r(A) are as described in the preceding paragraph.
As AV —A°=]-A= r,(A) where r,(x)=—x+1 we see that A" —A? has t/2
invariant factors x> —2x+2. As A"+ A =A+]1= 1r,(A) where r,(x)=x+1 we
see that A''+ A'% also has #/2 invariant factors x> —2x+2. So A'©—A° and

A"+ A" are similar.
(d) The invertible #x¢ matrices X over F with XAX ™" in rcf correspond to bases
Vi»Vy,. ..,V of the s —dimensional vector space F " over the field F(c) where

U, (c)=0 by (6.26) . In fact e(j_l)mHX =v; for I1<j<s,ie. v; is row (j—Dm+1
of X. As | F(s) | =¢" the number of these bases is the product of the s factors
(@™ =D(g™ —g™)--- (g™ — g™ ™) as explained after (2.18). The size of the
similarity class of A is ‘ GL,(F) ‘ divided by the above number by (6.29), i.e.

(@' -D(q' =9)-(qd' —4"™D/(q' =D =¢")-(¢" =¢'™) as t=ms.
Notice first that x> +1 and x’ —x+1 are irreducible over Z, by (4.8)(ii). Taking
g=3,t=2,m=2,s=1 we see that there are (3% —1)(3’ —3)/(32 —1) = 6 matrices
over Z, similar to C(x*+1). Taking g=3,t=3,m=3,s=1 we see that there are
3 -3 -3)(3°-3°) / (3% —=1)=24x18 =432 matrices over Z, similar to
C(x*—x+1). Taking g=3,t=4,m=2,s=2 there are

3* -3 -3)(3*-35)(3* -3’ )/(34 -D(3*=3*)=78%x54=4212
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matrices over Z, similarto A= C(xX*+D)@C(x*+1) as M, (x)= x2+1.
(e) As 4, (x) is irreducible over F' we see ¥ ,(x) =, (x) ¥ by (6.13). Comparing
degrees gives s =1/m where m=deg ,(x). A typical element of the field F(c),
where 1, (c)=0,is f(c) where f(x)e F[x]. Also
fle)=g(c) & f(x)=g(x) (mod 1, (x)) where f(x),g(x)€ F[x] (see the
discussion after (4.9)). So the product of f(c) and the element v of the
F[x]—module M (A) is unambiguously defined by f(c)v= f(x)v=vf(A). The
seven module laws listed before (2.19) hold in M (A) and immediately give rise to the
seven laws of a vector space over F(c),i.e. F'' has the structure of a vector space over
F(c) which we denote by M (A)". Then dimM (A) =s" where s"<t as F(c) is an
extension field of F'. Let v,,v,,...,v, be a basis of M (A)' . The ms’ vectors Xy i
for 1ISi<m, 1< j<s" form abasis of F' and so ms =t=ms . Therefore

dimM (A)' =s=t/m.
Let N be a submodule of M (A). Then f(x)ve N where f(x)e F[x], ve N. So
f(c)ve N where f(c)e F(c), ve N. Therefore N is a subspace of M (A)’.
Conversely N a subspace of M (A)" implies N a submodule of M (A).
Let e End M(A). Then (f(WB=(f(W)B=FNMB) = F(©)()B)
showing that £ is a linear mapping of M (A)". Conversely each linear mapping of
M (A) belongs to End M (A). Let B denote a basis of M (A)". For each
S End M (A) write ($)0 for the matrix of the linear mapping f of M (A)" relative
to B. Then ()8 M ((F(c)) and, mimicking the proof of (3.15) with Z,¢,
replaced by F(c), s, we see that @:End M (A) =9 ((F(c)) is a ring isomorphism.
Restricting € to Aut M (A), the group of invertible elements of End M (A), produces
the group isomorphism 9‘ cAutM (A)=GL(F(c)).

Solution 2
(a) Let Be Z(A) where A=C(x’) over F. By (6.27) there is

f(x)=a,+a,x+a,x* € F[x] with

Gy 4 a4
B=f(A)=ajd+aA+a,A*=| 0 a, q
0 0 aqa

Yes Z(A) is aring. In fact Z(A) is a commutative subring of M ;(F). Yes Z(A) is
a vector space over F with basis 1,A,A? and so dimZ(A)=3. Also Be U(Z(A))
< a, #0 where B is as above. Yes End M (A) and Z(A) are isomorphic rings

(see (b) below). Yes, on comparing the sets of invertible elements in these rings,
AutM (A) and U(Z(A)) are isomorphic groups.

In the case F' =7, we have |EndM(A)|=23 =8 and |AutM(A)|=22 =4. Now
(I+A?=1+A*,(I+A)°=1+A+ A* showing that U(Z(A)) is cyclic of order 4

with generator I + A. As AutM (A)=U (Z(A)) we conclude that Aut M (A) is a
cyclic group.
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In the case F' =F, we have | End M (A) | =¢ as there are ¢ choices for each of
a,,a,,a, . Also | AutM (A) | =(q—1)q* as a, #0 and so there are g —1 choices for

a,, q choices for a,,a, as before.
(b) Consider S, e End M (A) with matrices B = (b; i) B =( 7-) respectively

relative to the standard basis B, of F'. So (e;)f = Z ;€; and (g VG = Z i€

for 1<i<t. Adding these equatlons gives
(e)B+B)=(e)B+(e)f = Z " Zbuej—z (b ; +b];)e; for 1<i<r
which shows that #+ S has matrix B+ B’ =( i +0) relatlve to B, i.e.

(B+B)0=B+B =(B)0+()6. So O respects addition. Now (ej)/)":;b;k e,
for 1< j<t. Soapplying B to (¢,)3= z ;€ gives

(e BB) =) —(Z €8 =

;b,.j(ej)ﬁ':; (ijkek) Z(Zb,]b]k)ek

k=1 j=l1
for 1< j <t which shows that £ has matrix BB’ = (Zbijb;.k) relative to 1B, i.e.
=

(BL)0=BB =(B)0(L)6. So O respects multiplication. The identity mapping 7 of
F' is the 1—element of the ring End M (A) and (1)@ =1 , i.e. the matrix of  relative
to B, is the #X¢ identity matrix I over F . As I isthe 1—element of I,(F) we
conclude that 8”": End M (A) — 9, (F), defined by (£)8 = ()8 for all

e EndM (A), is a ring homomorphism.

Let fekerd. Then (£)8=B=0, the zero tX¢ matrix over F ,ie. B=(b;;)

where b, ; =0 for 1<i, j<¢. This gives (ei),b’=Zb”eJ —ZOejzo for 1<i<rt.
=l

t t t
For ve F' wehave v=> a,e; andso ()= a;(¢,))f= a;0=0 showing that
=1 =1 =1

B=0. So ker® =0 showing &’ is injective by Exercises 2.3, Question 1(a)(i) .

By (6.27) and (6.28) we see im@’ =Z(A). So Z(A) is a subring of 9,(F) by
Exercises 2.3, Question 3(b). Write 8 =07 where 7’ : Z(A) — 9, (F) is the
inclusion. As 7’ is an injective ring homomorphism we see that 8:End M (A) — Z(A)
is a ring isomorphism, i.e. 8:EndM (A)=Z(A). Now AutM (A)=U(EndM (A)),
i.e. the automorphisms of the F[x]—module M (A) are exactly the invertible elements
of the ring End M (A). Therefore t9| AutM (A)=U(Z(A)),ie. 0| is a group
isomorphism (Exercises 2.3, Question 4 (c) ) between the corresponding groups of

invertible elements of these rings.
(c) Each element of the ring F[x]/{g(x)) is uniquely expressible (g(x))+ f(x) where

deg f(x)<degg(x). Also (g(x))+ f(x) is an invertible element of F[x]/{g(x)) if
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and only if gcd{ f(x),g(x)}=1. Therefore in the case of a finite field F' of order ¢
we have (Dq(g(x)) =| U (F[x]/{g(x))) | , i.e. the number of polynomials f(x) over F
with ged{ f(x),g(x)} =1 and deg f(x) <deg g(x) is the order of the multiplicative
group U (F[x]/{g(x))).
For non-zero g(x),h(x)e F[x] with gcd{g(x),h(x)}=1 we have

(8 h(x)) =| U (FLx)/(g (O | =| U FLx}/(g N XU (FLxl/(hx))) | =

| UFIx)/{g o) | x| U(FIx1/(h(x))) | = B, (g (x)) @, (h(x))
showing that Qq has the multiplicative property.
As deg p(x)" =mn there are ¢™" polynomials f(x) over F with

deg f(x) <deg p(x)" as there are g choices for each of the mn coefficients of x'in
f(x) for 0<i<mn. Suppose gcd{ f(x), p(x)"}#1. Then p(x)‘ gcd{f(x), p(x)"}

as p(x) isirreducible over F. So p(x)| f(x) and so f(x)/p(x) is a polynomial of

degree less than mn—m=m(n—1) over F . There are ¢g"™" ™"

m(n—1)

such polynomials over
F and hence there are exactly g
ged{f (x), p(x)"} #1. Therefore @, (p(x)")=g""—q" """ =¢"" (g™ -1).
(d) In each case | End M (A) | =2°=64 as I,A, A% A®,A*, A’ is a basis of the
6 — dimensional vector space Z(A) over Z, and End M (A) = Z(A) by (b) above.
(i) Taking p(x)=x, m=1, n=6, g=2 we have )(A(x)sz and so
D, (x°)=2°-2°=32,ie. |AutM(A)|=2°=32. By (6.29) there are exactly
|GL(Z,)|/|Aut M (A)| =
(2° —1)(2° —2)(2° —22)(2° —2%)(2° —2*)(2° - 2°)/2° = 629959680

matrices over Z, similarto A=C (x%).

polynomials f(x) as above with

(if) Taking p(x)=x*+x+1 which is irreducible over Z,, m=2,n=3, g=2 we
have @,(7,(x))=®,((x* +x+1)’) =277 -27? =48 So |AutM (A)|=48. By
(6.29) there are exactly

|GL((Z,)|/|Aut M (A)| =

(20 —1)(2° —2)(2° —22)(2° —2%)(2° —2*)(2° - 2°)/(2° —2*) = 419973120
matrices over Z, similarto A=C((x* +x+1)’).
(iii) As @,(x*)=2%-2=2 and &,((x* +x+1)*)=2* -2 =12 we see
@, (x> (x* +x+1)*)=2x12=24. So |Aut M (A)|=24 and the number of 6x6
matrices over Z, which are similarto A=C (X2 +x+D?) is

|GLy(Z,) /| AutM (A)| =

(2° —1)(2° —2)(2° —22)(2° —2)(2° —2*)(2° - 2°)/(2° — 2%) = 839946240.
(iv) As xX®+x*=x*(x* +1)=x*(x+1)* over Z, we see

|Aut M (A)| =D, (x° +x*) =D, (x*) D, ((x +1)*) = (2* =2)(2* -2°) =2* =16.

So the number of 6X6 matrices over Z, which are similar to A=C (x®+x%) is
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|GLy(Z,)|/| AutM (A)| =

(2° —1)(2° —2)(2° —2%)(2° —2%)(2° —24)(2° - 2°)/2* =1259919360.
(e) Each of the g scalar matrices al for ae ]Fq belongs to a singleton similarity class
{al}. Let A be anon-scalar 2X2 matrix over F,. Then M (A) is cyclic with
quadratic minimum polynomial #,(x) by Exercises 6.1, Question 6(a). There are g
polynomials £, (x) = (x— a)* giving D, ((x— a)*)=g* —q, and so the similarity class
of A has size (¢° —1)(¢* — q)/(q2 —q)=g*—1 by (6.29) . There are g(q—1)/2
polynomials 4, (x)=(x—a)(x—b), a#b, giving D ,((x—a)(x—b))=(q— 1)? and
so the size of the similarity class of A is (g* —1)(g* — q)/(q —1)2 =(q+1)q. There
remain ¢> —q —¢q(q—1)/2=q(g—1)/2 monic quadratics which are the irreducible
Uy (x) and so D, (U, (X)) = g* —1 and the size of the similarity class of A is
(q* -1)(g* - q)/(q2 —1)=g(g—1). Adding up the number of matrices in 91, (F,)
according to their similarity classes gives

q+q(q* =D+ (qlg=D/2)(g+Dg+(g(g=1)/2)q(¢-)=q+¢’ —q+q¢* ~¢* = ¢

as expected since ‘ fmz(]Fq) ‘ =g"*. There are g—1 scalar matrices al in GL,(F,)
namely those with a #0. The g —1 similarity classes of matrices A with
My(x)=(x— a)*, a#0 are contained in GL,(F,). The (g—D(g— 2)/2 similarity
classes of matrices A with i,(x)=(x—a)(x—b), a#0,b#0, a#b are contained
in GL,(F,). Allthe g(q—1)/2 similarity classes of matrices A with £, (x)
irreducible are contained in GL,(F,) as u,(0)#0. Adding up the number of matrices
in GL,(F,) according to their g*> —1 conjugacy classes gives

q-1+(q-D(g* D +((g—D(g—2)/2)(g+Dg+(q(g—D/2)q(qg -1 =

(4> =1(g" -9)=|GL,(F,)|.

Solution 3
(a) Let e denote the identity element of G . Then (e)@ is the identity mapping 7 of Q.
So x99 = x' =x showing x ~x forall xe Q. Suppose x~ y for x,ye Q. There

()¢

is ge G with x =y. As €:G — S(Q) is a group homomorphism we see

(2)8) "' =(g7")8 and so y(gfl)a =x showing y~x as g"'€ G. Suppose x~ y and
y ~Z where x,y,z€ . There are g,he G with x(89 = y and y(h)a =z. As
(g)8(h)8=(gh)@ we see x(8MF = ()08 _ (x(g)e)(h)g = y(h)g =z showing
x~z asghe G. We conclude that ~ is an equivalence relation on . The
equivalence class of x is

0, ={yeQ:y~x}={ye Q:y=x¥? for ge G} ={x®? . g G}.
We verify that G, is a subgroup of G by showing that G, contains the identity e of
G and G, is closed under multiplication and inversion. As ()8 =1 we see

£(©9 ()0 (o

=x'=x showing e€ G, . Consider g,he G,. Then x =x and x

(Mo _ ()0 (16 (g)9)(h)9 = x (Mo

=X.

As above we see X =(x =x showing ghe G, .
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o) (g7he

Also x89 = x gives x((8 =x and so x =x showing g€ G,. Therefore

G, is asubgroup of G .
To show that the correspondence G, g — PACR unambiguously defined suppose

G.g=G,h for g,he G. Then gh™'e€ G, which means PEL L

L(&0He _ ()0 (o) ()0 _ (o

on applying (h)€ we obtain x showing that

the above correspondence from the set of left cosets of G, to O, is indeed

unambiguously defined. This correspondence is surjective directly from the definition of

(8)¢ _ (W (gh™hHe

O, . This correspondence is injective because x implies x =X

which implies gh™' € G, and hence G, g =G h, on reversing the above steps. So this
correspondence is bijective, completing the proof of the orbit-stabilizer theorem.
In the case of G, having finite index n in G we see | 0, |= n as there are exactly n

distinct left cosets of G, in G . Should G be finite we have n =| G | / | G, | as the n
left cosets each consist of |Gx| elements and they partition G . So | G | / | G, |=| 0, | .
Suppose @ to be trivial. Then O, = {x(g)g :geGl={x':geG}={x:ge G}={x}
and G, ={geG:x®9 =x}={geG:x'=x}={ge G:x=x}=G.
Suppose G =S(L) andlet :S5(Q) — S(Q) be the identity mapping. Then
O, ={x(g)6 g€ S(Q)}={x%:g€ S(Q)}. Taking g =1, the identity mapping of Q,
gives xe O,. For ye Q with y#x let g denote the bijection of € which
interchanges x and y and fixes all other elements, i.e. x& =y, y§ =x, z% =z forall
z€ Q with z#x,z#y. As x¥ =y we see ye O,.. Therefore O, =Q. Suppose
Q={x}. Then G, =G is trivial. So suppose Q # {x} and write
Q. ={yeQ:y#x}. Then G, ={ge S(Q):x® =x}=S(Q,), i.e. the bijections of
€ which fix x correspond (by restriction) to the bijections of €2, .
(b)Is (X O:Q — Q the inverse of (X)@:Q — Q7 If so then (X )@ is a bijection
as only bijections have inverses. As (X ') =X we have
AXTHeX)e :(A(x—l)a)(xw —(XAX )X = x1(XAX )X = (X 'X)AX'A) = A
forall Ae Q. So (X )@(X)&=1 the identity mapping of Q. Interchanging X and
X" gives (X)O(X HO=1. So (X ")@ is the (two-sided) inverse of (X )@ which is
therefore bijective. So (X)8e S(Q) for X e G. For A€ Q and X,Y € G we have
A — (XYY AXY) =Y ' X TAXY =Y (X TAX)Y =
(X—IAX)(Y)0 — (A(X)H)(Y)H — (A)(X)H(Y)H
showing (XY)0=(X)0(Y)0,i.e. 8:G — S(Q) is a permutation representation of G
on Q. By (5.4) the similarity class of A is
(XAX':XeG)=({X"AX: X '€ G)=(X"'AX: X e G}={A"? . X e G}=0,.
So O, is equal to the similarity class of A. Now
G,={XeG:AM? =A)=(XeG:X"AX = A} =
{(XeG:AX =XA}l={XeG:XeZ(A)}=GNZ(A)
by (6.28). The invertible elements of the ring Z(A) are precisely the matrices in
GNZ(A),ie. GNZ(A)=U(Z(A)). Soyes G, =U(Z(A)).
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Solution 4
(@) Let u,ve M and ¥'€ R. As & and [ are additive we have

w+vya=w)a+ W) and (u+v)B=w)F+W)B. As (M’,+) is commutative
w+v)a+ B =w+via+w+v)f=wa+w)a+w)+W)S=
wa+w)f+Wa+)B=w)a+ ) +)a+p)

and so &+ f3 is additive. As @ and [ are R—linear and M is an R —module we

obtain

)@+ p)=va+v)S=r(ma)+r' (B =r((Ma+mp) =r(v)a+p))
and so @+ f is R—linear. Treating ra:M — M’ in the same way:

(u+v)(ra)=r((u+v)o)=r((wa+)a)=r(wa)+r(via)=w)(ra)+v)(ra),

(rv)(ray=r((rv)a)=rr'(vVe) =rr((v)a) =r(v)(ra))
using the commutativity of R and the fact that M’ is an R —module. Therefore ro is
R —linear.
Consider e Hom(M ,M"). We show —a€ Hom(M ,M’) where (v)(—a) =—(v)&
for all ve M . For u,ve M and r"'e€ R we have
u+v)(—a)=—(u+via=—(uw)a+v)o)=—u)a—(v)o=(u)(—a)+ (v)(—x) and
(V) (—a)=—(rvia=—r'(va=r(-(v)a)=r'((v)(—a)) showing that —¢ is
R —linear, i.e. —€ Hom(M ,M"). As the zero mapping 0: M — M’ (which maps all
elements of M to the zero element of M) isin Hom(M ,M’) we see that
Hom(M , M) is an additive group, being a subgroup of the additive group of
Hom((M ,+),(M’,+)) by Exercises 3.3, Question 6(a).
We show that laws 5,6,7 of an R —module, stated before (2.19), hold in
Hom(M,M’). Consider &, f€ Hom(M ,M’) and r,r,,r,€ R. Then
r(a+ pB)=ra+rf aslaw5 holdsin M’ and so
W(r(a+ B) =r((v)(a+ p)=r((va+)p) =
r(Ma)+r((v)B)=W)ra)+)(rf)=W)(ra+rp)
for all ve M .
Also (1, + )X =rna+ra as
W+ 1)) = (1 +1)(D@) = 1 (N@) + 1,(VE) = V(@) + (@) = V) (rE+ 1)
for all ve M . Therefore law 5 holds in Hom(M ,M").
Now (rr,)ax=r(r,) as forall ve M we have
(1)) = (7)) = (15 (V@) = K (V1)) = V(7 (1)
on using law 6 in M. So law 6 holds in Hom(M ,M’). Finally law 7 holds in
Hom(M ,M’) as la =« since (v)(1a)=1(v)ax=(v)a onusinglaw7 in M". We
conclude that Hom(M , M) is an R —module.
(b)Let 7, : M, - M, ® M, be defined by (v,)1, =(v;,0) forall v,e M,. Also
letz, :M, — M, ® M, be defined by (v,)7, =(0,v,) forall v,e M,. Then {; and 1,
are injective and R —linear. For &€ Hom (M, ® M,,M’) write (@)0 = (1,2,1,) .
As 1;a€ Hom(M;,M’) for j=1,2, we see
6:Hom(M,®M,,M")—Hom(M,,M")®Hom(M,,M).
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From Exercises 3.3, Question 6(b) we see that € is an isomorphism of additive groups.
We show 8 is R —linear. Consider &€ Hom (M, ® M,,M’) and re R. By (a)

above
rae Hom(M, ®M,,M’) and so (ra)0 =(1,(ra),1,(rex)).

As (v)( (ra)) =(v,0)(ra) =r((v,0)) = r((v)),&0) = (v )(r (&) forall vie M,
we see [, (ra)=r(a) . Also ,(ra)=r(1,&) and so
(ra)d=(r(qa),r(L,a) =ro,L0) =r(x)0)

showing that @ is R —linear. Therefore

6:Hom(M,®M,,M")=Hom(M,,M")®Hom(M,,M").
Let 7,:M @M, —> M/ and 7, : M| ® M’ — M, be the projections defined by
(v[,vy)m, =v; and (v;,v5)7x, =V, forall (v/,v;)€ M;@® M. Then 7, and 7, are
surjective R —linear mappings. For &€ Hom (M ,M|@® M) write
()p=(ar,or,). As ar; e Hom(G,G;-) for j=1,2 we see

@:Hom (M, M, ®M;)— Hom(M,M)®Hom(M,M)).
From Exercises 3.3, Question 6(b) we see that ¢ is an isomorphism of additive groups.
We show that ¢ is R —linear. Consider € Hom(M ,M;@® M) and r€ R. By (a)
above ra€ Hom(M ,M|® M) and so (ra)¢ =((ra)x,,(ra)z,). As

r@)m) =()raNT, = (HWa)T, = r(V)am) = (V)(ram)
for all ve M we have (ra)7z, =r(az,) and in the same way (r&)x, =r(0r,). So
(ra)yp=((ra)x,,(ra)r,) = (r(ar,),r(ar,)) =r(ar,,ar,) = r((&)p)
showing that @ is R —linear. Therefore
@:Hom(M ,M/® M) =Hom(M,M)®Hom(M,M}).

(¢) Consider f€ Hom(M,M’). Thereis f(x)e F[x] with (v))fB= f(x)v}. As
0=(0)B=(dy(x)vy) B=d,(x)((vy) B)=d,(x) f (x)V, we obtain d, (x)| dy(x)f(x)
by (5.11) . Conversely suppose f(x)e F[x] satisfies d; (x)| dy(x)f(x). We show
that there is f€ Hom(M ,M") with (v,)B = f(x)v,. For ve M write
W) B = f(x)g(x)v, where v=g(x)v,. This definition of (v)/ is unambiguous as
v=h(x)v, gives g(x)=h(x)(mod dy(x)) andso f(x)g(x)= f(x)h(x)(mod d(x)),
ie. f(x)g(x)vy = f(X)R(x)V,. With v, = g,(x)v,, v, = g,(x)v, we have

v, B=((8(X) + 8,(X)ve) f= f(x)(g,(x) + g, (x)vy =

F02 00V + (X)X = (1) B+ (,) B
and (k(x)v) S = (k(x)g(x)vy) B = f(0k(x)g(x)vy =k(x) f(x)g(x)vy =k(x)() B)
for k(x)e F[x]. Therefore f€ Hom(M,M") and (v,)f = f(x)v, on taking
g(x)=1(x).
Suppose d,(x)=d,(x) =0(x). The condition d, (x)| d,(x) f (x) is satisfied by all
f(x)e F[x]. The mapping  — f(x) is an isomorphism Hom(M ,M ") = F[x] and
B, where S, = 1(x) , generates Hom(M ,M") as 8= f(x)[3,. Further 3, has order
0(x) =gcd{0(x),0(x)} in Hom(M ,M").
Suppose d,(x) =0(x) but d;(x)#0(x). Then again the condition d (x)| dy(x)f(x)
is satisfied by all f(x)e€ F[x]. The mapping S — (d;(x))+ f(x) is an isomorphism
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Hom(M ,M’) = F[x]/{d;(x)). Then B, specified by (v,)[, =V, generates
Hom(M,M’) and has order d,(x)=gcd{0(x),dy(x)} in Hom(M ,M").
Suppose d,(x) # 0(x) but dj(x)=0(x). In this case the condition d (x)| dy(x) f(x)
is satisfied by f(x)=0(x) only. In this case Hom(M ,M’) is trivial.
Suppose d,(x) #0(x), dj(x)#0(x). In this case
dj(x)| dy(x) f (x) = (dg(x)/ged{dy(x),dg(X)D)] f(x) .
The mapping f3,, where (v,) S, =(d;(x)/ged{d,(x),d,(x)})v,, generates
Hom(M ,M’) and has the same order in Hom(M ,M") as
dy(x)/ged{d,(x),d;(x)}vy hasin M’ namely ged{d,(x),d,(x)}.
(d M=N®N,®...®N, where N, is a cyclic submodule of M being generated
by v; of order d;(x) in M for 1<i<s. Inthe same way M =N, ® N, ®...® N/
where N ; is a cyclic submodule of M~ being generated by v, of order d;- (x) in M’
for 1< j<t. The condition d;(x)# 0(x) means that M is a torsion module, i.e.
M =T (M) using the notation of Exercises 3.1, Question 8(a) . In the same way
d/(x)#0(x) gives M"=T(M"). Using induction and (b) above we obtain the
decomposition
st
Hom(M ,M") = ;;@Hom(Ni,Nj) .
From (c) above Hom(N;, N ;) is a cyclic F[x]— module with generator of order
ng{di(x),d} (x)} and so Hom(Ni,N;.) is a vector space of dimension
deg(ged{d;(x),d;(x)}) over F by (5.24) for 1<i<s,1< j<t. Comparing
dimensions gives
S t S t

dim(Hom(M ,M ")) = ;;dim(Hom(N,.,N;)) = ;;deg(gcd{di(x),d}(x)}).
The necessary and sufficient condition is: gcd{d, (x),d;. (x)} #1(x) for at most one pair
i, j. Suppose this condition is satisfied. Then at most one of the summands
Hom(Nl.,N;-) is non-trivial by (c) above. As ng{di(x),d;- (x)}| ged{d,(x),d/(x)}
for 1<i<s,1< j<t we see Hom(M,M") = Hom(N,, N;) which is cyclic.
Conversely suppose Hom(M ,M ") to be cyclic. Then Hom(M ,M ") has at most one
invariant factor. Either Hom(M ,M") is trivial, and so gcd{dl-(x),d;. (x)}=1(x) forall
pairs i, j, or Hom(M ,M’) is non-trivial with single invariant factor
gcd{d,(x),d/(x)}. So Hom(M,M") has dimension deg(gcd{d,(x),d/(x)}) and
deg(gcd{di(x),d;- (x)})=0 for (i, j) # (s,t) on comparing dimensions. Therefore
Hom(M ,M’) cyclic implies gcd{d, (x),d;. (x)} #1(x) for at most one pair i, j.

Solution 5
(a) Suppose B€ Hom((M (A),M (A’)). Then (xe;)B=x((e,)) for 1Si<m. As
e;€ M(A) and ¢,;Be M (A") we obtain

e;AB=(¢;A) = (xe;)f=x((¢;) ) =x(e;B)=¢,BA” for 1<i<m.
So AB =BA’ as the rows of these mXn matrices over F are equal showing that B
intertwines A and A”.
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Conversely suppose B intertwines A and A”,i.e. AB=BA". As f:F" - F" is
F —linear, we use the second part of (5.15) to show that f: M (A) — M (A') is
F[x]—linear. Consider ve M (A). As (v)=vB isin M (A") we obtain
(xv)f=(WA)B=v(AB)=vBA’=(vB)A" = x(vB) = x((v) ) for all ve M (A). By
(5.15) with 8 in place of 8 we conclude that §:M (A) — M (A") is F[x]— linear.
(b)

b, b, b 1
Let B=| "' ' "B Then C(x*)B= 0 B= by by by and
by, by by 00 0O 0 O

010
0 b
BC(x*)=B|0 0 1 :[ t 12}.
O O O O bZl b22

0 b, b
Comparing entries we see C(x*)B=BC(x’) if and only if B =( 12 13} .

0 0 b,

010 0 01
Consider B, 2( ] . Then x/f3, is determined by xB, =C (X2)30 2( J .

0 01 0 0O
So B=b,B, +b;;xB, showing that each f€ Hom(M (C(x*)),M (C(x*))) canbe
expressed B=(b, +b;;x)[,, ie. the F[x]—module Hom(M (C(x*)),M (C(x*))) is
generated by f3,. As x’B,=0 we see x*f, =0 and so S, has order x* as f3,,x/3,
are F —independent. Both M (C(x?)) and Hom(M (C(x*)),M (C(x*))) are cyclic

with generator of order x* and so these F[x]— modules are isomorphic.

by b, by by, 0 b,
Now let B=|b,, b,, |. Then C(x’)B=|b,, by, | and BC(x*)=|0 b,, |.
by, b, 0 O 0 by
b, b,
Comparing entries gives C(x’)B=BC(x”) ifand only if B=| 0 b,, |. Consider
0 O
10 01
B,={0 1|. Then xB, ZBOC(x2)= 0 O] andso B=(b, +b,,x)B,. Therefore
00 00

the linear mapping /3, determined by B, generates the F[x]— module
Hom(M (C(x*)),M (C(x?))). As f3,,xf3, are F —independent and x>/, =0 we see
that /3, has order x*. Asthe F[x]—module M (C(x?)) is cyclic with generator e of
order x° it is not isomorphic to the F[x]— module Hom(M (C(x*)),M (C(x?))).
(¢) The 1xn vector e has order d’(x) in M(A’) by (5.26) as A"=C(d’(x)). Write
fx)=d’(x)/ged{d(x),d (x)}. Then ged{f(x),d'(x)}= f(x) as f(x)|d’(x) and
s0 uy = f(x)e] has order

d'(x)/ged{f(x),d" ()} =d"(x)] f (x) = ged{d(x),d (x)}
by (5.23).
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By =x'uy=x"uyA’=e,B,A". Let
d(x)=c,+cx+...+c, X"+ x™. By (5.26) we know ¢, has order d(x) in
M(A) as A=C(d(x)). So

e, AB,=—(c,e, +ce, +...+c,_e,)B,=

For 1<i<m we have ¢,AB,=e

m—1 _.m,, _ .m-l ’_ ’
—(cy+ex+...+cp X" Duy =x"uy, =x"u,A"=e, B,A

since d(x)u, =0 as gcd{d (x),d'(x)}| d(x). Therefore AB,=B,A" as these mxn
matrices have equal rows, i.e. B, intertwines A and A’.

For 1<i<r we have

e.By=x"(by+bx+...+b,_, X" +x"")el=
’ 4 4 ’
bOei + blei+1 +...+ bn—r—lei+n—r—1 + bn—rei+n—r

as x/7! e = e;. for 1< j<n since A’ is a companion matrix.
For r <i<m we show that rowi of B, is a certain linear combination of the preceding

r rows of By. Infact (a,+ax+...+a,_x" " +x")u, = gcd{d(x),d"(x)}u, =0.

i—r—1

Multiplying this equation by x and rearranging gives

_ -1 _ i—r—1 i—r i—2 _
eBy=x"uy=—(ayx""" +ax"" +...+a,_x"u,=
B,+...+a,_e_B,).

The first r rows of B0 are the vectors of the basis B

—(ape;_, By +ae;_,,

u, asin (5.24) and so are linearly
independent over F'. By the above equation the remaining rows of B, are linear
combinations of the first 7 rows of B,. Therefore rank B, =r .

As B, intertwines A and A’, by (a) above f,€ Hom(M (A),M (A")). As

(e)) B, =¢e,B, =u, =(dy(x)/ged{d,(x),d;(x)})e, , taking v, =¢,,v, =€ in Qu. 4 (c)
above we see that 3, generates Hom(M (A),M (A")) .

(i) In the case d'(x)| d(x) we see ged{d(x),d’(x)}=d’(x) and so
d’(x)/ged{d(x),d’(x)}=1. So u,=1xe/ =¢, and r=n=degd’(x) <m. Therefore
e.B,=¢ for 1<i<n and ¢,B,=e,(A)™" for n<i<m.

(ii) In the case d(x)| d’(x) we see ged{d(x),d’(x)} =d(x) and so
r=m=degd(x)<n. Therefore all the rows of B, are given by the above formula
e;B,=be. +be, +...+b, €. . +b,_.e, , for1<i<m.

(iii) In the case gcd{d(x),d’(x)}=1 we have r=0 and u,=d’(x)e;=0. So B,=0
showing that the only matrix which intertwines C(d(x)) and C(d’(x)) is the zero
mXn matrix.

(d) The Xt matrix CB is partitioned, in the same way as B, into

degd,;(x)xdegd ;(x) submatrices C(d;(x))B;; for 1<i, j<s. Also the Xt matrix

BC is partitioned, in the same way as B, into degd,(x)xdegd j (x) submatrices
BijC(dj (x)) for 1<i,j<s. Therefore

BeZ(C) = CB=BC < C(d;(x))B;; =B;; C(d ;(x)) forall I<i,j<s.
So Be Z(C) if and only if B; ; intertwines C(d;(x)) and C(dj (x)) forall 1<i,j<s.
By (c) above there is a degd; (x)xdegd ;(x) matrix (B;;), such that
B;; = fi j(x)(Bl. j)O where f; j(x) is a polynomial of degree less than
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deg ng{di(x),dj (x)} over F forall 1<i,j<s. Therefore the F[x]—module

End M (C) is the direct sum of s> cyclic submodules M, ; generated by ( B o

determined by (Bij)o for 1<i,j<s.

(e) Let both C=C(d,(x)) @ C(d,(x))®...®C(d;(x)) and

C'=Cd/(x)®Cd;(x)®...® C(d;,(x)) be in rcf over a field F . Write

t= Zs:deg d:(x) and t'= ideg d;. (x). Partition an arbitrary #X¢" matrix B over F
i=1 7=

into ss” submatrices B, jie

| Lo
B\ By i By
-t
| | |
B, | B,, P B,y
B: N R R
| . [
FoigtT
By, :Bsz P Py

where each Bij isa deg di(x)xdegdj (x) submatrix of B for 1<i<s,1< j<s".
Then CB is partitioned in the same way by the degd; (x)xdegd ;(x) submatrices
C(d;(x)) Bl-j and BC’ is partitioned in the same way by the degd, (x)xdeg dj (x)
submatrices B, j C(d;- (x)) for 1<i<s,1< j<s". Comparing these submatrices we see
that B intertwines C and C’,ie. CB=BC’,if and only if

C(d;(x)) B;; =BijC(d;-(x)) for 1<i<s,1<j <y .
Suppose B, ; intertwines C(d;(x)) and C(d;- (x)) . By (c) above there is a
deg di(x)Xdegd;. (x) matrix (B;;), suchthat B;; = f; ;(x)(B;;), where f;;(x) isa
polynomial of degree less than deg ng{di(x),d;- (x)} over F . The matrices B which
intertwine C and C’ are the elements of an F[x]— module isomorphic to
Hom(M (C),M (C”)) which is the direct sum of ss” cyclic modules M, ; for
1<i<s,1<j<s" where M ; has generator of order gcd{dl-(x),d;- (x)} and
F —dimension deg gcd{dl-(x),d;- (x)}.
Suppose CB=BC’. Substituting C = XAX ' and C'= XA (X')"" gives
A(X'BX")=(X"'BX’)A” which says that X 'BX’ intertwines A and A”. The steps
in the foregoing theory can be reversed to show that every matrix which intertwines A
and A’ is of the form X "'BX” where B intertwines C and C’.

There is an invertible B over F with CB=BC’,i.e. C ~C’,if and only if C =C" as
the rcf is unique by (6.7) .

®) (i) Let d(x)=(x+1)(x* +1),d’(x)=(x+1)* and so ged{d(x),d (x)}=x+1,
d’(x)/gcd{d(x),d’(x)}=(x+1)* with F =Q. Using (c) above
Uy, =(x+ 1)261' =(1,2,1) has order x+1 in M (A’) and
u, 1 2 1
By=| u,A" |=|-1 -2 -1
u,(A')? 1 2 -1

intertwines A and A”. In this case B, is a Q— basis of the 1— dimensional space of
matrices B with AB=BA’. Onreplacing Q by Z, we see d(x)=d’(x) and so
d’(x)/ged{d(x),d’(x)}=1. So u,=¢| has order (x+1)’ in M (A") and
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u, e
By=| u,A" |=|é|=1.
u,(A)? e;
In this case B, B,A",B,(A")*,i.e. I,A’,(A’)* isa Z, —basis of the 3 — dimensional
space of matrices B with AB=BA’.
(ii) Let d(x)=(x+1(x*+1),d"(x)=(x* +1)* and so ged{d(x),d (x)}=x*+1,
d’(x)/gcd{d(x),d’(x)}=x*+1 with F =Q. Using (c) above
U, = (x* +1)ef =(1,0,1,0) has order x*+1 in M(A’) and

U, 1 010 u,A’ 0 1 0 1
By=| uyA” |={ 0 1 0 1/|. Then BA'=|u,(A)*|=|-1 0 -1 0
uy(A)*) (-1 0 -1 0 uy(AY) (0 -1 0 -1

and B,,B,A” is a Q— basis of the 2 —dimensional space of matrices B with

AB=BA’. Onreplacing Q by Z, we obtain
dx)=(x+1D,d'(x)=(x+D*=x*+1

and d’(x)/ged{d(x),d’(x)}=d'(x)/d(x)=x+1. So u, =(x+1)e; =(1,1,0,0) has

1 100 0110
order (x+1)’ in M (A”) and B,=|0 1 1 O|. Then B,A’={0 0 1 1|and
0011 1 001
0011
B,(A)*=|1 0 0 1|. Inthiscase B,,B,A",B,(A")* isa Z, — basis of the
1 100

3 — dimensional space of matrices B with AB=BA’".

(iii) Write A=C(d,(x)) ® C(d,(x)) and A"=C(d/(x))® C(d;(x)). Partition a
B
typical 3X4 matrix B intertwining A and A" as B= (—leL——ng where

B,,,B,,,B,,,B,, are 1x1,1x3,2x1,2x3 submatrices respectively. Using (c) and (d)

above
, t 1
Budo =), Bah={(+be)=(1 0 1)’(B”)O:(efc&n)}[—lj o
24+ 1)el 1 0 1
(BZZ)OZ()E(szil))e;I’J:(—l 0 J. The four matrices

By 1 0 (0} By | (0 1010 O
0 T0)(07 0 (B 0)(0] B, )

110 0 0) (011 0 1) (010 0 0) (010 0 0
__________________ 9.9 9

010 0 0/,]010 0 0|, 110 0 0,[011 0 I
0i0 0 0)(0f0o 0 0) \-1{0 0 0) (0j-1 0 -1

form a Q — basis of the 4 —dimensional space of matrices B with AB=BA’.

1.e.
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On replacing Q by Z, we obtain d;(x)=(x+1)>. The matrices (B,,), =(1),
, el 1 .

(By)y=((x+ 1)261) =(1,0,1) and (B,)), = [el’C()lC+ l)j = [1J are essentially
unchanged. However ged{d, (x),d,(x)}= (x+1)* and so

(x+1e; 110 3 x(x+1)e/ 011

By)y = = d (By),C((x+1)")= =
(Brzy (x(x+l)el' 0 1 1)2 Bl COHDI= b g7l 1 0
form a Z, —basis of the 2 —dimensional vector space of all matrices intertwining
C((x+1?) and C((x+1)*). So the five matrices
110 0 0) (01 0 1) (0!0 O O) (0!0 O O) (0!0 O O

0;0 0 0){0j0 O O 1,0 0 0) {0j0 1 1 0110
form a Z, — basis of the 5 — dimensional vector space of all matrices intertwining A
and A”.

Solution 6
(a) Here d,(x)=x,d,(x)=x*,d;(x)=x". So B(x) satisfies the endomorphism
condition (6.31) if and only if

d,(x)/d, (x)‘ b, (%), dy(x)/d, (%) b3 (x) . dy(x)/dy ()| by (x) . As dy(x)/dy(x)=1
and 1| b,;(x) for all by;(x)e F[x], the last division is automatically satisfied leaving
x| by (), x| by ().
Let B(x)=(b;;(x)) and B'(x)=(b! (%)) be 3x3 matrices over F satisfying

e.crel. M(A). Then x

b, (x), x‘ by(x), x

b, (x), x

bl5(x). So x| (b, (x)+b],(x))

and x| (b;3(x)+b{5(x)) showing that B(x)+ B'(x) satisfies e.c.rel. M (A).

The (1,2) —entry in B(x)B’(x) is by, (x)b/,(x) + b, (x)b3, (x) + by5(x)b;, (x) which is
divisible by x as each term is divisible by x. In the same way the (1,3) —entry in
B(x)B’(x) is b, (x)b{5(x)+b,,(x)Dy;(x) +b,;(x)b;;(x) is divisible by x. Therefore
B(x)B’(x) satisfies e.c.rel. M (A). As —B(x) and the 3X3 zero matrix over F[x]
satisfy e.c.rel. M (A) we see that R, is a subgroup of the additive group of I;(F).
As the 3X3 identity matrix over F'[x] satisfies e.c.rel. M (A) we conclude that R, is a
subring of EITZS(F[X]) by Exercises 2.3, Question 3(b).

Yes, KC R, as x? b, ;(x) for j=2,3 and so x‘blj(x) for j=2,3,i.e. all matrices

in K satisfy e.c.rel. M (A).

It is straightforward to verify that K is an additive subgroup of both the additive group
of R, and the additive group of I ,(F[x]). Consider A(x)=(g;;(x))€ M, (F[x])

and B(x)z(bij(x))e K. As dk(x)‘bjk (x) for 1< j,k <3 we see

d, (x)‘(a“ (X)b,;, (x) + a;, (x)b,, (x) + a;5(x)by, (x)) for 1<i, k<3
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which shows A(x)B(x)e K. However B(x)=diag(x,0,0)e K and

010 0 x O
A(x)={0 0 0|eIM,(F[x]). But B(x)A(x)=|0 0 0|¢ K andso K isnotan
0 0O 0 0O

ideal of 9, (F[x]), i.e, K isnota 2—sided ideal of M ,(F[x]) as defined in
Exercises 2.3, Question 3(a). Suppose A(x)= (aij(x))e R, . The (i,k)—entry in
B(x)A(x) is c;, (x) =b, (x)a,, (x)+b;,(x)a,, (x)+b;(x)a,, (x) for 1<i,k<3. As

x‘bij(x) for 1< j <3 we obtain x‘cil(x) for I<i<3. As x|b;(x), and x| q,;(x),

xz‘bij(x) for 2< j <3 we obtain xz‘cij(x) for 1<i<3, 2< j<3. Therefore
B(x)A(x)€ K and so K is anideal of R, .
The reduced matrices in R, are of the type
a, ap X a;3X
A(X)=| ay, Apx+ay, apx+ay,
a3 AypX+dy,  apxtag
where a;; € Z, for 1<i,j<3 and ai’je Z, for 2<i, j<3. The number of reduced

29+4

matrices is therefore =2". Each element of R " / K contains a unique reduced

matrix by (6.32) and (6.33) and so ‘RA/K ‘ =2 Each element of U(RA/K)

. . . . . _ _ .5
contains a unique reduced and invertible matrix. As ¥, (x) =d,(x)d,(x)d;(x) =x" we
can use (6.35):
a, a,,x a;3x a, 0 O
’ 7 | _ ’ ’
detA(x)=|a,, apx+a, a,x+a5|=|a, a, a;|(mod(x))
’ ’ ’ ’
Ay ApX+ay apX+day| |4y 4 Ay
’ ’
Ay Gy
’ ’

and so det A(x) and ¥ ,(x) are coprime if and only if a;, #0 and #0. For

Uz ds
A(x) to be invertible there is only one ‘choice’ for g,,, two choices for each of the 8

7 ’

a, a
remaining ¢, ; and |GL2 (Zz)|=6 choices for ( 2 23}. Therefore

’

Gz Ay
‘ UR,/K) ‘ =1x2%x6=1536. Restricting the ring isomorphism
@:R,/K = End M (A) of (6.33) to U(R,/K) gives a group isomorphism
U(R,/K) = Aut M (A) and so | Aut M (A)|=1536. By (6.29) the size of the

similarity class of A is

|GLs(Z,) |/| Aut M (A)|=31x30%x28%24x16/1536 =31x30x7=6510.
(b) (i) Let B(x)=(b, j (x)) belong to the ring R, . Multiplying
d;(x) bij(x) =0 (mod dj (x)) by —1 gives d;(x)( —bij(x)) =0 (mod dj (x)) for
1<i, j<s. Therefore —B(x)€ R, ,i.e. R, is closed under negation.
(i1) As d;(x)0(x)=0 (mod dj (x)) for 1<i, j<s the zero matrix of I (F[x]) isin
R, . As d;(x) 0(x)=0(mod d;(x)) for I<i,j<s,i# j and
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d;(x)1(x)=0(mod d;(x)) for I<i<s we see that the identity matrix of I, (F[x])
isin R,. So R, is a subring of 91 (F[x]) which completes the proof of (6.32).
(¢) Let B(x)= (bij(x)) belong to the ring R, and suppose v,we M (A). For 1<i<ys

N N
there are f;(x),g;(x)€ F[x] with v=>"f(x)v;, w=_g;(x)v; and so
i=1 i=l

S
v+w= Z(fi(x) + g,;(x))v; as module law 5 holdsin M (A). As
i=1

Wmp= ZY: [i()b; ;(x)v; and (W)= ZY: 8;(x)b; ;(x)v;, on adding and using the

i, j=1 i,j=1

module laws (v) S+ (w)f = i (f;(0)+g; ()b, ;(x)v; =(v+ w) 8 which shows [ to

i,j=l1

be additive. For f(x)e€ F[x] we have f(x)v= Zs:f(x)fi(x)vi and so
=

(fxw)p= i fX)f;(0b; ;(x)v; = f(x)((v)B) as the module laws are obeyed by

i,j=l1
M(A). So B is F[x]—linear, i.e. f€ End M(A). For 1<i<s on taking

f;(x)=1(x), fj (x)=0(x) for j#i we obtain v; = ifi(x)vi and
i=1

i,j=1

)= ZY: Ji(x)b; ;(x)v; =ibij(x)vj showing B(x) represents £ asin (6.30).
=

Solution 7
(a) The invariant factor sequences of non-invertible 3X3 matrices A over Z, are

(X, 2%,%),(x,x%), (x, x(x + 1)), (x + 1, x(x +1)),(x), (x> + x*),(x> + x),(x’ + x* + x) as
x‘ X4 (x). The corresponding orders |Aut(M (A))| are 168,8,6,6,4,2,2,3 using
(6.36), (6.37), (6.38) in the first 4 cases and (6.27) in the last 4 cases with
D, () =4, Dy (X° +x*) =D, (X’ (x+1) =D, (x*) D, (x +1) =2X1=2,
D, (X +x) =D, (x(x+1)*) =D, (x) D, ((x+1)*) =1x2=2,
@2()63 +x%4x) =q52()c()c2 +x+1))=D,(x) q52()c2 +x+1)=1x3=3.
By (6.29) the numbers of matrices in the 8 similarity classes are
168/168 =1, 168/8 =21,168/6=28,168/6 =28,
168/4=42,168/2=84,168/2=84,168/3 =56.

As 1+21+28+28+42+84+84 +56 =344 all non-invertible 3X3 matrices over
Z , are accounted for.

(b) Using (4.8)(ii) the 8 monic irreducible polynomials of degree 3 over Z, are
XC=x+L X —x-LX+x* -1, -+, X+ +x—1,
CHxt—x+L - +x+L, - —x-1

as none of these have a zero in Z.

There are 12 invariant factor sequences of non-cyclic similarity classes (those with more
than one invariant factor) namely
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(x,x,x),(x=1L,x=Lx=1),(x+1L,x+1Lx+1),(x,x*),(x=1L(x=1)?),
(x+1,(x+D?),(x, x(x=D),(x,x(x +1),(x=1), x(x = 1)),
(x—-L(x+D(x-1D),(x+Lx(x+1),(x+1L(x+1)(x—-1)).

The corresponding values of | Aut M (A)| are

| GL,(Z,)|=26%24x18=11232 (3 times) ,2x2x3’ =108 (3 times),
|GL,(Z.,)|%| GL,(Z,)|=48x2=96 (6 times)

and the corresponding sizes of the similarity classes are
1 (3 times),11232/108 =104 (3 times),11232/96=117 (6 times).

There are 3° =27 cyclic similarity classes corresponding to the 27 monic cubics over
Zy. These 27 cubics y,(x) factorise

(x—a)® (3 of these), (x—a)*(x—b),a#b (6 of these), x(x —1)(x+1),
(x—a)x (monic irreducible quadratic over Z,) (9 of these),
monic irreducible cubic over Z, (8 of these).
The corresponding values of @;(x,(x)) = | Aut M (A) | are
27-9=18 (3 times), (9—3)x2=12 (6 times), 2x2x2=8 (once),
2%| GL,(F,)|=2x8=16 (9 times), | GL,(F,;)| =26 (8 times)
and the corresponding sizes of the similarity classes are
11232/18 =624 (3 times), 11232/12=936 (6 times), 11232/8 =1404 (once),
11232/16=702 (9 times), 11232/26 =432 (8 times).
The number of matrices belonging to the union of these similarity classes is

3x14+3%x104+6X117 +3x624+6x936+1x1404 +9x 702 +8x 432 =19683 =3’

and so all matrices in 91,(Z,) are accounted for.

Selecting similarity classes with ged{x, ¥ ,(x)}=1, i.e. the conjugacy classes of

GL,(Z) , and counting up gives
2X14+2x104+2X117+2%624+2x936+6%x702+8%x432=1 1232=| GL3(Z3)| .

So GL,(Z,) has 2 conjugacy classes with one matrix, 2 conjugacy classes with 104

matrices,..., 8 conjugacy classes with 432 matrices.
The matrix C =C(x* —x+1) has detC =—1. From Exercises 4.1, Question 3(c) we

deduce that x* —x+1 , being irreducible over Z, is a divisor of x'—=x. So
C*—-C=0as C*'-~C+1=0 by (5.26) giving C**=1. Now 26=2x13. But
C?#1 as x’ —x+1 is the minimum polynomial of C and C'* # I as (comparing
determinants) (—1)"* #1. Therefore C has multiplicative order 26. As x* —x+1 is

not a divisor of x or x> —1 (if sothen C"* =1) but (x° —x+1)‘ x(x” =1)(x"” +1) we
conclude (x* —x+ 1)‘ (x'*41). For the same reason all 4 monic irreducible
polynomials over Z, with constant term 1 are divisors of x° +1, i.e.

R HI=x+ D x4+ DX =X+ D+ —x+ D = x*+x+1)
is the irreducible factorisation of x> +1 over Z 5. Replacing x by —x and changing

the sign of each factor gives
R =-l=x-DXP+x-D* + X2 =D+ +x-D(x* —x*—x-1).
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So all 4 monic irreducible polynomials over Z, with constant term —1 are divisors of

x"? —1. So the companion matrices of these 4 polynomials have determinant 1 and
multiplicative order 13. The matrices

I,C(x-1D)@C(x=1)*),C(x+1)®C((x—1)(x+1)),C((x=1)*),C((x=D(x+1)?),
C((x=D(x* +1)),C((x+D(x* + x—1)),C((x + D(x* —x—1))
in rcf all have determinant 1 and multiplicative orders 1,3,2,3,6,4,8,8 respectively.
These 8 matrices together with the above companion matrices, i.e.
CxXP+x=D,C(x*+x*=1),C(xX* +x* +x-1),C(x’ =x* —=x-1),
represent the 12 similarity classes of matrices contained in SL,(Z,) . Therefore
SL,(Zy) does not contain an element of multiplicative order 26.
(c) We refine the study of similarity classes of matrices A in 91,(F, ) carried out in
Exercises 6.1, Question 7(a) . There are g classes with invariant factor sequence
(x—a,x—a,x—a), q classes with invariant factor sequence (x—a,(x—a)*), and
q(q—1) classes with invariant factor sequence (x—a,(x—a)(x—D)) where a,be F,,
a#b. The remaining g° cyclic classes have a single cubic invariant factor:
(x—a)’ (g of these), (x—a)*(x—b) (q(g—1) of these), (x—a)(x—b)(x—c)
(q(g—D(g—2)/6 of these), (x—a)p,(x) where p,(x) is a monic irreducible
quadratic over F, (¢xq(q -1/2=¢%(qg— 1)/2 of these), p,(x) where p;(x) isa
monic irreducible cubic over ]Fq ((g+1g(g—1)/3 of these), where a,b,c are distinct

elements of IFq.

The corresponding values of |Aut M (A)| are

|GL,(F,)|= (" =@’ ~9)(q" =) (g of these) by (6.36).

(g—1*q’ (g of these) by (6.37),

| GL,(F,)|x| GL,(F,)| = (¢* ~1g* ~9)(g—1) (q(q=1) of these) by (6.36) and
(6.38),

D, ((x— a)’)=q’ —q* (g of these),

@, ((x—a)’(x=b))=(g" —q)(g—1) (g(g—1) of these),

@, (x—a)(x=b)(x=c)=(g-1)* (g(g—1)(g—2)/6 of these),

@, (x—a)p,(0)=(g=D(g*~1) (g*(g—1)/2 of these),

D, (p;(x)=(q>=1) ((g+Dg(g—1)/3 of these).

By (6.29) the corresponding sizes of the similarity classes partitioning 90T, (F,) are
1 (g of these) ‘ GL,(F,) ‘ /(q—l)2 3=(g* —1)(g+1) (g of these),

|GL,(F,)|/( GL, (F,)|x| GL,(F,) ) =(g* +q+1)g* (q(g—1) of these),

(@’ =g’ —q) (q of these), (¢° —1)(g+1)g* (g(g—1) of these),

(¢ +q+D(g+Dg* (q(g—1)(g—2)/6 of these),

(@ +q+1)(g—Dq’ (g°(q=1)/2 of these),

(@’ = )(q* ~4q*) ((g+Dg(g—1)/3 of these).
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Counting the number of matrices by similarity class gives
q+(q* =D(g+Dg+(g* +q+Dq’* (=D +(g’ =D(g* =Dq* + (¢’ =D(g*> —=Dg’ +
(¢’ =D(q+Dq*(g=2)/6+(¢’ ~D(g=Dg’/2+(q+1)*(q=1’q" /3=
G+ +4" -’ —q+4° ~¢’+q' -~ 4"+’ +q" —¢" ¢ +q’ +
(¢*/6){(¢’ =D(g+D(g=2)+3(¢’ ~D(g—Dg+2(g+1)* (g =1’} =
-4’ +4q" +¢* +(q"/6){64° ~64" — 64" +64} = ¢’
verifying that all ¢° matrices in 9 ;(F,) are accounted for.
The similarity class of A€ M ,(F,) isnotin GL;(F,) < x,(0)=0. So the similarity
classes notin GL,(IF,) are those with invariant factor sequences (x,x,x), (X, x?),
(x,x(x—a)),a#0 (g—1 of these), (x—a,x(x—a)),a#0 (g—1 of these) and ¢*
cyclic classes namely those with ¥, (x) = x* +cx? +dx . The number of similarity
classes notin GL,(F,) is therefore 1+1+g—1+¢g—1+ q*=q* +2q. Of the ¢*
cyclic classes not in GL,(F, ), there is 1 class with y, (x) = x?, there are g —1 classes
with ¥, (x) = x*(x—a),a#0, there are g—1 classes with Xa(x)= x(x—a)*,a#0,
there are (¢ —1)(g—2)/2 classes with ¥ ,(x)=x(x—a)(x—b),a#0,b#0,a#b and
q(q—1)/2 classes with ¥, (x)=xp,(x) where p,(x) is a monic irreducible quadratic
polynomial over F,.
Counting the number of matrices not in GL;(F,) by similarity class gives
Ix1+ (g = 1D)(g+DX1+(g* +g+1)g* X (g =)+ (¢* + g +1)g* x (g — 1)+
(¢*=D(q’ —)x1+(¢’ =D(g’ +¢*)x(2g -2) +
(¢* +q+D(g+Dg’x(g-1D(g—2)/2+(q’ —~Dg’ xq(g—1)/2.
Using (¢> +g+1)(g—1)=¢g’ —1 the above expression simplifies to
¢ +q" —q’ —q* + ¢, showing that all singular (det A =0) matrices Ae M, (F,) are
accounted for.
(d) Using Exercises 4.1, Question 3(c) and the field Fg, , the polynomial K —x splits

into distinct factors of degree 1 over Fy,. Also x*' —x factorizes into monic irreducible
factors of degrees 1,2,4 over Z, and further all such polynomials occur once only in
this factorization. As x° —x=x(x=D(x+D(x*+ (x> + x=1)(x* = x+1) accounts
for all monic irreducible polynomials of degrees 1 and 2 over Z,, the polynomial

(™ —x)/(x9 —x)=(x% —1)/(x8 —D=x+x +x+x®  x  x x +Ha8 +
is the product of the monic irreducible polynomials of degree 4 over Z,, each appearing
exactly once. Therefore the number of monic irreducible polynomials of degree 4 over
Z,is 72/4=18.

Let a and b be distinct elements of Z, and write p,(x), p;(x), p,(x) for monic
irreducible polynomials of degree 2,3,4 over Z,. The invariant factor sequences of
4x4 matrices A over Zj,, listed according to the irreducible factorisation over Z, of
the invariant factors together with the order of Aut M (A), are:

3 classes (x—a,x—a,x—a,x—a) with |Aut M (A)] =‘GL4(Z3)‘ =24261120

by (6.36),
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3 classes (x—a,x—a,(x—a)*) with |Aut M (A)|=23328 by (6.37) with
q=3.m=1Lr=21=11L=2,5=2,5,=1,

6 classes (x—a,x—a,(x—a)(x—>b)) with

| Aut M (A)|=|GL,(Z)|x|GL,(Z)| = 22464 by (6.36) and (6.38),

3 classes (x—a,(x—a)’) with |Aut M (A)|=324 by (6.37) with
q=3m=1,r=21=11=3,5, =5, =1,

6 classes ((x—a),(x—a)(x—b)*) with | Aut M (A)|=48x6=288 by

(6.36) and (6.38),

6 classes ((x—a),(x—a)*(x—b)) with |Aut M (A) | =108x2=216,

3 classes (x—a,x(x—1)(x+1)) with |Aut M (A)|=48x2x2=192,

9 classes (x—a,(x—a)p,(x)) with |Aut M (A)|=48x8=384,

3 classes (x—a)’,(x—a)’) with | Aut M (A)|=3888,

3 classes ((x—a)(x—b),(x—a)(x—b)) with |Aut M (A)|=48x48=2304,

3 classes (p,(x), p,(x)) with |Aut M (A) | =5760, which are the non-cyclic classes.
Continuing, the cyclic classes with the single indicated invariant factor ¥, (x) are:
3 classes (x—a)* having |Aut M (A) | =54,

6 classes (x—a)’(x—b) having | Aut M (A) | =18%x2=36,

3 classes (x—a)’(x—b)* having | Aut M (A)|=6x6=36,

3 classes (x—a)x(x—1)(x+1) having | Aut M (A)|=6x2x2=24,

9 classes (x—a)’ p,(x) having | Aut M (A)|=6x8=48,

9 classes (x—a)(x—b)p,(x) having | Aut M (A)|=2x2x8=32,

3 classes p,(x)p5(x) where p,(x) and p,(x) are different monic irreducible
quadratics over Z, having |Aut M (A) | =8X8 =64,

3 classes p,(x)* having |Aut M (A) | =72,

24 classes (x—a)p;(x) having |Aut M (A) | =2X26=52,

18 classes p,(x) with |Aut M (A)|=80.

Using (6.29) the numbers of 4X4 matrices over Z in the similarity class are:

1 (3 classes), 1040 (3 classes), 1080 (6 classes), 74880 (3 classes),84240 (6 classes),
112320 (6 classes),126360(3 classes),63180 (9 classes), 6240 (3 classes),
10530 (3 classes),4212 (3 classes), 449280 (3 classes), 673920 (9 classes),
1010880 (3 classes),505440 (9 classes), 758160 (9 classes),379080 (3 classes),
336960 (3 classes), 466560 (24 classes),303264 (18 classes).

Selecting the similarity (conjugacy) classes in GL,(Z,), i.e. the classes in 9 ,(Z,)

having no invariant factor divisible by x, gives:
1(2 classes), 1040 (2 classes), 1080 (2 classes), 74880 (2 classes),84240 (2 classes),

112320 (2 classes),126360 (0 classes), 63180 (6 classes),6240 (2 classes),
10530 (1 class),4212 (3 classes), 449280 (2 classes), 673920 (3 classes),
1010880 (0 classes),505440 (6 classes), 758160 (3 classes),379080 (3 classes),
336960 (3 classes), 466560 (16 classes),303264 (18 classes).
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Finally we check that all matrices in 901 ,(Z,), respectively GL,(Z ), have been
accounted for by noting:

1x3+1040x3 +1080% 6+ 748803 +84240% 6 +112320X 6 +126360x 3+
63180X9+6240%3+10530%3+4212x3+449280%3 + 673920 X9 +1010880 X3 +
5054409 +758160x9+ 3790803 +336960%3 + 466560% 24 + 303264 x18 =
43046721 =3 =| M, (Z5) |,

12 +1040x 2 +1080X 2+ 74880% 2 +84240x 2 +112320% 2 +126360% 0 +
63180X6+6240%2+10530% 1+ 42123 +449280% 2+ 673920x3+1010880x 0+
505440%6 +758160x3+379080x 3 +336960% 3 +466560x16 +303264x18 =
24261120=| GL,(Z) .
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